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Preface

Objective of This Book

Road Vehicle Dynamics: Problems and Solutions is a comprehensive supplement to our 
book, Road Vehicle Dynamics (R-366), which was published by SAE International in 
2008. More than 300 example problems and solutions are presented in an organized 
and systematic manner to offer detailed explanations of complex aspects of this exciting, 
challenging, and multidisciplinary fi eld.

Road Vehicle Dynamics: Problems and Solutions presents vehicle dynamics methods 
based on mathematical fundamentals and stresses physical system modeling. The book 
is organized around the concepts of road vehicle dynamics as they have been developed 
in the frequency and time domain for an introductory undergraduate or graduate course 
for engineering students of all disciplines.

Generally speaking, road vehicle dynamics can seem to be a diffi cult subject to under-
stand and learn. Despite the availability of a few textbooks in this fi eld, students con-
tinue to remain perplexed because of the outcomes of the numerous conditions that 
often must be kept in mind and correlated when solving a given problem. In addition, 
different possible interpretations of the terms used in road vehicle dynamics can contrib-
ute to the diffi culties experienced by students.

The main objective of this book is to provide readers with the opportunity to improve 
their problem-solving skills by using systematic rules of analysis that may be followed 
in a step-by-step manner. In schools, students often experience diffi culty in under-
standing and learning road vehicle dynamics for the following reasons:

• No systematic rules of analysis that may be followed in a step-by-step manner have 
been formulated or developed to fi nd solutions to the problems at hand.

• Most available textbooks on the subject usually explain a given principle in an 
abstract manner, leaving students confused about the application of that principle.

• Too few examples are provided in textbooks, and they often do not provide suf-
fi cient bases for students to solve the problems in their homework assignments or 
examinations.

• The examples presented in textbooks often are diffi cult to understand.

• Examples often do not include diagrams/graphs, where appropriate.

• Students often spend too many hours solving a single problem, sometimes by sim-
ple guesswork or by trial and error.

We believe that road vehicle dynamics is a subject that is best learned by allowing 
individuals to review on their own the methods of analysis and solution techniques. 
This method of learning is similar to that practiced in various scientifi c laboratories 
and in medical fi elds.

The objective of this book is to introduce individuals from a variety of disciplines and 
backgrounds to the vast array of problems that are amenable to numerical solution in 
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viii Road Vehicle Dynamics

road vehicle dynamics. Emphasis is placed on application rather than on pure theory, 
which, although kept to a minimum, is presented in mostly a heuristic and intuitive 
manner. This is deemed suffi cient for individuals to fully understand the workings, 
effi ciencies, and shortcomings or failings of each technique. Because we intended this 
book as a fi rst course on road vehicle dynamics, the concepts have been applied in 
simple terms, and the solution procedures have been explained in detail.

Audience

This book is intended for vehicle designers, developers, and evaluators, as well as 
senior undergraduate students and/or graduate students. No previous knowledge of 
road vehicle dynamics is assumed. This book is appropriate for several groups of audi-
ences, including the following.

• Senior undergraduate and graduate students in mathematics, science, and engi-
neering who are taking an introductory course on road vehicle dynamics will fi nd 
the book helpful in understanding the subject.

• The book can be adapted for a short professional course on road vehicle dynamics.

• Design and research engineers will be able to draw upon the book in selecting and 
developing road vehicle dynamics for analytical and design purposes.

• Practicing engineers and managers will be able to learn more about the basic 
principles and concepts involved in road vehicle dynamics and how these can be 
applied to address their own workplace concerns.

Content

This book consists of ten chapters and an extended list of appendices. The chapters 
include an introduction, analysis of dynamic systems, vehicle forces and tire mechan-
ics, ride dynamics, roll dynamics, handling and steering, braking, accelerating, total 
vehicle dynamics, and accident reconstruction. The appendices span vector and matrix 
algebra, Fourier series, Laplace transformation, vehicle dynamics terminology, direct 
numerical integration methods, conversion of units, and accident reconstruction for-
mulae. In this book, we pay particular attention to the issue of safety. In fact, safety 
considerations are included in most chapters of this book. In addition, two complete 
chapters are devoted to roll dynamics and accident reconstruction to address the legal 
issues that may result from an automotive accident.

Numerous worked examples of problems and solutions offer detailed explanations and 
guide readers through each set of problems to enable them to save a great deal of time 
and effort in arriving at an understanding of problems in road vehicle dynamics.

This book is intended to help students of road vehicle dynamics fi nd their way through 
complex material involving a diverse variety of concepts. It offers detailed illustrations 
of solution methods that may not be clearly apparent; representative and typical prob-
lems given in homework, class work, and examinations; step-by-step explanations; and 
the opportunity to save time and effort in arriving at an understanding of problems in 
road vehicle dynamics. These worked-out example problems and solutions should be 
of interest to a wide audience, including students, vehicle designers, developers, and 
evaluators.
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Chapter 1

Introduction

PROBLEM 1.1

For the vibrating system shown in Figure 1.1:

a. Determine the number of degrees of freedom needed to specify the motion of the 
system.

b. Identify a set of generalized coordinates.

Figure 1.1 Vibrating 
system.

m

k2k1

k3

Rigid bar

Solution to Problem 1.1

a. Here, the rotational and translational motions of the rigid bar are independent of 
each other. Also the motion of the hanging mass m is an independent motion. 
Hence, the system has three degrees of freedom.

b. The choice of generalized coordinates is not unique, and several sets of possible 
choices exist, as shown in Figures 1.1(a) through (c).
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2 Road Vehicle Dynamics

PROBLEM 1.2

For the vibrating system shown in Figure 1.2:

a. Determine the number of degrees of freedom needed to specify the motion of the 
system.

b. Identify a set of generalized coordinates.

m

k2

k1

k3

x1

x2

x3

m

k2

k1

k3

x

x3

θ

m

k2

k1

k3

x1

x3

θ

Figure 1.1 (c) A third free 
body diagram.

Figure 1.1 (b) Another 
free body diagram.

Figure 1.1 (a) One possible 
free body diagram.

SIBK002_Ch01_p1-42.indd   2SIBK002_Ch01_p1-42.indd   2 3/8/10   9:13:18 AM3/8/10   9:13:18 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Introduction 3

Solution to Problem 1.2

a. The system shown in Figure 1.2 has two degrees of freedom.

m

kk

A B

2m
Rigid bar

2l

Figure 1.2 Vibrating 
system.

Figure 1.2 (a) Free body 
diagram.

m

2m

G

2l

θ
l

b. One choice of a set of generalized coordinates is θ, which is the clockwise angular 
displacement of the rigid bar from the equilibrium position of the system, and x, 
which is the downward displacement of point G from the equilibrium position of 
the system, as shown in Figure 1.2.

PROBLEM 1.3

Develop a mathematical model of a washing machine as a lumped-parameter or dis-
crete parameter system. Consider a washing machine standing on elastomeric (rubber) 
mounts, with the drum rotating in the vertical plane with constant angular acceleration. 
Also assume that all components or elements of the washing machine undergo no elas-
tic deformations.

Solution to Problem 1.3

Figure 1.3(a) shows a washing machine that is mounted on rubber pads. The drum is 
assumed to be rotating in a vertical plane relative to the body of the machine with a 
constant angular velocity. The following assumptions can be made:

a. The body of the machine and the drum do not undergo elastic deformations.

b. The clothes are distributed uniformly around the drum.

c. Inertia properties remain unchanged with time.
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4 Road Vehicle Dynamics

Figure 1.3(b) shows the mathematical model of the washing machine, where the mass m 
represents the combined mass of the body of the machine, the drum, and the clothes. 
Also, x(t) represents the vertical displacement of mass m. The rubber pads can act in 
parallel as springs and dashpots. Assuming symmetry of the machine, the spring con-
stants and the viscous damping coeffi cients on the left and right supports are repre-
sented by k 2 and c 2, respectively.

Figure 1.3 (a) A washing 
machine, and (b) a 
mathematical model of the 
washing machine. (b)(a)

m

k/2 c/2 k/2 c/2

x(t)

PROBLEM 1.4

Develop a mathematical model of a motorcycle with a rider for use in investigating 
vibration in the vertical direction. The elasticity of the tires, elasticity and viscous 
damping of the struts, wheel masses, mass, elasticity, and damping of the rider are to 
be considered in the model.

Solution to Problem 1.4

Let
meq = equivalent mass of the system (wheels, motorcycle, and rider)

 keq = equivalent stiffness of the system (tires, struts, and rider)

 ceq = equivalent damping of the system (struts and rider)

 ks = stiffness of the strut

 cs = damping of the strut

 mc = mass of the motorcycle

 mR = mass of the rider

 kt = stiffness of the tirew

 mw = mass of the wheel

If we consider the equivalent values for mass, stiffness, and damping, then we see that 
a single degree of freedom model can be modeled as shown in Figure1.4(b). The masses 
of the wheels, elasticity of the tires, and elasticity and damping of the struts separately 
result in a model that can be represented as shown in Figure 1.4(c). Similarly, when the 
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 Introduction 5

elasticity and the damping of the rider are considered, the resulting model is as shown 
in Figure 1.4(d). If one combines the spring constants of the front and rear tires and the 
masses of the front and rear wheels, and if the spring and damping constants of both 
struts are single quantities, then the model shown in Figure 1.4(e) is obtained.

Figure 1.4 Motorcycle 
with a rider, and the 
equivalent mathematical 
models: (a) motorcycle 
with a rider; (b) single-
degree-of-freedom model; 
(c) two-degrees-of-freedom 
model; (d) three-degrees-
of-freedom model; and 
(e) another two-degrees-
of-freedom model.

(a)

(b) (c)

(d) (e)

meq

keq ceq

mc + mR

mw

ks cs kscs

kt kt

mw

mc

mw mw

mR

kR cR

ks cs kscs

kt kt

2mw

mc

2ks 2cs

2kt
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6 Road Vehicle Dynamics

PROBLEM 1.5

Develop a mathematical model of a multistory building, as shown in Figure 1.5.

Figure 1.5 Multistory 
building.

Solution to Problem 1.5

If it is assumed that the mass of the frame of the building is small compared with the 
mass of the fl oor, then the system shown in Figure 1.5 can be represented by the mul-
tiple-degrees-of-freedom vibrating system in the vertical plan, as shown in Fig-
ure 1.5(a). In Figure 1.5(a), m1 is the equivalent mass of the ith fl oor, and k1 is the 
equivalent stiffness of the ith frame.

Figure 1.5 (a) 
Mathematical model.

m3

k3

m2

m1

k3

k3

PROBLEM 1.6

Determine the equivalent stiffness of a linear spring when a linear one-degree-of-freedom 
spring-mass model is used to replace the system shown in Figure 1.6. Choose x as the 
generalized coordinate, and neglect the mass of the cantilever beam.
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 Introduction 7

Solution to Problem 1.6

The cantilever beam behaves in the same way as a linear spring. The equivalent spring 
stiffness of the two springs k1 and k2 is

k k k12 1 2k= +k1  (1.6.1)

The displacement of the end of the upper spring k12 and the end of the cantilever beam 
are the same. In other words, the beam is in parallel with the upper springs k1 and k2, 
as shown in Figures 1.6(a) and (b).

Figure 1.6 Vibrating 
system.

m

E, I

k1 k2

k3

k4

x

l

(a) (b)

(c)

m

E, I
k12

k3

k4

m

kb k12

k3

k4

m

kb12

k3

k4

(d)

m

keq

l

Figure 1.6 (a) An 
equivalent mathematical 
model; (b) another 
equivalent mathematical 
model; (c) a third 
equivalent mathematical 
model; and (d) a fourth 
equivalent mathematical 
model.
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8 Road Vehicle Dynamics

In Figures 1.6(a) and (b),

k k kb b 12+kbk (1.6.2)

in which kb is the equivalent stiffness of the cantilever beam at its end

 

k
EI

b = 3
3�

 

(1.6.3)

The total defl ection of the system is the defl ection of the beam plus the change in length 
of the two lower springs. Hence, the lower two springs are in series with the beam and 
upper spring, as shown in Figures 1.6(c) and (d).

