Bicycle model of an'4flic(itated tractor-trailer

Here’s a bicycle model of the typical tractor trailer coupled with a fifth wheel hitch, about which the trailer can

only yaw with an angle (|) in this planar model, so that the trailer’s heading is 6 — (|) In this diagram, the fifth
wheel is behind the rear wheel of the tractor truck (c > 0), practical implementation keeps c < 0 (either right
above or slightly in front of the truck’s rear axle).
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As in a simple 4-wheeled vehicle model, at low speed, a steering strategy keeps all wheels pointing at a
common center point, with different radii: pA, pB, pC where p, cos 0 = Py P, siné =D = p, tan 0 But

the relationship between Py pC takes a few more steps to derive. Firstly, draw the line p5 from the 5th wheel

to the same turning point. Its length is P =1\ /cz + pBZ; p. COS ¢ = P Ltanp = P SO given a desired P

we obtain ¢ = tan_l(pC/L), p, = \/(pc/ cosd)’ — ¢, 8 = tan_l(D/pB)

Static weight balance

As in the pickup fruck case, the state variable (x, y) tracks the CM of the truck (M1). Neglecting the pitch
dynamics, the vertical weight balance is shown with towing articulation angle ¢.
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The 5th wheel connects the trailer to the tractor truck, but allows roll, pitch, yaw rotation, so there is no net

torque around the 5th wheel. The following force and moment balance results:
LcosdoF =m_gdcosd = F_=m_gd/L
c 2 c 2 .
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Note the elegant simplification of the forces when ¢ = 0 (fifth wheel directly on top of the tractor’s rear
axle):

— b, — - €. — 4
Fy=mgps Fyp =m gy +mg Fc_ngL

Note also the reduction in the normal force on the front (steering) axle when ¢ > 0, increasing the possibility for

m
. . L 1 L
losing steering traction in extreme case when ¢ >= P b—e
2

Dynamics

AAAN N

Rotating the yx6¢ generalized axes by the heading angle 6 yields the body fixed (on the truck) coordinate

ANANA

frame qd6¢, along which the forces and velocity can be calculated. For example, x= cos(0) v, = sin(0) v

3} = sin(8) v, + cos(6) v, Forces act on the axles {A, B, C} and have the {/, a} or the {q, d} components. The

q and the d subscripts mean the quadrature (lateral) and direct (axial) components, respectively. Sometimes |
switch back and forth between the {l, a} and the {q, d} subscript (for the quadrature-direct). The axial force
components are either driven, or approximated with a rolling resistance, while the lateral force is approximated

with a tire model that considers the tire slip angle a = tan_l(vli/vai)' The tractor’s and the trailer’s planar

velocities are decomposed in the gd frame: v, =V d+ v, 4
d

172 {v + dd)sin¢}c§+{vq+ dci)cosq)} 21
d

Using these speeds, the kinetic energy of the system consist of linear and rotational kinetic energies
T,

K(Vd,vq, 6,0) ={mv v, + 16 +myv v + [(6-¢)}/2

= {ml(vd2 + qu) + Iléz + Iz(é - ci))2 + mz(vd2 + qu + dci) (d(j) + Zsincl)vd + 2cosc|>vq)) }/2

If the truck is on a flat road, the potential energy P = 0. To get the Lagrangian of the K term, 2 derivatives are

0K
taken in each generalized coordinate qjand then subtracted: % —) - g—f .

q]- j
0K _ 9K _ 9K _ 9K _ , o
od = g — o0 = 0; 20 —m2d¢ (coscl)vd smcl)vq)
d oK . dsi - q . 2
F(E) = (m1 + mz) v, t+m, sind ¢ + m, cos o

2

P . . .
%(a_z) =(m +m)v +m dcosd ¢ —m,dsindd
. oK 4 ] . . - -
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(—)—m d(smcl)v +cos¢v)+(md +I)c|)—16 +m, d(l) (cosd)v —smcl)v)

Note that the last term is canceled out by —so that

K . . . .
d JdK . 2

" (aq'J) o0 = mzdsmq)vd + mzdcoscl)vq — 129 + m2 d(mzd + 12) ()