Hence,

1 1 1 1

12 3 4

3 4 12 3

12 3 4k k k k3

k k3 k k k k12

k k12 keq b

b b12 4 k

b

= + + = + +k k4k12

or

 
k

k k k
k k k k k keq

b

b bk
=

+ +k kk
12 3 4k

3 4k 1bk 2 3k
 (1.6.4)

where kb12, and kb are defi ned in Eqs. 1.6.2 and 1.6.3.

PROBLEM 1.7

Determine the equivalent stiffness of the system shown in Figure 1.7 when a linear one-
degree-of-freedom spring-mass model is used to replace the system. Choose x as the 
generalized coordinates, and neglect the mass of the beam.

m

A, E, I

k1

x k2

k3

l

Figure 1.7 Vibrating 
system.

Solution to Problem 1.7

The equivalent stiffness of the bar is 

k
AE

b =
�

 (1.7.1)

The bar acts as a spring in series with the spring of stiffness k1, as shown in 
Figure 1.7(a). The springs k2 and k3 are in parallel, or

 k k k23 2 3k= +k2  (1.7.2)

Figure 1.7 (a) Equivalent 
mathematical model.

m
k1 k23kb
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 Introduction 9

The equivalent stiffness of the springs to the left of the block is

1 1 1

1k k kb b1 k1

= +  (1.7.3)

or

1

1

1

1k
k k

k k1b

b

b

=  (1.7.4)

Now, the combination to the left of the block is in parallel with the combination to the 
right of the block (i.e., the same displacements and forces add up).

Hence, the equivalent stiffness of the entire combination is given by

1 1 1

1 23k k keq b

= +  (1.7.5)

or

k
k k

k keq
b

b

= 1 2k 3

1 2k 3

 (1.7.6)

where k23 and kb1 are defi ned in Eqs. 1.7.2 and 1.7.4, respectively.

PROBLEM 1.8

Figure 1.8 shows a disk attached to the end of a uniform circular steel beam having 
three degrees of freedom that are kinetically independent. The three degrees of free-
dom are the longitudinal displacement, transverse defl ection, and angular displace-
ment. The radius of the circular beam is 15 mm, and the length of the beam is 100 cm. 
Young’s modulus of elasticity and the shear modulus of rigidity are 200 × 109 N/m2 and 
100 × 109 N/m2, respectively. Determine the longitudinal stiffness, torsional stiffness, 
and transverse stiffness of the beam.

E, G x

θ
l

μ
Figure 1.8 Vibrating 
system.

Solution to Problem 1.8

For the beam, the area of cross section is

A r m( )π πr =r2 2 20 15 0) = 0707. .15 0)

J
r

m= =
( )

= × −π π4
4

4 4m−−

2

0 15

2
7 952 10.

I m= = ( ) × −π πrr4 4 4 4m−−

4 4
0 15 3) = 976 10. .15 3)
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10 Road Vehicle Dynamics

The longitudinal stiffness is

k
AE

� �
= =

( ) ×( )
=

0 0707 200 10

1
14 14 10

9
9

.
. N×14 109 /mNN

The torsional stiffness is

k
JG

t = =
×( ) ×( )

=
−

�

7 952 10 100 10

1
7 9 2 10

4 9) ×(−− 100 10
7

.
. N×952 107 -m/radrr

The transverse stiffness is

k
EI

x = =
×( ) ×( )

=3 3 200 10 3 976 10

1
2 386 10

3

9 4) ×( −−3 976 10
8

�

.
. N×386 108 /mNN

PROBLEM 1.9

Determine the equivalent stiffness of a single spring replacing the one-degree-of-
freedom spring-mass system shown in Figure 1.9.

k3

k2k1

E, I

x

l

mFigure 1.9 Vibrating 
system.

Solution to Problem 1.9

The cantilever beam behaves in the same way as a linear spring. Note that the displace-
ment of the end of the upper two springs and the end of the cantilever beam are the 
same. Hence, the beam is parallel with the upper spring, as shown in Figure 1.9(a).

m

k3

k2k1kb

Figure 1.9 (a) Equivalent 
mathematical model.
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 Introduction 11

In the above fi gure, the quantity kb is defi ned as

k
EI

b = 3
3�

 (1.9.1)

Here, kb is the equivalent stiffness of the cantilever beam at its end.

Hence, the equivalent stiffness of the beam and the springs k1 and k2 in parallel is

k
EI

k ke1 3 1 2k
3= +

3 ( )
�

 (1.9.2)

The total defl ection of the system is the defl ection of the beam plus the change in length 
of the lower spring k3. Therefore, the lower spring is in series with the beam and upper 
spring ke1.

Applying the equation for a series confi guration gives

1 1 1

3

1 3

3 1

1 3

3 3

k k k
k k3

k k1

k
EI

eq e e

+=
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
+

3
+

�
k kkk

EI
k k k

1 2k

3 1 2k 3
3

( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

k+ ( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦�  

(1.9.3)

or

k

k
EI

k k

k k k
EI

eq =
+ + ( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

+k +
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

3 3 1 2k

1 2+ k 3 3

3

3

�

�

 (1.9.4)

PROBLEM 1.10

Determine the equivalent stiffness of the system shown in Figure 1.10. Assume that the 
cantilever beam is of negligible mass and has a length �.

l

k1 k2 k3 k4
m Figure 1.10 Vibrating 

system.

Solution to Problem 1.10

The equivalent stiffness of the cantilever bar is

k
AE

b =
�

 (1.10.1)

The cantilever bar acts as a spring in series with the springs of stiffness k1 and k2, as 
shown in Figures 1.10(a) and (b), where

1 1 1 1

1 2

1 2 2

1 2k k k k1

k k1 k k k k
k k1 ke b1 k1

b b1k k1

b

= + + = + +2k k2 b⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
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12 Road Vehicle Dynamics

or

k
k k k

k k k k k k
e

l bk k

l bk b
1

1

=
+ +k kbk kk( )  (1.10.2)

and

k
k k k

k k
k ke2 3 4k
3 4k

3 4k
1 1= + =

or

k
k k

k ke2
3 4k

3 4k
=  (1.10.3)

Figure 1.10 (a) An 
equivalent mathematical 
model; (b) another 
equivalent mathematical 
model; and (c) a third 
mathematical model.

(a)

(b)

(c)

k1 k2 k3 k4kb

ke2ke1

keq

m

m

m

Now, the combination to the left of the block is in parallel with the combination to the 
right of the block with the same displacements and forces.

Hence, the equivalent stiffness of the system is

keq e e= +ke 2kek+  (1.10.4)

where ke1 and ke2 are defi ned in Eqs. 1.10.2 and 1.10.3, respectively.

PROBLEM 1.11

Determine the stiffness for the following cases:

a. The torsional stiffness of a solid aluminum shaft of length 2 m and radius 30 cm. 
The shear modulus of rigidity for aluminum is 41 × 109 N/m2.

b. The torsional stiffness of a steel annular shaft of length 3 m, inner radius 15 cm, 
and outer radius 20 cm. The shear modulus of rigidity for steel is 80 × 109 N/m2.

SIBK002_Ch01_p1-42.indd   12SIBK002_Ch01_p1-42.indd   12 3/8/10   9:13:20 AM3/8/10   9:13:20 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Introduction 13

c. The longitudinal stiffness of a beam of length 1 m, area of cross section of 
3 × 10−4 m2, and Young’s modulus of elasticity of 200 × 109 N/m2.

d. The transverse stiffness of a steel cantilever beam of length 1 m, moment of inertia 
of 7 × 10−9 m4, and Young’s modulus of elasticity of 200 × 109 N/m2.

Solution to Problem 1.11

a. The polar moment of inertia of the shaft is

J r m=r ( ) × −π π
2 2

0 30 1) = 272 104 4 2 4m−. .30 1)

The torsional stiffness is 

k
JG

t = =
×( ) ×( )

=
−

�

1 272 10 41 10

2
2 608 10

2 9) ×(− 41 10
8

.
. N×608 108 -m/radrr

b. The polar moment of inertia of the shaft is

J r r−r( ) = ( ) − ( )⎡
⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

= × −π π( )
2 2

( ) 0 2 0 5 1 09375 102rrrr
4

1rr
4 4 4( ). .) (2 0 . 3 433 m

The torsional stiffness of the shaft is

k
JG

t = =
×( ) ×( )

=
−

�

1 09375 10 80 10

3
2 916 10

3 9) ×(80 10
7

.
. N×9167 107 -m/radraarrrr

c. The longitudinal stiffness is

k
AE

� �
= =

( ) ×( )
=

−3 1× 0 200 10

3
6 1× 0

4 9) ×(−− 200 10
7 N/m//

d. The transverse stiffness is

k
EI

y = =
×( )( )

( )
=3 3 200 10 7 1× 0

1
4200

3

9 9)( −7 1× 0
3�

N/m//

PROBLEM 1.12

Determine the equivalent spring stiffness for the system shown in Figure 1.12.

Figure 1.12 Vibrating 
system.

k 2k 3k2k
2k

3k
3k

k

k
m
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14 Road Vehicle Dynamics

Solution to Problem 1.12

The two sets of parallel springs are replaced by equivalent springs, stiffnesses of which 
are shown in Figure 1.12(a).

k 2k 3k6k k5k
mFigure 1.12 (a) Equivalent 

mathematical model.

Next, the springs to the right of the block are in series, as are springs to the left of the 
block. Both sets of series springs are replaced by equivalent springs, stiffnesses of 
which are shown in Figure 1.12(b), where k1 and k2 are given by

1 1
5

1
6

1 6 5 30

30
41

301 k5k1 k k k k30
+= +

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
55( )

=

or

k k1
30
41

⎛
⎝⎝⎝

⎞
⎠⎠⎠

1 1 1 1 6 3 2

6
11
62k k k k2 2 k k6

+= +
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
+3( )

=

or

k
k

2
6
11

=

Figure 1.12 (b) Another 
equivalent mathematical 
model.

k2k1

m

Now, the springs on the left of the block and the springs on the right of the block are in 
parallel (i.e., have the same displacement and forces). Hence, they are replaced by 

k k k
k

eq = +k =
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠1 2k+ 576

451

which is a single spring of equivalent stiffness keq, as shown in Figure 1.12(c).

Figure 1.12 (c) Equivalent 
mathematical model.

m
keq
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 Introduction 15

PROBLEM 1.13

At t = 0, a particle of mass 2 kg has zero velocity, but its speed is increasing at a con-
stant rate of 1 m/s2.  After the particle has traveled 5 m, the local radius of curvature of 
the path of the particle is 50 m.

a. Determine the speed of the particle after it travels 5 m.

b. Determine the magnitude of the acceleration of the particle after it travels 5 m.

c. Determine the time for the particle to travel 5 m.

Solution to Problem 1.13

Let s( )t  be the displacement of the particle, measured from t = 0. The velocity is given 
by

v t
dv
dt

dt v dt t
tt

( ) = +dt ( ) dt∫
⌠

⌡
⎮
⌠⌠

⎮⌡⌡
1

0∫∫0

Because v ds dt, the displacement of the particle is given by

s t t dt t
t t( ) = t dt∫ ∫v dt s
t
v dt ( )

0 0∫ ∫∫ ∫( ) 21∫) = 0 5

when       s = 5 m

5 m = 0.5 t2

or

t = 3.162 s

a. The velocity when s = 5 m is 

= ( )( ) =1 3)( 162 3 162 2. .)162 3 m/s

b. As the particle is traveling along a curved path, its acceleration has two compo-
nents: a tangential component equal to the rate of change of the velocity

a
dv
dtt = = 1 m/s2

and a normal component directed toward the center of curvature.

a
v
rn = =

( )
=

2 2
2

3 162

50
0 2

. m/s

m
m/s

The magnitude of acceleration at this instant is

a a a= +a = ( ) + ( )1
2

2
2 2( 2

2
2

1 m/s 0.2 m/s

a = 1 0198 2. m/s

c. The time for the particle to travel 5 m is calculated as t = 3.162 s.

SIBK002_Ch01_p1-42.indd   15SIBK002_Ch01_p1-42.indd   15 3/8/10   9:13:21 AM3/8/10   9:13:21 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



16 Road Vehicle Dynamics

PROBLEM 1.14

Obtain the differential equations of motion for the two-degrees-of-freedom vibrating 
system shown in Figure 1.14.

m1

m2

k c

f1(t)

f2(t)

x2

x1

Figure 1.14 Two-degrees-
of-freedom system.

Solution to Problem 1.14

Assuming  

1 2 0> >x2x (sprinrr g in comprmm err ssion)  (1.14.1)

This implies

� �x1 2 0> >x2x  (1.14.2)

The free body diagram of the system is shown in Figure 1.16(a). Applying Newton’s 
second law of motion for the masses m1 and m2, we get

 
F max cF mF a x∑  (1.14.3)

 
f t c x x k x x m x1 1f tf c x 2 1k x 1m2 1( ) −x− c(( ) xk (( ) =� ��  (1.14.4)

 
f t c x x k x x m x2 1f tf c x 2 1k x 2m2 2( ) −x− c(( ) xk (( ) =� ��  (1.14.5)

Figure 1.14 (a) Equivalent 
mathematical model.

m1

m2

f1(t)

f2(t)

x1

k(x1 – x2) c( 21 xx && − )

SIBK002_Ch01_p1-42.indd   16SIBK002_Ch01_p1-42.indd   16 3/8/10   9:13:22 AM3/8/10   9:13:22 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Introduction 17

Equations 1.14.1 and 1.14.5 can be written in the standard input-output form as

m x cx cx k kx f t1 1x 1 2 1 2kx 1ff�� � �− −cx + −kx1kx = ( )  (1.14.6)

m x cx cx k kx f t1 1x 1 2 1 2kx 1ff�� � �+ −cx1 + −kx1kx = ( )  (1.14.6)

m x cx k kx f t2 2 1cx 2 1 2kx 2ff�� � �− +cx1cx − +kx1kx = ( )  (1.14.7)

PROBLEM 1.15

For the translational system shown in Figure 1.15, derive the differential equations of 
motion.

Solution to Problem 1.15

Assuming the springs are in tension, we have

x1 2 0> >x2x  (1.15.1)

Hence,

� �x1 2 0> >x2x  (1.15.2)

The free body diagram is shown in Figure 1.15(a).

m1

m2

k1 c

f1(t)

f2(t)

x1

x2

k2
Figure 1.15 Torsional 
vibrating system.

Figure 1.15 (a) Equivalent 
mathematical model.

m1

m2

f1(t)

f2(t)

x2

k(x1 – x2) c( 21 xx && − )

x1

k2x2
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18 Road Vehicle Dynamics

Applying Newton’s second law for the masses m1 and m2, we have

F max cF mF a x∑  (1.15.3)

f t c x x k x x m x1 1f tf c x 2 1k x 1m2 1( ) −x− c(( ) xk (( ) =� ��  (1.15.4)

f t k c x x k x m x2 2f tf 1x2 c 12 1 2x 2 2x− +k x2k 2 −( ) −xk1k ( ) =� ��  (1.15.5)

Equations 1.15.4 and 1.15.5 can be written in the standard input-output form as

m x c cx k k x f t1 1x 1 2cx 1 1 2 2x 1ff�� � �+ −cx1 + −k x1 1x = ( )  (1.15.6)

m x cx k k k x f t2 2 1 2cx cx 2 1 1 2k 2 2ff�� � �− +cx1cx − +k x2 1x ( ) ( )  (1.15.7)

or in the standard matrix form,

m

m
1

2

0

0

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

       

m

m

x

x

c c

c c

x1

2

1

2

10

0

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

−
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

��
��

�
�xx

k k

k k k

x

x

f

2

1 2k

2 1 2

1

2

1ff⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

− +k k2 1k

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

(ttt

f t

)

( )t2ff

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
 (1.15.8)

PROBLEM 1.16

A circular disk of mass m and radius r rolls, without slip, on a horizontal plane along a 
straight line. Derive the differential equation of motion for the rotational system.

A x

k
C

r

m

θ

Figure 1.16 Single-
degree-of-freedom system.

Solution to Problem 1.16

A

x

C

r

θ
mg

kx

fs

Figure 1.16 (a) Equivalent 
mathematical model.

The free body diagram is shown in Figure 1.16(a). The instantaneous center is the 
point A.
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 Introduction 19

Applying

M IA A∑ αIAI  (1.16.1)

where

I I mdA C +ICI 2  (1.16.2)

Equation 1.16.1 can be written as

r kx IA( ) ��θ  (1.16.3)

For the no-slip constraint, 

x = θr  (1.16.4)

Equation 1.16.3 becomes

I kA
��θ θkrkk =θkrkk 2 0  (1.16.5)

where

I I md mr mrA C +ICI = +mr =2 2mr 2 2mr
1
2

3
2

PROBLEM 1.17

For the torsional system shown in Figure 1.17, derive the differential equations of 
motion.  The mass moments of inertia of disks 1 and 2 are J1 and J2, and the torsional 
stiffnesses are k1 and k2, respectively.

J1

J2

k2 c

T2(t)

k1

T1(t)

θ2

θ1

Figure 1.17 Torsional 
vibrating system.

Solution to Problem 1.17

The free body diagram for θ θ1 2θ 0>θ2θ  is shown in Figure 1.17(a).

Applying the moment equation about the mass centers, along the rotation axis, we can 
write

M IC C∑ αICI  (1.17.1)

For J1,

T t k k1 1T tT k 2 1 2 1 2 1 1( ) − k −(( )) (( ))θθ k2 ( θccθ2 ) − c( θJ1Jθ2 ) ��  (1.17.2)
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20 Road Vehicle Dynamics

For J2,

T t k c J2 2T tT 1 2 1 2 2 2( ) + kk (( ) c( ) =θ1 θ θ1 −1 θ��  (1.17.3)

Equations 1.17.2 and 1.17.3 can be rearranged as

Figure 1.17 (a) Free body 
diagram.

J1

J2

T2(t)

k2(θ1 – θ2)

θ2

θ1

T1(t)

θ1

k1θ1

c( 21 θ−θ && )

m1

m2

f1(t)

f2(t)

x1

k(x1 – x2) c( 21 xx && − )

Figure 1.17 (b) Free body 
diagram.

c k k k T t1 1 1 2 1 2k 1 2 2 1TT�� � � �θ θc c1 1 c� θ θk1 2kθc 1 +k1(( ) =2θk2k ( )  (1.17.4)

J c k k T t2 2 1 2c 2 1 2 2 2TT�� � �θ θc2 c� θk2 2+1θcc +1θk2 ( )  (1.17.5)

Equations 1.17.4 and 1.17.5 can be written in matrix form as

         

J

J

c c

c c
1

2

1

2

10

0

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

−
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

��

��

�

�
θ
θ

θ
θθ

θ
θ2

1 2 2

2 2

1

2

1⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

−2

−
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

k k1 + k

k k2

T (1 tt

T

)

( )t2TT

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
 (1.17.6)

PROBLEM 1.18

For the mixed two-degrees-of-freedom mechanical pendulum system shown in Fig-
ure 1.18, derive the differential equations of motion. Attached to the cart of mass m, 
which moves in a horizontal direction, is a pendulum that consists of a mass-less rod of 
length � and a concentrated mass of m1 at the rod tip.
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 Introduction 21

Solution to Problem 1.18

The free body diagram is shown in Figures 1.18(a) and (b).

k

c

x

θ

F(t)B

m

m1

l Figure 1.18 Two-degrees-
of-freedom mechanical 
pendulum system.

(a) (b)

k

By

Bx i

j

θ

B

c1

L sin θ m1g
c1

θ

B
β

ap = x&&

rc1/b = ll

Figure 1.18 Free-body 
diagrams: (a) forces, and 
(b) position and 
acceleration vectors.

The moment equation is 

M rp b c brr ba∑ ×α  (1.18.1)

Now,

rcb ab ra ac brr baba −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

i sxx inβ π θxθ
⎞
⎠⎟
⎞⎞
⎠⎠

= cos���
2

 (1.18.2)

Because

I mb �2

− �si θ+ ���c� �θ ��= osθ +�1 1=g 2  (1.18.3)

The free body diagram for the force equation is shown in Figures 1.18(c) and (d).

Applying Newton’s second law for the system of rod and cart in the x direction gives

m a m a
j

i
i

cix cm x cm x
= =i
∑ ∑F m ajxF cxm a = +m am

1

3

1

2

1caaa 2 2aca  (1.18.4)

Because

a a aci p ca i b= +ap  (1.18.5)

a acix ba x ca i b x= +aba x ( )  (1.18.6)
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22 Road Vehicle Dynamics

Therefore, Eq. 1.18.4 can be written as

F t kx cx mx( ) − −kx +x= m ( ) +� �( � ��� �� ��1
2θ θ θ θ2− �θ θ2 i  (1.18.7)

Hence, the differential equations of motion, Eqs. 1.18.3 and 1.18.7, can be written as

m1� ���2
1� 0θ θ θ�� θ =�� g11 �θ 1 i  (1.18.8)

and

1 1m m cx kx F t+( ) + =m1m ( ) + +cx = ( )�� ��� � �θ θ θ θ= �θ θ i2  (1.18.9)

For small angle motions, 

θ
θ
θ θ

θ

<<
=

=

1

1

02

cos

sin

Equations 1.18.8 and 1.18.9 become

m1� ��� �2
1� 0θ θ+� =�� m g1  (1.18.10)

1 1m m cx k F t+( ) + +m1m + =kx ( )�� ��� �θ  (1.18.11)

or in matrix form,

           
m

m m m x c
1

2

1

0 0

0

� �m2

�

��

��

�

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎦⎦

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

θ0 0θ⎤
⎥
⎤⎤ ⎡⎡⎡ ⎤⎤⎤

��
�

x

m g

k x F

⎡

⎣
⎢
⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
1 0

0

0θ
( )t

 (1.18.12)

PROBLEM 1.19

Figure 1.19 shows an inverted pendulum system that consists of a cart of mass m and 
a uniform rod of length � and mass m1. A concentrated mass m3 is attached at the tip of 
the rod as shown. Assuming the rod is pivoted to the cart, derive the differential equa-
tions of motion for this system. The system is constrained to move in a vertical plane, 
and the cart rolls without slipping in a horizontal direction.

(c) (d)

c1
m1

kx m
F(t)

B,c2

c x&
B,c2

θ

abx = ab = x&&

2lθ&

2lθ&

sin θ cos θ

lθ&&

lθ&&

l

l

Figure 1.18 Free body 
diagrams: (c) horizontal 
force components, and 
(d) position and 
acceleration vectors.
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Solution to Problem 1.19

The free body diagrams for obtaining the moment equations are shown in Figures 1.19(a) 
and 1.19(b).

m3

c
B

m

x
m, l

F(t)
θ

Figure 1.19 Inverted 
pendulum system.

(a) (b)

B Bx

By

k i

j

sinθ
/2

/2
θ m1g

m3g

c2

c3

B

θ

c3

c2

β
ab = x&&

rc2/b =
2

l

l
l

l

lrc3/b =

Figure 1.19 Free body 
diagrams: (a) forces, 
and (b) position and 
acceleration vectors.

The moment equation can be written as

M r ap b c brr b∑ ×α 1
 (1.19.1)

or

Mbj
i

n

i

n

j

N ⎛
⎝⎝⎝

⎞
⎠⎠⎠==

∑∑ bi

⎞
⎠⎠⎠∑

1 1i⎠ =i⎠1

( )ai ci b b×ri crr i b
 (1.19.2)

For n = 2 and N = 2, the moment equation is

M r abj
i

n

i ci b b
i

n

j

N ⎛

⎝⎝⎝

⎞

⎠
×ri crr i b( )

=

=

=

=

=

=

∑∑ bi

⎞

⎠⎠⎠1

2

1

2

1

2

∑∑  (1.19.3)

Now,

r r acirr b ba cirr b ba ci b× =aba sinβ θrβ ci b crcirr b x= os  (1.19.4)

Hence,

� �� �
���

2 2
1 3

2
sin i c�3 oθ �� θi θ 1θ θ

�
��111 g3 I θb=θ�s�� in m g3 +θ1 cos ssθ  (1.19.5)
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24 Road Vehicle Dynamics

where 

I I m d I m d I m db cI i im i
i

n

c i c=I m dI im i m dim +
=

∑ 2

1

1

1didim 2
2 2m+ 2

2 (1.19.6)

I m m mb +m
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ ++ ⎡⎣ ⎤⎦

1

12 2
0

1

3
1

2
1

2

3
2

1�
�

� �m⎤⎦⎤⎤ =
12

1
22

3
2 1

3
2

3
+ 3

⎛
⎝⎝⎝

⎞
⎠⎠⎠

m
�1

3�2 =2 +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

m
m

 

(1.19.7)

The free body diagrams for obtaining the translation equation are shown in Figures 1.19(c) 
and 1.19(d).