Note that the terms separate into the inertial acceleration force (involving the time derivative of the speed) and
centripetal force (mvolvmg the SQUARE of the angular rate) of the trailer yawing about the fifth wheel. That is:

0K
K :
% (a—) — gT = Iq +m d(l) [cosd, — sino, 0, O] with the generalized inertia matrix I being
q
(m1 +m2) 0 0 mzdsincb
0 (m, +m) 0 m._ d cos ¢
| =
0 0 I1 + I2 - I2
. 2
mzdsmq) mzdcosq) - I2 mzd + 12

This positive definite symmetric matrix is readily invertible using the denominator den = mm dz(I1 + 12),
2

the shorthand m=m +m,I =1 +1, the inverse (which is also symmetric) is

2 2
Imd (1 —m_/m cos ¢) . .
L2 a2t mzdzcoscb singl /m —Izmzdsmq) —Itmzdsmq)
+ 11 2 t
12
(mtI A+ ) 5
Imd (1 —m_/m sin ¢)
2 symmetric t 2 2t — I,m,dcos ¢ —Im, dcosd
mm, d It) s
° I_l = . . I + dz ml
symmetric symmetric mi, rmm, t2
symmetric symmetric symmetric ml

Where the symmetric terms are omitted for clarity. Note that the ratio mz/mt <1

The velocity of each axle is derived by superposition of the gradient of the axle position (the Jacobian J), times
N .. T o
the coordinate changerate q,i.e.v.= [v. v 6 ¢] = » —q = ]q We consider the positions p
oot ma jetdasdy Y wso
where external forces act, and their partial derivatives relative to the generalized coordinates q € {d, q, 6, ¢}.

ap A T
50 = [d, q, aq, 0],

apB A A A T
5= [d. a —bg 0],
6;(: A A . A A . A AT
g = [d,q —L sindpd—{L cosd + b +c}q, L sindpd+ L cosq]
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Note that unlike d, which varies with the loading mﬂqrbﬂayy = L is a design time constant.

Substituting the terms into the summation above, the velocities are determined to:

v, :vdd+(vq+a6)q
v =

5 vdé+ (vq— bé)c;176={vd— Lsincl)é+ Lsind)q.)}c%+ {vq— (b+c+ Lcos¢)é+ Lcoscl)d)}c?

The generalized for is force on each axle multiplied by the Jacobian above: 5

[e{dq0d) X S 1= IF

jE{A,B.CY

F, = {(FdA—FbA)C056 —FquinS}d+ {(FdA—FbA)sinS +Fch058}q

!

A A

F Yd+F q

Fp =F,,—Fy qB

B

F. ={(F, —F, )cosd + Fqcsincl)}d +{(F,. - ch)sinq) + Fchosd)}q

Multiplication by the Jacobian yields
Qd = (FdA - FbA) cosd — FquinS + (FdB - FbB) + (ch - Fbc) cosd + Fqcsincb

Qq = (FdA - FbA) siné + FchoséS + FqB + (ch - FbC) sind + Fqccosc])

Qe = a{(FdA — FbA) cosd + Fquin(S} — b(FdB — FbB) + (b + ¢)sind (ch — FbC) cosd —{L + (b + ©) coscl)}FqC
Q¢
Where {FbA, FbB, FbC} are the resistive forces at the wheels {4, B, C}.

= LFqC

Balancing the generalized inertial force to the generalized external force, a state equation is obtained:

-

d 0K oK 35 .2 _ T - api -
E(a_') ~ % = Iq+m2dc|) [cos ¢, sin P, 0, 0] =Qi= » WF,z]F
q jeascy

N ... . T 1 > .2
V=[dqbd] =1 1{Q —mdd [coscbsind)OO]T}
2
The forces on the axle (wheel, really) are: lateral force determined by the tire model, and the rolling friction.

Kinematics

Control algorithm to track reference path

When driving forward at moderate speed, the same control algorithm described previously will work fine. But
when parking in a tight spot, controlling both the trailer and the truck pose is important. If same approach is
used, then the articulation angle ¢ should first be controlled, and the steering angle é can be controlled in a
inner loop. MPC is probably more appropriate.