(c) (d)

F(t) B
m

c1 c x&

θ

c3
m3

c2

2

l
sinθ

k i

j

B
c1

x&&

θ

c3

2

2
θ&

l
sinθ

θ&&
l

2
sinθ

θ&&
l

22

2
θ&

l
Figure 1.19 Free body 
diagram: (c) horizontal 
force components, and 
(d) position and 
acceleration vectors.

Applying Newton’s second law for the system of cart and rod in the x direction, we have

a m a m a m a m ajxF cx i ca ix c x
i

n

c x
j

N

ma m a
=

=

=

=

∑∑ 1aca
1

3

2ac
1

2

3 cac xcc3 (1.19.8)

Now,

 a a aci p ca i b= +ap  (1.19.9)

 
a a xcix ba x ca i b= +aba x ( )  (1.19.10)

Hence,

 

F t cx mx( ) − =cx +x+ m
⎛
⎝
⎛⎛
⎝⎝

⎞� �� �
⎛

� � �� � �
1

2

2 2
θ θ θ θ2−θ θ2 i

⎠⎠⎟
⎞⎞
⎠⎠⎠⎠

+ +( )3
2�� ��� �θ θ θ θ2− �θ θ2 i

 

(1.19.11)

Equations (1.19.5) and (1.19.11) can be rearranged as

I
m m

gb
�� �θ θm

m x��� θ
⎛
⎝⎝⎝

⎞
⎠⎠⎠

+
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

=1
3

1
32 2⎠⎠⎠ ⎝⎝⎝3 0sg�mθ +−

⎝⎝⎝
in  (1.19.12)

and

m x
m

m
m

m+ m( ) + +
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+−
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1 3m+
2 2⎠⎠⎠ ⎝⎝⎝

1
3

1
3�� ��� �θ θ �� �θ θ2 i + = ( )c F t(  (1.19.13)
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or Eqs. 1.19.12 and 1.19.13 can be written as

I gb
�� ��θ θM � θ θM g�θM � θ =1 θ� θθ� 0M g�θθ Mθ i  (1.19.14)

and

M M M cx F t2 1x 1
2��� �� �−M1M � =cx ( )θ θ θ θ2M−θ i  (1.19.15)

For small angle motions,

θ
θ
θ θ

θ

<<
=

=

1

1

02

cos

sin

Equations 1.19.14 and 1.19.15 become

I gb
��θ θM x M g��� �M x� =1 1M�x� 0  (1.19.16)

and

M M cx F tx1 2M��� ���θ + =cx ( )  (1.19.17)

where

M
m

m1
1

32
= +1

and

M m m m2 1m 3+mm +

Equations 1.19.16 and 1.19.17 can be written in second-order matrix form as

I M

M M x c x
b 1M

1 2M

0 0

0

�
�

��

��

�

�
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎦⎦

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

θ0 0θ⎤
⎥
⎤⎤ ⎡⎡⎡ ⎤⎤⎤ ⎡⎡

⎣
⎢
⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

−⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

M g

x F⎦⎦⎦ ⎣⎣⎣
1 0

0 0

0� θ
( )t  (1.19.18)

PROBLEM 1.20

Derive the differential equations of motion for the three-degrees-of-freedom gear-train 
system shown in Figure 1.20. The moments of inertia of the gears are J1, J2, J3, and J4, 
as shown. The radii of the gears 2 and 3 are r2 and r3, respectively. The applied torques 
on gears 1 and 4 are T t1TT ( )  and T t4TT ( ) , respectively. Assume the gears are rigid and have 
no backlash.

θ1 θ2

θ3 θ4

k1

T1(t)

T4(t)

J1

J2

J3

r2

r3 k2

Figure 1.20 Three-
degrees-of-freedom 
system.
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26 Road Vehicle Dynamics

Solution to Problem 1.20

Assume the shafts are long and hence fl exible. The free body diagrams of the gears are 
shown in Figure 1.20(a). Because the gears are assumed to be rigid and have no back-
lash, the geometric constraint is given by

r2 2rr 2 3θ θr2 2rr  (1.20.1)

θ1 θ2

θ3 θ4

T1(t)

T4(t)

J1

J2

J3

r2

r3

k2(θ1–θ2)

k2(θ3–θ4)A

A
A

Figure 1.20 (a) Free body 
diagram.

From Eq. 1.20.1, 

θ θr
r
2rr

3rr
2

and

�� ��θ θ3
2

3
2

r2

r3

 (1.20.2)

Applying the moment equation about the mass center C,

MC CI∑ = αCI  (1.20.3)

Gear 1:

T t k J1 1T tT k 1 2 1 1( ) − k (( )θ1 θ��  (1.20.4)

Gear 2:

k r A J1 1 2 2rr 2 2θ1 θ( ) r A2rr ��  (1.20.5)

Gear 3:

r A k J2 2r Ar k 3 4 3 3− k (( )θ3 θ��  (1.20.6)

Gear 4:

− ( ) + ( )T t( k J( ) =4 2( ) +T tT ( 3 4 4 4θ −3 θ��  (1.20.7)
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 Introduction 27

Substituting Eq. 1.20.2 into Eqs. 1.20.6 and 1.20.7, we get

r A k
r

r
J

r

r
3 2r Ar k 2rr

3rr
2 4 3

2rr

3rr
2− k

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=θ θ2 − θ��  (1.20.8)

− ( ) +
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=T t( k
r
r

J4 3( ) +T tT ( 2rr

3rr
2 4 4 4θ θ−2 θ��  (1.20.9)

From Eqs. 1.20.8 and 1.20.9, we have

k
r

r
k

r

r
J J

r

r
1 1 2

2rr

3rr
2

2rr

3rr
2 4 2 3J 2rr

3rr
θ θ1 θ θ2( ) − k θ

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

J=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

22

2

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ ��θ  (1.20.10)

Hence, the equations of motion are

J k k T t1 1 1 1 2 2 1TT�� θk1 1 −1θk1 ( )  (1.20.11)

J J
r
r

k k k
r
r2 3J 2rr

3rr

2

2 1 1 1k 2
2rr

3rr

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ +

⎛
⎝⎜
⎛⎛
⎝⎝

⎞��θ θk2 1− k1k
⎠⎠⎟
⎞⎞
⎠⎠⎠⎠

⎡

⎣
⎢
⎡⎡

⎢⎣⎣

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ =

2

2
2

3
2 4 0θ θ−2

2
2

r22

r3

k  (1.20.12)

J k
r
r

k T t4 4 2
2rr

3rr
2 2k 4 4TT�� θk

r
4 2

2r θ+2θk2
2 ( )  (1.20.13)

or in matrix form,

J

J
r
r

J

1

2 3J 2rr

3rr

2

4

0 0

0 0J J
r

3J 2r

0 0

⎛
⎝⎝⎝

⎞
⎠⎠⎠

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

��θ11

2

3

1 1

1 1 2
2

3

0

��

��
θ
θ

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎦⎦

⎥⎥ + +1−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞

k k1 −

k k1 k
r2

r3 ⎠⎠⎟
⎞⎞
⎠⎠⎠⎠

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤
2

2

3
2

2

3
2 20

r2

r3

k

r2

r3

k k2
⎦⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

θ
θ
θ

1

2

3

1

4

0

T1

T4

( )t

( )t

⎤⎤

⎦

⎥
⎤⎤⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

PROBLEM 1.21

Determine the static equilibrium position of a double pendulum shown in Figure 1.21 
when a horizontal force F is applied to m2. Use the generalized coordinates θ1 and θ2

and the principle of virtual work.

l

l

θ1

θ2

m1

m2
F

Figure 1.21 Double 
pendulum.

(1.20.14)
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28 Road Vehicle Dynamics

Solution to Problem 1.21

(b)(a)

θ1

θ2

m1g
F

m2g

lδθ1

lδθ1θ1

θ2
m1g

F

m2g

δθ2

Figure 1.21 Free body 
diagrams: (a) equilibrium 
position, and (b) equilibrium 
position with δθ1 = 0.

When the system is in equilibrium position, a virtual displacement δθ2 is given to θ2, 
as shown in Figure 1.21(a).

The equation for the virtual work δw of all the applied forces then is given by

 δ θ δθ θ δθθ δθ( ) ( ) =2 2g θ 2θ2 ( 2 0θ δθθ �δθ θFδθ ( θcFδθ F os  (1.21.1)

Similarly, by giving θ1 a virtual displacement δθ1 with the equilibrium position (with 
δθ2 = 0) as shown in Figure 1.21(b), we can write the equation for virtual work δw as

      δ θ δθ θ δθ θθ δθ g Fθ δθ( )) ( ) ( )1 1g θ 21 ( 1δθ1) 1gδθθθ 2 i�δθ θg θ(m gδθ 2m i �δθδδ 1 0=  (1.21.2)

Solving Eqs. 1.21.1 and 1.21.2 for the two equilibrium angles gives

tanaa θ1
1 2

=
+( )
F

m m1 + g
 (1.21.3)

and

tanaa θ2 =
F

m g2

 (1.21.4)

PROBLEM 1.22

A particle of mass m is suspended by a mass-less wire of length

r a b t a b= +a >b( )ω 0

to form a pendulum, whose motion is confi ned to a plane, as shown in Figure 1.22. Find 
the equation of motion using D’Alembert’s principle.

Figure 1.22 Simple 
pendulum.

r

mg

θ

θe

re
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 Introduction 29

Solution to Problem 1.22

Let r and θ be the chosen generalized coordinates. The general expression for the accel-
eration of the mass m would be

�� �� � �� � �r r r r er−r( ) +( )θerθ θ) r+ ( θ θ
2 2

The virtual displacement consistent with the constraint is

δ δθ θe

The applied gravitational force is

F mg e g ermg iθ θe gr se mgr −e in θ

The equation of motion is obtained as

F mr r( ) =�� δ 0

{ }mg g e m r r r er g ecos iθ θθ gr ge mgr mg in eθ θ θ θerrr rr rθ mm θere θ−emg −( ) +θrθr(( )⎡ �� � �) ( � � �2 2⎣⎣
⎤
⎦
⎤⎤ =e rθ δθ 0

that is,

mgsin θ θ θ+θrm (( )�� � �2 0rθ) =�

r g�� �θ θ� θsgθ� =θr − in

a b t b g( )co sbbs in iω θ)ωtt ωθ ω θt gt sin�� �

PROBLEM 1.23

A simple pendulum of length � and mass m is pivoted to the mass M that slides without 
friction on a horizontal plane, as shown in Figure 1.23. Use Lagrange’s equation to 
determine the equations of motion for the system.

M

x

m
θ

k

l
Figure 1.23 Pendulum 
system.
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30 Road Vehicle Dynamics

Solution to Problem 1.23

Figure 1.23 Motion of the 
pendulum system.

θ

x&

x&

θ&L

L(1 – cosθ)

Let x t( )  denote the displacement of the mass M, and let θ t( ) denote the angular swing 
of the pendulum. The kinetic energy of the system is due to the motion of mass M and 
the swing of the pendulum having mass m. The potential energy is derived from the 
spring (stretch or compress) and the position of the job.

The kinetic energy of the system is

T M m x L= +Mx + L( )1

2

1

2
22 2+ (1 2� 2 (1 � �θ θLxθ 2+2 � θcos

The potential energy of the system is

d

dt x
M m mL

∂( )
∂xx

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ +M= ( ) +

kinetic energyr

�
��θ θ −− mL�θ θ2

∂( )
∂

=
kinetic energyr

x∂∂
0

and

∂( )
∂

=
potential energy

x∂∂
kx

Applying Lagrange’s equations, we obtain

M m x L L kx( ) L+ mLmm =�� �� �θ θ θ θmLmmθ θ2 0

For small angles of oscillation,

sin θ θ

and

cosθ = 1
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 Introduction 31

Then, neglecting higher-order terms, the equation of motion becomes

M m x L kx( ) + mLmm =�� ��θ 0

Similarly,

d

dt
L mLx

∂( )
∂

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ = +mL

kinetic energyr
�

�� ��
θ

θ2

and

∂( )
∂

=
potential energy

θ
θmLg

∂( )
∂

=
kinetic energyr

θ
0

Hence,

L g�� ��θ θg =xθg 0

PROBLEM 1.24

Figure 1.24 shows a solid cylinder of mass M and radius R rolling without slipping on 
a horizontal surface. A bob of mass m is pinned to the axis of the cylinder by an arm of 
length �. Determine the following:

a. The equations of motion for this system using Lagrange’s equation

b. The natural frequency of free vibration of the bob

θ

M

R
x1

φ

m
x2

l

Figure 1.24 Solid 
cylinder.
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32 Road Vehicle Dynamics

Solution to Problem 1.24

a. Taking x1 and x2 as the generalized coordinates, the kinetic and potential energies 
of the system for small values of θ are

T Mx MR mxmm

Mx

= Mx
⎛
⎝⎝⎝

⎞
⎠⎠⎠

+

1

2

1

2

1

2

1

2

1

2

1
2 2MR

⎛ 1 2
2
2

1
2

� � �

�

θ

=
11

2

1

2
1
2

2
2Mx mx�

1
� 2⎛

⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+

(1.24.1)

V mg mg x xmg (( ) ( ) ( ) −( )�( �2�) ( 22
2 1x

2
φ φg) ( )g 2�mg) (

Apply Lagrange’s equation with qi = x1:

d dt x Mx Mx( ) ∂ ∂TT( )) Mx�M� ) � �M �1 1) = Mx 1
1
2

 (1.24.1)

∂ ∂ = ( ) +( )x∂ ∂∂ ∂ mg x+1 2= ( )(mg 12 2) −()( 2  (1.24.2)

Therefore,

3
2

01 1 2Mx mg x x1�� �+ ( )( ) =  (1.24.3)

Apply Lagrange’s equation with qi = x2:

d dt x Mx( ) ∂ ∂TT xx( )� �M) �2 2Mx) 22

∂ ∂ = ( )( )x∂ ∂∂ ∂ mg x x−2 2= ( )(mg x 12 2)()( 2

Therefore,

Mx mg x x�� �2 2mg x� 1 0+ ( )( ) =  (1.24.4)

 These two equations of motion, Eqs. 1.24.3 and 1.24.4, can be solved by assuming 
that x X t1 sin ω  and x X t2 2X sin ω . The results are

X mg g2mg1 0�X mg23 2MM�( )) ( ) X2X (( ) =  (1.24.5)

and

X mgg g M1 2mg X 2 0�mgX2X�( )) ( ) −( ) =ω  (1.24.6)

b. The frequency equation is obtained as

3 2 3 2 04 2g4M 2 3m( ) ( ) ( )( ) =ωg4 )  (1.24.7)

Solving Eq. 1.24.7, we obtain either 

ω = 0

or

ω = ( )( )1 2+ 3m M3 g � rad/s
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and

X X M1 2X 2 3m=

PROBLEM 1.25

Derive the differential equations governing the motion of the system shown in Fig-
ure 1.25 using Lagrange’s equation. Take θ1 and θ2 as generalized coordinates; the 
mass of the slender bar is m.

LL

2k

Identical slender bars
of length L, mass m

θ1 θ2

Figure 1.25 System of 
bars.

Solution to Problem 1.25

The kinetic energy of the system is

T m L m L
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
1

2

1

2

1

12

1

2

1

2
1

2

2
1
2

2

2

� �⎞ 1 2 �θ θmL
⎞
⎠⎠⎠

mLmm
1

1
2LLLL θ

11

2

1

12
2

2
2mL2 �θ

The potential energy of the system is

V mg
L L

k amg ( )( )
2 2

g 21 2g
2

g 2 1cos sin iθ θ
L

1 g cmg−1 mg os θ θ2 sa−2 a in

The Lagrangian equation is

L mL mg
L

mg
L

mLmm

+

1
2

1
3

1
2

1
3 2

g

2

2LLL 1
2 21 1

2
2

1

2

θ θmLmm1
2 2mLLm

1 1 θ

θ

cos

cos −−− ( )2
2 2 1
k

a i iθ θ2 s2 a−2 in

Application of Lagrange’s equation gives

d

dt

L L∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
∂
∂

=�θ θ1 1

0

d

dt
mL

L
k

1

3 2
g 22LL 1 1g

2
g 2 1

� θmg
L

mgθ1 θ θθ a2 a
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠

θ2+ k2 ( )i sa1θ a+ k2 i i ca osssθ1 0( )⎡

⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

d

dt

L L∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
∂
∂

=�θ θ2 2

0

  
d

dt
mL

L
k a

1

3 2
g 22LL 22 g

2
g 2 1

� L
mgθ2 θ θ a θ2 a

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠

+θmgmg ( )i sak22 +2θ in i ca osoo θ2 0( )⎡

⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=
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34 Road Vehicle Dynamics

Linearizing and rearranging the resultant equations, we obtain

1

3 2
2 02

1
2

1
2

2mL2 g
L

k ka�� θ2 2gθ1

L
ka θmg

⎛
⎝⎝⎝

⎞
⎠⎠⎠

=22ka θ

PROBLEM 1.26

Derive the differential equations governing the motion of the system shown in Fig-
ure 1.26 using Lagrange’s equation and the generalized coordinates x1, x2, and x3.

m1 m2 m3

k1 k2 k3 k4

k6k5

x1 x2 x3

Figure 1.26 

Solution to Problem 1.26

Kinetic energy:

Potential energy: 

V k x k x x k x k xk x ( ) −x+ k ( ) + +k x
1
2

1
2

1
2

1
2

1
21 1x2

2 2x( 1

2

3 3x( 2

2

4 3x2
5 655 2

2+( )x x6 )

∂
∂

=T
x

m x
�

�
1

1 1x

d

dt

T

x
m x

∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
�

��
1

1 1x

∂
∂

=
T∂∂
x∂∂ 1

0

∂
∂

= + −( )V∂∂
x∂∂

k k x( x
1

1 1 2 2(x( 1

d

dt

T

x

T

x

V

x

∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
∂
∂

+
∂
∂

=
�1 1x⎠ ∂ 1

0

gives 

m x k k x k x1 1x 1 2k 1 2k 2 0�� k+ ( ) =k x2k 2

T m m x m x= +m x +1
2

1
2

1
21 1x22

2 2x2
3 3x2�1� 2 �
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∂
∂

T

x� 2

 = m2 �x2

∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= =
T

x
m x m x

�
� ��

2
2 2x 2 2x

∂
∂

=
T

x2

0

∂
∂

= −( ) −( ) + −( )V∂∂
x

k x( x k) + x− x− x
2

2 2(x( 1 3) k) + 3 2x 5 6x 2

d

dt

T

x

T

x

V

x

∂TT

∂
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
∂TT

∂
+

∂VV

∂
=

� 2 2x⎠ ∂ 2

0

gives

m x k k k k k x k x2 2x 2 1 2 3 5 6k 2 3k 3 0�� − +k x2 1x +k3k( ) =k x3k 3

∂
∂

=
∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

T∂∂
x

m x
d

dt

T∂∂
x

m x
�

�
�

��
3

3 3x
3

33

∂
∂

=T∂∂
x3

0

∂
∂

= −( )V∂∂
x∂∂

k x( x k) + x
3

3 3(x( 2 4) k) + 3

d

dt

T

x

T

x

V

x

∂TT

∂
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
∂
∂

+
∂
∂

=
� 3 3x⎠ ∂ 3

0

gives 

m x k k k x3 3x 3 2 3 4k 3 0�� − +k x3 2x ( ) =

PROBLEM 1.27

Figure 1.27 shows a three-degrees-of-freedom system. Determine the generalized 
forces associated with the generalized coordinates q1 = θ1, q2 = θ2, and q3 = θ3, where 
F and M are defi ned as

F F F
T

⎡⎣⎡⎡ ⎤⎦⎤⎤1 2FF FF

M M M M
T

⎡⎣⎡⎡ ⎤⎦⎤⎤1 2M 3
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36 Road Vehicle Dynamics

Solution to Problem 1.27

The position vector of the point of application of the force F is 

rrrr =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

+
−

r

r
1rr

2rr
1 1 2 2 3 3

1

�1 �
�

i i sin

cos
1 θθ 2�+1 2�+1 i θ
θ1 211 2 3 3+( )

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥�22 cosθ θ2 3�+ c2 3�2 +2 os

(1.27.1)

where �1, �2, and �3 are the lengths of the rods. The virtual change in the position vec-
tor r is given by

θ δθ θ δθ θ δθ
θ δ

rrrr =
+θ δθ� θ δθ �

�
1 1θ 1 2 2 2δθδθ 3 3θ 3

1 1θ
δθθ δθθθ cos

sin θ θθθ δθ θ δθ1 2 2 2δθ 3 3θ 3

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦�θ δθθ +δθi sθ2 2δθ 3�θ2 2δθ +θ δθ2 2δθ in
(1.27.2)

or

δ
δ
δ

θ θ θ
θ

rrrr =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

r

r
1rr

2rr
1 1θ 2 2θ 3 3θ

1 1θ
� θ1 �
�

θθθ cos

sin ���2 2 3 3

1

2

3

i iθ θ�2 3 s�2 3 in

δθ
δθ
δθ

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 

(1.27.3)

The virtual work of the component Mi of the moment is Miδθi. Hence, the virtual 
work δW of the force vector F and the moment M are

 δ δ δθT Tδ +δδδ M  (1.27.4)

where

δθ δθ δθ δθ= ⎡⎣⎡⎡ ⎤⎦⎤⎤1 2δθ 3

T

θ1

θ2

F

θ3

M2

M3

M1

X

Y

Figure 1.27 Three-
degrees-of-freedom 
system.
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 Introduction 37

The virtual work δW is then given by

δ
θ θ θ

θ
W F F⎡⎣⎡⎡ ⎤⎦⎤⎤1 2FF FF

1 1θ 2 2θ 3 3θ

1 1θ 2

� θ1 �

�θ�1

θθθ cos

i s1θ 2�θ1θ innnin iθ θsin

δθ

δθ

δθ
2 3 3

1

2

3

1

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

+ M M1 M MMM

M F

2 3M

1

2

3

1 1

⎡⎣⎡⎡ ⎤⎦⎤⎤

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

= M

δθ

δθ

δθ

� 1 111FFFF 2 1 2 2 1 2 2 2 3cos i i1 2θ θ1 2 i 2 2θ θ2 2 i( ) + ( )M1θs2 in ) �3212� θ θs2 2 in2 ( ) +F θ 21 cosθ2 M 3 133 3 2 3

1

2

3

F1 cos iθ θ3 2F s3 2F3 2 in

δθ

δθ

δθ

( )⎡⎣ ⎤⎦⎤⎤

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎥⎦⎦⎦⎦
⎥⎥⎥⎥

or

δ
δθ
δθ
δθ

δθW Q Q Q QT⎡⎣ ⎤⎦⎤⎤
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =1 2Q 3

1

2

3  

(E.6)

where the generalized forces Q1, Q2, and Q3 in terms of the generalized coordinates θ1, 
θ2, and θ3 are given by

Q M F

Q M F F

1 1M 1 1FF 1 2 1

2 2M 2 1FF 2 2FF

+M1M ( )
+M2M

�

�

cos i

cos

θ θF1 2 sF1 2FF in

θ siss n

cos i

θ

θ θsθ in

2

3 3 3 1 3 2 3

( )
+3 ( )Q M3 = F cosθ1�

 

(E.7)

PROBLEM 1.28

Derive the equations of motion for the system shown in Figure 1.28. The coupling 
springs are unstressed when the pendulums are in the vertical position.

m

θ1

k

θ2

k

θ3

a

a

m m
Figure 1.28 Three-
degrees-of-freedom 
system.