Rear wheel drive, viewing the rear axle position and velocity

Non-holonomic constraint at the front axle A= D 6 = v tan §, so 6 = v tan /D and
0= (ﬁtan& + vS/cosZS)/D
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The 5th wheel has a velocity in d-q frame: deAutgLéb.rﬁm){c/p) vtan 6 q Note the negative sign on the

é component is due to the 5th wheel being behind the rear axle B. Rotate this vector by the articulation angle
¢ to resolve in the trailer’s frame’s axial and lateral directions:

v5dcos¢ —vsqsinq) = vcos¢ + (c¢/D)vtan§sin

vsdsincl) + vsqcosq) = vsin¢d — (¢/D) vtan§ cos ¢

The non-holonomic constraint at C means that this the axial direction is unconstrained, but the lateral
component is only due to the rotation about C = L(é — ci>) = LGC = v{sind — (¢/D) tan d cos ¢}

Note that the trailer’s yaw rate éc =0 - <|> and articulation angle is largely controlled by the current articulation
angle ¢: éc = v{sind — (c/D) tan § cos ¢}/L

= ¢ =0 - v{sin¢ — (¢/D) tan & cos ¢}/L

= v (tan6/D — {sind — (c/D) tan & cos dp}/L)
v ({1 + (¢/L) cosd}tan§/D — sinp/L)
= (—v) (sind/L — {1 + (c/L) cos ¢p}tan 5/D)

The 2nd expression is helpful when backing up, i.e. v < 0. It shows that backing up a trailer is like trying to

balance an inverted pendulum; beyond a certain ¢, it may be impossible to recover without first reversing the
gear to the forward.

For the articulation angle acceleration, take the time derivative of c|>
d=v{1 + (c/L) cos b} tan 8/D — sin ¢/L)
+ v{(c/D) 8 cos <|>/c0528 — (c/D) cl) sinptand — c|) cos ¢}/L
=v ({1 + (¢/L) cos p}tan 6/D — sinp/L)

1 c c cos¢p c ¢ sind tand . sing .
+ V6 + V6 — v — ——v
D C0528 LD cosZS LD (I) L (I)
" (L+c cosd) tand—L sin L+c cos : D+c tand) sin )
_ (Ltccosd) ¢ ¢ 6 _ )sing

LD LD cosZS LD

The truck’s rear wheel (on axle B) spins with tangential speed v, but neither the axles B and C are slipping in
lateral direction (due to the non-holonomic constraint), so the their velocities can be written:

-

v, :vc;+ vtanS:g
v =vd+ (b/D)v tan 5 q

d

ﬁﬁl mtll
Il
<

=v, ~ LO - ) (sin ¢ d + cosd) g=(v — L8 — ) sin ¢} d + {(b/D)v tand — L(8 — ¢) sin ¢} ¢

The state vector now omits the lateral speed at the axle B, which should be 0 (non-holonomic constraint

N .. T
assumption) X = [xB Yo 0 ¢ Vo 0 ¢] , and its derivative

tand tand ccosd tand sind
2 oy e

2
XB=[vcose,vsm9,v > V) . >
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tand U n 1 US, (L+c cosq))L?MW‘;rj;ic cozcb Us ___(D+ctand) sing V(i)]T

’ D D cosZS LD cos™ 6 LD

N
The position and velocities of the axles A, C, and the CM can be worked out from XB'

g A

X, =(xB+ D cos 0) x+(yB+ DsinG);g
x =(x,+bcosB) x+ (y + bsind) y

- A

x. = {xB — ccos® — Lcos(6 — )} x + {yB — csin® — Lsin(6 — )} 3;

Sanity check: tractor trailer

As a sanity check, consider when the 5th wheel is almost directly on top of the rear axle (as in a commercial
tractor trailer), i.e. ¢ = 0.