(E.5)
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38 Road Vehicle Dynamics

The kinetic energy of the system is

KE T m a m a= T ( ) ( ) + ( )1
2

2
1
2

1
2

21

2

2

2

3

2�(� ) 12 �θ θm a) + (1
21 θ

where 2a is the length of all the pendulums, and the θs are the angular displacements.

The potential energy of the system is

PE V mga= V −( ) ( ) −( )⎡⎣ ⎤⎦⎤⎤1(2mga ⎡⎣⎡⎡ 1) + (1 2) ( 3cos cosθ θ) + (11) () + −1) + (1 θ

+ ( ) + ( )⎡
⎣⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

1
2 2 1

2

3 2

2
a(k ⎡

⎣⎣⎣
a) + (1θ θ−2 a θ θ−3 a

Applying Lagrange’s equations gives

d
dt

T
q

T
q

V
qi iq i

∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ∂
∂

+ ∂
∂

=
�

0

where qi are the generalized coordinates. They are θ1, θ2, and θ3 for this system.

d
dt

T
ma

∂TT
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=�
��

θ
θ

1

24 1

∂
∂

=T
θ1

0

∂
∂

= −( )V∂∂
ga k a

θ
θ θ(k− a a( θ

1
1 2( θ(ka a( 12 smga

4 02 22 1
2

2ma mga ka k2��θ θ θ1
2k1 a22mga( ) =2θka

This is the equation of motion for the fi rst mass, assuming small angles for which 
sinθ = θ.

Similarly,

4 02 22 2
2

1
2

3ma mga ka k2 a k2
1 a

��θ θ θ2 k2 a2 θ22mga( ) ka =

4 02 22 3
2

2ma mga ka k2��θ θ θ3
2k3 a22mga( ) =2θka

Solution to Problem 1.28

Figure 1.28 (a) Free body 
diagram.

m

θ

m

2a

2a(1– cosθ)
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0.5ll 1.5l 0.5l

I4I3I2

A B C D E

I1

θ1
θ2 θ3 θ4
M(t)

Figure 1.29 Four-degrees-
of-freedom system.

PROBLEM 1.29

Derive the differential equations governing the motion of the system shown in Fig-
ure 1.29 using Lagrange’s equation and the generalized coordinates θ1, θ2, θ3, and θ4.

Solution to Problem 1.29

Denoting k k
JG

AB =kAB �
, we have

k
JG

k

k
JG

k

k
JG

k

BC

CD

DE

= =

= =

= =

0 5
2

0 5
2
3

0 5
2

�

�

�

The kinetic energy of the system is

T I I= I + I
1
2

1
2

1
2

1
21 1

2
2 2

2
3 3

2
4 4

2� �12 � �12θ θI+ 1
1
2

2 θ θI+ 1
3
2

4

The potential energy of the system is

V k k kk ( )( ) ⎛
⎝⎝⎝

⎞
⎠⎠⎠

−( ) +1
2

1
2

1
2

2
3

1
2

21
2

2 1

2

3 2

2
θ θk+ ( )(1

21
2 θk)

⎝⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

(1 θ kk( )θ4
2

The Lagrangian equation is

L T V I I I k−T I + I −k
1
2

1
2

1
2

1
21 1

2
2 2

2
3 3

2
4 4

2
1
2� �12 � �12θ θI+ 1

1
2

2 θ I+ 1
3
2

4 θ 22
2
3

22 1

2

3 2 4
2k

2
1k k( )( ) k ( ) −

⎡

⎣
⎢
⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
θ22 θ θ3 − θ

Applying Lagrange’s equation gives

d
dt

L L∂LL
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ∂LL
∂

=�θ θ1 1

0

d
dt

I k k1 1 1 2 12 1kk 1 0� θk1 θ2θ θ2( ) +1θk ( )( ) =
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40 Road Vehicle Dynamics

or

I k k1 1 1 2k21 0�� θk1 3k θ13k =

d
dt

L L∂LL
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ∂
∂

=�θ θ2 2

0

d
dt

I k k2 2 2 1 3 2
2
3

1 0� θk2 θ θk
2θ1 θ( ) −2θk (( ) −3θk (( ) −( )

or

I k k k I k k2 2 1 2k 3 1 1 1 2
8
3

2
3

21 0�� ��θk2 θk2 θ θk1 kk θ+1θk I3 1Iθk =2k2 θ

d
dt

L L∂LL
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ∂LL
∂

=�θ θ3 3

0

d
dt

I k k3 3 3 2 4 3
2
3

13 0� θk3 θ θk2kθ2 θ( ) −3θk (( ) 42k (( )( ) =

or

I k k k3 3 2 3k 4
2
3

8
3

04
�� θk3 θk3 2k+2θk 4k

d
dt

L L∂LL
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ∂
∂

=�θ θ4 4

0

d
dt

I k4 4 4 3 04 3
� θk4 2k θ( ) 42k (( )

or

I k k4 4 3 4k2 0�� θk4 k θ32k =

The work done by the external moment when virtual rotations are introduced is given by

δ δθ( ) 2

The components of the force vector therefore are given by

F

F M t

F

F

1FF

2FF

3FF

4F

0

0

0

=

( )
=
=
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 Introduction 41

The differential equations of motion can be arranged in matrix form as

I

I

I

1

2

3

4

1

2

0 0 0

0 0I2 0

0 0 0

0 0 0

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

��
��
��

θ
θ
θ33

4

3 2 0 0

2
8
3

2
3

0

0
2
3��θ

⎧

⎨
⎪
⎧⎧

⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

⎫

⎬
⎪
⎫⎫

⎪
⎬⎬
⎪⎪

⎭
⎪
⎬⎬

⎪⎭⎭
⎪⎪

+
− −

−

k k2

k k
8

k

k kkk k

k k

8
3

2

0 0 2 2k

1

2

3

4

−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎧

⎨

θ
θ
θ
θ

⎪⎪
⎧⎧⎧⎧
⎪
⎨⎨
⎪⎪⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

⎫

⎬
⎪
⎫⎫

⎪
⎬⎬
⎪⎪

⎭
⎪
⎬⎬

⎪⎭⎭
⎪⎪

=

⎧

⎨
⎪
⎧⎧
⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

⎫

⎬
⎪
⎫⎫

⎪
⎬⎬
⎪⎪

⎭
⎪
⎬⎬

⎪⎭⎭
⎪⎪

0

0

0

M( )t

We observe that the mass matrix is diagonal and that the system is not dynamically 
coupled.  Similarly, the system is statically coupled because the stiffness matrix is not 
diagonal.
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Chapter 2

Analysis of Dynamic 

Systems

PROBLEM 2.1

Figure 2.1 shows a simple pendulum attached to a spring of stiffness k.

a. Obtain the differential equation of motion for the system.

b. Determine the natural frequency of oscillation.

L
k

m

O

Solution to Problem 2.1

a. The differential equation of motion [see Figure 2.1(a)] is given by

−m= L k= −mm mgL0
2LL θ θ θ θ� θsi θθ sin  

(2.1.1)

or

mL k mgL2k2LL 0θ θ θ θ+ − + =mgL θ� sinθ si

For small θ, sinθ θ and cosθ = 1.

Figure 2.1 Simple 
pendulum.
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44 Road Vehicle Dynamics

Hence,

�� �θ θ�⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=k

m L

g
L

2

2LL
0 (2.1.2)

The natural frequency of oscillation from Eq. 2.2 is

 
ωn

k

mL

g
L

= +�2

2LL  
(2.1.3)

k sinθ

θ
cosθ

mg

PROBLEM 2.2

Figure 2.2 shows a uniform bar of mass m and length L that rotates at a constant angu-
lar velocity ω about a vertical axis. If θ is the angle between the vertical axis and the 
bar, as shown in the fi gure, determine the following:

a. The equilibrium positions expressed in terms of the constant angle θ0

b. The differential equation of motion for small motions about θ0

c. The stability criterion for each equilibrium position based on the requirement that 
the motion θ1 must be harmonic

d. The natural frequency of the oscillation θ1 for the stable cases

e. The natural frequency for very large ω

ω

O

θ

m

L

Figure 2.1 (a) Free body 
diagram.

Figure 2.2 Dynamic 
system.
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 Analysis of Dynamic Systems 45

Solution to Problem 2.2

a. Taking moments about O,

∑ = m= g m L I=L
0

2
02

1
2

2
3

si siωθ ω+ 1
m+ θ θ2

cos θ��
(2.2.1)

 where I mLmm0
2LL 3.

Hence,

mL mgL2LL 2 2LL
3 2

1
3

0
��θ θ ω1 θ θ+ g θ =si sL2LLθ ωmθ in (2.2.2)

 In equilibrium position, θ θ0 and � ��θ θ =θ 0.

Therefore,

mL
g
2

1
3

02
0 0−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

=ω θL2 θs0
⎞
⎟
⎞⎞
θ in (2.2.3)

Equilibrium positions are

θ π
ω0

1
2

3

2

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−, cπ os
g

L  
(2.2.4)

b. Let θ θ θ tθ θ( ) θ ( )0 1θθ  and θ1 t( )  is small, such that

sin i

cos i

θ θsi θ θcos

θ θcos θ θsin

+θsin

−θcos
0 1θ+ 0

0 1θ 0

(2.2.5)

Substituting Eq. 2.2.5 in the equation of motion, Eq. 2.2.2, and neglecting the 
second-order terms in θ1, we obtain

��θ θ ω θ θ1 0θ 2
0 1θ

3
2

0θ θ0 1θθ
⎛
⎝⎝⎝

⎞
⎠⎠⎠

g
L

ω0θ −θ0θ
 

(2.2.6)

c. For stability,

3
2

2 00
2

0
g
L

cos cosθ ω0θ ω0 θθ22 c2 osω

Equilibrium position θ0 0=  is stable if ω2 3 2< g L2 .

Equilibrium position θ ω0
2ω1 ( )g( L  is stable if ω2 3 2> g L2 .

Equilibrium position θ π0  is unstable.
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46 Road Vehicle Dynamics

d. To determine the natural frequency of the oscillation θ1 for the stable cases,

θ ω ω0
23

2
=ω −d n

g
L

(2.2.7)

 
θ

ω
ω ω

ω0
1

2
2

23

2

9

4
=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−ω−cos
g

L

g
nand

2 222L2
 

(2.2.8)

e. For very large ω, ω ωn  and θ π0 2, which indicates that the bar oscillates 
about the horizontal position.

PROBLEM 2.3

Figure 2.3 shows a torsional vibration system in which the disk, which has a mass 
moment of inertia about its axis IG, is fastened to shafts of different d1 and d2, and the 
shafts are fi xed at both ends. Obtain the following:

a. The differential equation of angular motion

b. The natural frequency of angular vibration

L1

L2 d2

d1

IG

Solution to Problem 2.3

k2θ

k1θ

IG
θ

a. For the differential equation of angular motion, 

K
T GJ

L
G
L

dt1
1 1T GT J

1 1L 1
4

32
= = =
θ

π (2.3.1)

  
K

T GJ
L

G
L

dt2

2 2T GT J

2 1L 1
4

32
= = =
θ

π

 
(2.3.2)

I k kG t t
�� θktk θ−

1 2t
 (2.3.3)

Figure 2.3 Torsional 
vibrating system.

Figure 2.3 (a) Free body 
diagram.
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 Analysis of Dynamic Systems 47

 The differential equation of angular motion is

��θ θ
⎛

⎝⎝⎝

⎞

⎠⎠⎠
=

k k+
I

t tk+

G

2t 0  (2.3.4)

b. The natural frequency of angular vibration is

ωn
t t

G

k kt

I
= 1 2t rad/s

 
(2.3.5)

 or

f
k k

I

G
I

d
L

d
L

nff n t tk

G

G

= =

= +
⎛

⎝

ω
π π

π
π

2
1

2

1
2 3π 2

1 2t

1
4

1

2
4

2

⎛⎛⎛⎛

⎝⎝⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

+=
⎛

⎝

⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

1
8 2

1
4

1

2
4

2

G
I

d
L

d
LGπ

(2.3.6)

PROBLEM 2.4

Determine the natural frequency of angular oscillations of the simple pendulum shown 
in Figure 2.4 if the following are true:

a. The mass of the rod mr is negligible.

b. The mass of the rod mr is not negligible.

m

θ

 mr

l

Solution to Problem 2.4

θ

m

l

l(1–cosθ)

Figure 2.4 Simple 
pendulum.

Figure 2.4 (a) Free body 
diagram.
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48 Road Vehicle Dynamics

a. We use the energy method here as

d dt T V+( ) = 0

 For small rotation of the mass about the pivot, 

 Kinetic energy:  T m x mm x ( )1
2

1
2

2 2
� ��θ

 Potential energy: V mgmg ( )� 1 c− osθ  (2.4.1)

          
d
dt

T V g( ) = m =� �mg+ �� ��2 0θ θ θ θsin  (2.4.2)

or

��
�

θ θ θ
⎛
⎝⎝⎝
⎞
⎠⎠⎠

=g
i  (2.4.3)

 For small angles of oscillation, sinθ θ, and the equation of motion when the 
mass of the rod is neglected is

 

��
�

θ θ θ
⎛
⎝⎝⎝
⎞
⎠⎠⎠

=g
i

 
(2.4.4)

 The natural frequency of the system is

ωn
g=
�

rad/s

 or

 f
g

nff n= =ω
π π2

1
2 �

Hz  (2.4.5)

b. The mass of the rod mr acts through the center of the rod.

   Kinetic energy: T = kinetic energy of the mass + kinetic energy of the rod

1
2

1
2

1
3

2 21 1
m r�� θm

11
r �θ( ) ⎛

⎝⎝⎝
⎞
⎠⎠⎠ ( )   

  
(2.4.6)

   Potential energy: V = potential energy of the mass + potential energy of the rod

 
mg gr�

�
1

2
−( ) ⎛

⎝⎝⎝
⎞
⎠⎠⎠
( )cos θ1

⎝
θ g)

⎝⎝ ⎠⎠⎠
θ �) + ⎛⎛⎛ ⎞⎞⎞ ( c1

⎛
⎝

m g) + ⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
−( os   

  
(2.4.7)

 

d
dt

T V
m

g m
mr rm( ) +m=

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+mm
⎛
⎝

⎞
⎠⎟
⎞⎞
⎠⎠2

g
3 ⎠⎠⎠ ⎝⎝⎝

2� g+ gg2 � ��θ θ siinii θ θ�  (2.4.8)
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 Analysis of Dynamic Systems 49

 or

��
�

θ θ θ
+

+

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
=

m
m

m
m

g
r

r

2

3

0i

 

(2.4.9)

 For small angles of oscillation, sinθ θ, and Eq. 2.4.4 becomes

��
�
θθ

+

+

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎛
⎝⎝⎝
⎞
⎠⎠⎠
=

m
m

m
m

g
r

r

2

3

0 (2.4.10)

ωn

r

r

m
m

m
m

g=
+

+

⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

2

3
�

rad/s

 

(2.4.11)

 If m mr << , then,

m
m

m
m

r

r

+

+
≈2

3

1

 and

ωn
g=
⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠�

(2.4.12)

which is the same as Eq. 2.4.5 of Part a of this problem.

PROBLEM 2.5

A single-degree-of-freedom vibrating system has the values m = 4 lb2/in. (73 kg), 
k = 1600 lb/in. (28.02 × 104 N/m), and μk = 0.1. Calculate the decay per cycle 
and the number of half-cycles until oscillation stops if the initial conditions are 
x 0 1x 10( ) x . .1 in  (279.4 mm) and �x 0� 0( ) = .

Solution to Problem 2.5

The decay per cycle is

      4 4 4 4
0 1 4 32 2 12

1600
4 0f

F
k

mg
kd

d k4
FF =4

( )( )( )( )
=μ .324.1)(

.0096600 0( ) = . i3864 n.  (2.5.1)

Moreover, n must be the smallest integer satisfying the inequality

1 1 2 1 0 0966 2 0 0966. .1 2 1 0 .2− (( )( ) < ( )  (2.5.2)

from which we conclude that the oscillation stops after the half-cycle n = 6 with m in 
the position x t x fdff6 0x 1 2 12 0 0966 0( ) = xx = −1 2 ( ) =.0.2 12( . i0408 n.
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50 Road Vehicle Dynamics

PROBLEM 2.6

A spring-mounted body of mass m is connected to the wheel by a linear spring of stiff-
ness k, and a viscous damper of damping coeffi cient c moves with a velocity on a road 
surface, as shown in Figure 2.6.  The road surface has a wavelength of L and an ampli-
tude of h. Obtain a relationship for the ratio of amplitudes of the absolute vertical dis-
placement of the body to the road surface undulations.

y

x

k c

v

Body

Wheel h

L

Solution to Problem 2.6

The system can be modeled as shown in Figure 2.6(a).

k
c

m x

y

where

y h
z

L
cos

2π

and
z = vt

Therefore,

y h
v

L
t h Vt

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

co ct hs
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

os
2π

where

V
v

L
= 2π

 (2.6.1)

m m

m x&&

k(x–y) c( x& – y& )

Figure 2.6 Road vehicle 
system.

Figure 2.6 (a) Free body 
diagram.

Figure 2.6 (b) Free body 
diagram.
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 Analysis of Dynamic Systems 51

Hence, the equation of motion can be written as

mx k x y c x y�� � �= − −( ) xc( )  (2.6.2)

or

mx c kx cy ky�� �+ +cx = +cy  (2.6.3)

Because y = h cos V, Eq. 2.6.3 becomes

mx cx kx k cV h Vt�� �+ +cx = k ( )⎡
⎣⎣⎣

⎤
⎦⎦⎦

+( )2 2
sin φ  (2.6.4)

Therefore, if

x X Vt= +X Vt( )0 si α  (2.6.5)

then,

X
h k cV

k mV cm V
0

2 2

2
2 2

=
+ ( )⎡

⎣⎣⎣
⎤
⎦⎥
⎤⎤
⎦⎦

( ) ( )⎡
⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

 (2.6.6)

Hence, the ratio of amplitude of the absolute vertical displacement of the body to the 
road surface undulations is given by

X
h

X
h

k
v

L
c

k
v

L

0 0X

2

2
2

2

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=

+

−

π

π
22

2
2

2
m

v

L
c

⎛

⎝
⎜
⎛⎛

⎜⎝⎝
⎜⎜

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
⎟⎟

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
π

(2.4.7)

PROBLEM 2.7

A machine of 13.7 slug (200 kg) mass is supported on four parallel springs of total 
stiffness 4283 lb/in. (750 kN/m) and has an unbalanced rotating component that results 
in a disturbing force of 78.68 lbf (350 N) at an operating speed of 2121 rpm. If the 
damping factor is 0.20, determine the following:

a. The amplitude of motion due to the unbalance

b. The transmissibility

c. The transmitted force

Solution to Problem 2.7

The statistical defl ection of the system is

δst =
×
×

= × −200 9 81

700 10
2802 10 2 802

3
3 .m m= 2 802. mmm
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52 Road Vehicle Dynamics

The natural frequency of the system is

fnff =
×

=−
1

2
9 81

2 802 10
9 417

3π .
. H417 z

r
f
fnff

= =

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
=

2121
60

9 417
3 754

.
.

a. The amplitude of motion due to the unbalance is obtained from

X

F
k

r
=

⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

( ) ⎡⎣⎡⎡ ⎤⎦⎤⎤
= ×

0FF

2
2 2

3

1 2r− ) + ⎡⎡⎡2

350

750 10

1 3− 7ζ . 5455 2 0 2 3 754

3 791 10

2
2 2

5

( ) + ( )( )⎡⎣⎡⎡ ⎤⎦⎤⎤

= ×3 791 =−

.3.2

. m791 10 5×791 00 03791. m03791 mmm

b. The transmissibility is

β
ζ

ζ
r

r

rζ
=

( )
( ) ( )

=
( )( )⎡⎣1 2+ (

1 2r− ) + (
1 2+ ⎡⎣⎡⎡ 0 2 3 754

2

2
2 2

. .)(2 3 ⎤⎤⎦⎤⎤⎤⎤

( ) + ( )( )⎡⎣⎡⎡ ⎤⎦⎤⎤
=

2

2
2 2

1 3− 754 2 0( 2 3)( 754

0 137

. .) + ⎡⎣⎡⎡754 2 0( .

.

c. The transmitted force is the disturbing force times the transmissibility.

F Ft rF FF =FF ( ) =0FFFFFF 350 0 137 47 95β . .)137 47 N

PROBLEM 2.8

A simplifi ed model of a passenger car traveling over a road and vibrating in the vertical 
direction is shown in Figure 2.8. The mass of the vehicle is 68.52 slugs (1000 kg), the 
spring stiffness of the suspension system is 2855.08 lb/in. (500 kN/m), and there is a 
damping factor of ξ = 0.5. The road surface is assumed to vary sinusoidally with an 
amplitude of 0.984 in. (0.025 m). Determine the displacement amplitude of the vehicle.

m

c k/k/

100

One
cycle

Yy(t)

x(t)

Figure 2.8 Passenger car 
traveling on a road.
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 Analysis of Dynamic Systems 53

m

ky(t) c

x(t)

y(t) = Y sin ωt

Solution to Problem 2.8

The frequency ω of the base excitation can be found by dividing the vehicle speed by 
the length of one cycle of road roughness.

ω π π ×⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
=2=2ππ 122 50 1000

3600
1
6

35 62f
.

. r62 adrr /sdd

The natural frequency of the vehicle is given by

ωn
k
m

= = ×⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
=500 10

1000
22 36

3
1 2

. r36 adrr /sdd

Hence, the frequency ratio r is

r
n

= = =ω
ω

29 0887
22 36

1 593
.
.

.

The amplitude ratio can be found from Eq. 3.63 as

X
Y

r

r
=

( )
( ) ( )

⎧
⎨
⎪
⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪
⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

=
×

1 2+ (
1 2r− ) + (

1 2+ 0

2

2
2 2

1 2

ζ

ζ

.. .

. . .

5 1 539

1 1 593 2 0 5 1 593

2

2
2 2

( )
( ) 2+ (( )

⎧
⎨
⎪
⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫⎫
⎬
⎪
⎫⎫⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

=

1 2

0 8493.

Thus, the displacement amplitude of the vehicle is given by

X Y =Y ( ) =0 8393 0 8493 0 025 0 02123. ,8393 . .(8493 0 . m02123 oroo m21 23.

PROBLEM 2.9

Figure 2.9(a) shows the simplifi ed model of a road vehicle suspension system. The 
body of a 68.52-slug (1000-kg) vehicle is connected to the wheels through a suspen-
sion system with a spring stiffness of 34260 lb/ft (5 × 105 N/m) in parallel with a vis-
cous damper of damping coeffi cient 346.2 lb.s/ft (5000 Ns/m). The wheels are assumed 
to follow the road contour given in Figure 2.9(b). If the vehicle travels at a uniform 
speed of 164.04 ft/s (50 m/s), fi nd the acceleration amplitude of the vehicle. Given are 
L = 16.4 ft (5 m) and c = 0.066 ft (0.02 m).

Figure 2.8 (a) Vehicle 
moving over a rough road.
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54 Road Vehicle Dynamics

5m

0.02m

ξ y(ξ) = 0.02 sin 
2πζ

5

m

k c

V

Solution to Problem 2.9

The natural frequency of the system is

ωn
k
m

= = =5 1× 0
1000

22 36
5

. r36 adrr /sdd

The damping ratio ζ = is

ζ
ω

= = ( )( ) =
c

m n2
5000

2 1000 22 36
0 1118

.
.

The road contour is

y ζ πζ( ) ( )  (2.9.1)

The vehicle travels at a uniform velocity, ξ = Vt. Hence, the time-dependent vertical 
displacement of the wheel is

 y t Vt( ) = ⎡⎣⎡⎡ ⎤⎦⎤⎤0 02 0⎡⎡⎡ 4. s02 i . π  (2.9.2)

If it is assumed that the wheel follows the road contour, it acts as a harmonic base dis-
placement for the body of the vehicle. The frequency of the displacement is 

ω π ππ ( )0 4 0 4 0 62 83πV rπ π( ) =Vπ =π 0 4 50 62 83.π 0 . adrr /sdd

The frequency ratio is

R
n

= = =ω
ω

62 83
22 36

2 81
.
.

The amplitude of absolute displacement of the vehicle is

x =
( )( )⎡⎣ ⎤⎦⎤⎤

( ) +
0 02

1 2+ ⎡⎣⎡⎡ 0 1118 2 81

1 2− 81 2 0 1

2

2
2

. .)(1118 2

.0. ) +81 2 11811 2 81
3 40939 10

2
3

( )( )⎡⎣⎡⎡ ⎤⎦⎤⎤
= ×3 40939 −. m40939 10 3×40939

Figure 2.9 (a) Simplifi ed 
model of a road vehicle 
suspension system.

Figure 2.9 (b) Road 
contour.
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 Analysis of Dynamic Systems 55

The acceleration amplitude of the vehicle is

A X =X ( ) ×( ) =−ω2 2 3 2) =62 83 3 40939 10 13 4589. .) (83 3 . m/s

PROBLEM 2.10

The support of a simple pendulum shown in Figure 2.10 has a specifi ed motion 
y Y t0YY sinωtt. If small oscillations of the system are assumed, determine the following:

a. The differential equation of motion

b. The steady-state solution

    O 

m
c

y = Y0 sin

θ
l

Solution to Problem 2.10

For small angular oscillations, the displacement of the mass m in the horizontal direc-
tion is given by

x y= +y �t� +tθ ωY t= Y tt θ0YYY i  (2.10.1)

The velocity and acceleration of the mass are

  � � �� �x y Y= +y Yθ ωY= YY ω θ�t +tt0YYYY si  (2.10.2)

�� �� ��� ��x y Y= +y θ ωYY= − ω θ�tt +0YY si  (2.10.3)

Let Rx and Ry denote the reaction forces, as shown in Figure 2.10(a).

O Ry

Rx

O

=

mg

c x& m x&&

Taking the moments of the applied and inertia forces about O, we obtain the dynamic 
equation

− =mg mx� ���sin cosθ θ��c− cx� os θ  (2.10.4)

For small angular oscillation, sinθ θ  and cosθ ≈ 1.

Figure 2.10 Simple 
pendulum.

Figure 2.10 (a) Free body 
diagrams.
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56 Road Vehicle Dynamics

Hence,

mx c mg��� �c �+�c =θ 0  (2.10.5)

Using Eqs. 2.10.1 through 2.10.3 for x, �x , and ��x , we obtain

m Y t gY t( ) ( )ω Y t θ) ( ω θ θ2
0 0) (ωYY θ ω) ( 0=g)YYc YYc( ω θt +tt θi tttttωttt YYYc 0YYYYωYc YYc(��� � mg+ mg  (2.10.6)

Equation 2.10.6 can be written as

   

m c mg t Y t� �c � �Y ��� �2 2
0 0�YYθ θ2� θ ωm ω ωt Y ωtt+�c θ�c 2�c �Y �YYm si cY �0YYnω ωt c YYt ct YYωtttt os lim

xx

Y t t
→∞

= ⎡⎣⎡⎡ ⎤⎦⎤⎤ωmωmm⎡ωYYωYYY ⎡⎡ ω ωt c tt0YYYY � sinωt cttt

= ( ) + −(ω ω( ω ω( ψY (ω ( c tω tω b0

2 2� i ))  

(2.10.7)

which can be written as

m k F te e e e b
�� �θ θec ωttFeFF ωt ψ+θcec −tωttF (( )i  (2.10.8)

where

m m

k mg

F Y c

c
m

e

e

eFF

b

( ) +
=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠

−

�
�

�

2

0

2 2

1

ω ωYY m(�0YY

ψ
ω

tanaa ⎟⎟
⎞⎞⎞⎞
⎠⎠⎠⎠  

(2.10.9)

Hence, the steady-state solution can be expressed as

θ
ζ

ω ψ ψp
e e

b
F ke

rζ
si tωωn=

( ) ( )
−ψ( )

21 r− ) + (2
2 2

  
   
  

(2.10.10)

  
r

n

= ω
ω

  
ωn

e

e

k
m

mg

m

g= = =�
� �2

  ξ = −c
C

c
C

e

c cC
�2

 (2.10.11)

C m m
g

c em n 2mmem n =m 2ω �
�

ψ ξ=
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−tanaa 1
2

2

1

rξξ
r
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 Analysis of Dynamic Systems 57

PROBLEM 2.11

Figure 2.11 shows the simplifi ed two-degrees-of-freedom model of a passenger car. 
Determine the normal modes of vibration with the following data:

 W = 3000 lb (13.375 kN) 

  �1 = 4 ft (1.22 m)

  k1 = 2000 lb/ft (29188 N/m)

  Jc = 
W
g

r2

  �2 = 6 ft

  k2 = 2500 lb/ft

   r = 3.5 ft (1.067 m)

   � = 10 ft (3.05 m)

k1

l2l1

x θ
k2

Solution to Problem 2.11

The equations of motion are

mx k k�� �−x+ k ( ) ( ) =1 1�x( 2 2( 0θ�kkθ) k x 2�2 x(  (2.11.1)

J k x k�� � � �θ θk x θxk (( ) +xk ( ) =1x �1 ( 1 2+ k 2 2�θ) 0  (2.11.2)

Equations 2.11.1 and 2.11.2 indicate static coupling.

If harmonic motion is assumed, we can write

k k m k k

k k k k

1 2
2

1 1 2 2

1 1 2 2 1 1
2

2

−k2k( ) k(( )
k−( )

ω � �k1 2−

�k1 2 �k1 2��2
2 2

0

0−( )
⎡

⎣

⎢
⎡⎡

⎢
⎣⎣

⎢⎢
⎤

⎦

⎥
⎤⎤

⎥
⎦⎦

⎥⎥ ⎧⎨
⎧⎧

⎩
⎨⎨
⎫
⎬
⎫⎫

⎭
⎬⎬ =
⎧
⎨
⎧⎧

⎩
⎨⎨
⎫
⎬
⎫⎫

⎭
⎬⎬

ω θJ

x

c

 (2.11.3)

From the determinant of the matrix in Equation 2.11.3, the two natural frequencies 
computed are

ω
ω

1

2

41 02 6 53

113 21 18 01

= 41 02

= 113 21

.02

.21

rad/s c6 53= .6 ps

rad/s c18 01= .18 psss
 (2.11.4)

Figure 2.11 Simplifi ed 
two-degrees-of-freedom 
model of a passenger car.
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58 Road Vehicle Dynamics

The amplitude ratios for the two frequencies are

x

x

θ

θ

ω

⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
= =

⎛
1

0 0456 0 00955. .0456 0ft/rff adrr in./deg

⎝⎝⎜
⎛⎛
⎝⎝⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
= =

ω2

0 00584 0 0431. .00584 0ft/rff adrr in./deg

 

(2.11.5)

The mode shapes are illustrated in Figure 2.11(a).

The fi rst mode, ω1 = 41.02 rad/s, is largely vertical translation with very small rotation, 
whereas the second mode, ω2 = 113.21 rad/s, is mostly rotation, suggesting that we 
could have made a rough approximation for these modes as two one-degree-of-freedom 
systems.

(a)

(b)

k1

k2 0.0456 ft

Node

6.53 cps

k1 k2

18.01 cps
Node

0.00584 ft

PROBLEM 2.12

While referring to Figure 2.12, determine the principal modes, including the locations 
of the modes, by using the following data:

  �1 = 60 in. (1.53 m)

 W = 3000 lb (13.375 kN)

  �2 = 40 in. (1.02 m)

  k1 = 300 lb/in. (52.538 N/m)

   r = 32 in. (0.82 m)

  k2 = 200 lb/in. (35025 N/m)

   � = 100 in. (2.54 m)

Figure 2.11 (a) First 
mode shape, and 
(b) second mode shape.
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 Analysis of Dynamic Systems 59

Solution to Problem 2.12

β = = + =k k+
m

1 2k+ 300 200
3000 386

64 35.

γ = = × − × = −k k
m

2 2 1 1 200 40 300 60
3000 386

1287
�k−2 1

η = =
× ( ) + × ( )
( ) ×

k k

m r
1 1

2
2 2

2

2

2 2( )
2

300 60 200 40

32 3

�k+1 2

00000 386
175 95= .

Then,

ω η β η β γ2

2 2

2 2
175 95 64 35

2
= ηβ ⎛

⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
+
⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
= +

∓
r

. .95 64+

175 95 64 35

2

1287

32

2 2

120 15
. .95 64

.
−

+
−⎛

⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
= ∓ 6866 78.

where
ω1 7 167= . r167 adrr /sdd

and
ω2 13 74= . r74 adrr /sdd

and the amplitude ratios are

A
B

r

=
( ) ( )⎡⎣ ⎤⎦⎤⎤ + ( )

= −γ

η β− η β γ2 2( )⎡⎣⎡⎡ η β−

1287
55 8 68 72 2

∓
∓ .68.8 88

By taking the −ve sign, the fi rst modal amplitude ratio is obtained.

A
B

1

1

99= . i15 n./ra// d

For the second mode, the +ve sign is taken in the expression for 
A
B

.

A
B

2

2

100= − . i33 n./ra// d

The fi rst and second mode shapes are shown in Figure 2.12.

(a)

0

G′

G″

G

99.15 in.

k1

k2

60 in. 40 in.

      (b)

0G′

G″
G

10.33 in.

k1 k2

60 in. 40 in.

Figure 2.12 (a) First 
mode shape, and (b) 
second mode shape.
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60 Road Vehicle Dynamics

The node locations may be obtained by considering the tangent defi ned for a small 
angular amplitude such as 0.01 rad. The tangent of the angle then also will be 0.01. 
Thus, for the fi rst mode, if B1 = 0.01 rad, then A1 = 0.9915 in., and the distance 

OG = 0.9915 in./0.01 = 99.15 in., which is the same as the amplitude ratio A
B

1

1

. Similarly, 

for the second mode, the distance OG = −10.33 in., which is the same as the amplitude 
ratio.

PROBLEM 2.13

Determine the pitch (angular motion) and bounce (up and down linear motion) fre-
quency and the location of oscillation centers (nodes) of an automobile with the fol-
lowing data, as shown in Figure 2.13.

 Mass = m = 75.37 slugs (1100 kg)

 Radius of gyration = r = 3.28 ft (1.0 m)

 Distance between the front axle and the center of CG = �1, = 3.28 ft (1.0 m)

 Distance between the rear axle and CG = �2 = 4.92 ft (1.5 m)

 Front spring stiffness = kf  = 91.36 lb/in. (16 kN/m)

 Rear spring stiffness = kr = 119.95 lb/in. (21 kN/m)

Bounce

Pitch  

C.G.kf
kr

l1 l2

Solution to Problem 2.13

If x and θ are used in independent coordinates, the equations of motion are given by 
Eq. 5.23, with k1 = kf, k2 = kr, and J0 = mr2. For free vibration, we assume a harmonic 
solution.

 
x t X

t

( ) = X (( )
( ) +t( )

cos ω φt +tt

ωttθ ωt( ) tt((cos φ
 (2.13.1)

By using Eqs. 2.13.1 and 5.23, we obtain

 

− +

− + −

( ) ( )
( )
m k+ k−k ) ( l k+ l

k l k l J k+

2
1 2+ 1 1l 2 2l

1 1 2 2l 0
2

ω

ω 2 222
2

1 1
2l k2

2 l( )
⎡

⎣
⎢
⎡⎡

⎢
⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥
⎦⎦
⎥⎥ ⎧⎨
⎧⎧

⎩
⎨⎨
⎫
⎬
⎫⎫

⎭
⎬⎬ =
⎧
⎨
⎧⎧

⎩
⎨⎨
⎫
⎬
⎫