L(é — (1)) = Léc = v {sin ¢}
¢ = v (tan8/D — sin$p/L) = (— v) (sindp/L — tan §/D)
5

XB = [vcosH, vsinb, v

tand tand sing
SR S e

tans v o tanS—sing v sinpv ;T
) D v + 2 6; D v + 2 8 o L (I)]
D cos 6 D cos 6

- A

X, = {xB — Lcos(® — )} x + {yB — Lsin(0 — ¢)} 3;

Front wheel drive kinematics

The truck’s front wheel (on axle A) spins with tangential speed v and steering angle 6 from the d axis. The

axial speed is vy, = Vcos 6d

Non-holonomic constraint at the front axle A= D 6 = v sin 0, so 0= (1; sin§ + v 8 cos 6)/D

Non-holonomic constraint at the trailer axle C means that the trailer is rotating about C due to the lateral speed
resolved at the 5th wheel, which is a vector v_, d+ qu(; = veos8d — (¢/D) vsiné (;

Rotate this vector by the articulation angle ¢ to resolve in the trailer’s frame’s axial and lateral direction:
vsdcosd) - vsqsinq) = vcosb cosP + (c/D) vsin b sin P

desinq) + vsqcosq) = vcos$§ sind — (¢/D) vsiné cos p

The non-holonomic constraint at C means that this lateral velocity component is only due to the rotation about
C= L(é — ci)) = Léc = v {cosd sinp — (c/D) sin § cos ¢}

Note that the trailer’s heading BC = 0 — ¢ and articulation angle is largely controlled by the current articulation
angle g: éc = v{cosd sin¢p — (c¢/D) sindcos P} /L
= q) =0-— v{cos & sind — (c/D)sinScosd}/L

= v{sin§/D — cos§ sin¢p/L + csindcos p/DL}
(i)= v{(1 + ccosp/L)sind/D — cosd sinp/L} = (— v) {cosd sin¢dp/L — (1 + ccosd/L)sind/D}
_ L+ccosd . sing — sing _ _Ltccosp .
=v{—, sind ——-—cosd} = ( v) {— cosd — ——sind}
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The last expression is helpful when backing “M'Wtﬁﬁ@bﬁ@hﬂ)”s that backing up a trailer is like trying to
balance an inverted pendulum.

Taklng the time derivative of cl)
= v{(l + ccosd/L)sin§/D — cos§ sindp/L}
+ v{6 (1 + ccosdp/L) cosb/D — d)csmq)sm S6/LD + § sin & sin ¢/L — q)c058 cos ¢/L}
= (v/LD) {(LD + cDcos¢)sind — D cos$ sin ¢}
+ (v/LD) {8 (LD 4+ ccosdpcosd + Dsindsind) — ¢ (csindpsind + D cos ¢ cos §)}

The state vector now omits the lateral speed at the axle B, which should be 0 (non-holonomic constraint

-

.. T
assumption) XB = [xB Yo 0 ¢ Vs 0 ¢] , and its derivative

- . .
_ . v sind L+ccosd . singd
XB = [v cosdcosB, v cosdsinb, ) v{ ——sin o — — COs 0}, ..

vcosd — Svsin& (ﬁsinS I chosS)/D,
(v/LD) {(LD + cD cosd)sin& — D cos & sin } ...
+ (v/LD) {S (LD + ccosdcosS + Dsindsind) — ci)(c sin¢$ sind + D cos ¢ cos 6)}]T

The position and velocities of the axles A, C, and the CM can be worked out from X}

_;1 —(x +Dcose)x+(y +Dsm6)y
; —(xB+bcose)92+(yB+bsin6)3;
;c ={xB— ccos B — Lcos(B — o)} 32+{yB— csin® — Lsin(B — (1))});

17 =vcosd c%+ {vsind + Dé} c;

S

1;;=vc058d
17 =v c056d+(b/D)v sin8(3,

-

L(G—q))smq) d —L(B—cl))coscl) q

“l

Sanity check: tractor trailer

As a sanity check, consider when the 5th wheel is almost directly on top of the rear axle (as in a commercial
tractor trailer), i.e. ¢ = 0.

L(é — (j)) = Léc: vcos 6 sin ¢
d) = v{siné§/D — sinPpcosS/L} = (— v) {sin ¢ cos §/L — sin §/D}

> c v sind sin sing cosd
XB—[v cos 6 cos0O, v cos dsin 6, > { > 7 1, ..
vcos S — Svsin& (ﬁsinS i chosS)/D,
(1;/L) {Lsind — D cos$ sin ¢} + (v/L) {S (L + sin¢sin§) —ci) cos ¢ cos &} ]T

X ={xB— L cos(6 — cl))}32+{yB— Lsin(6 — cb)});

;C= v{coszq)} é + v{btan§/D —

sindcos by litoLibrary





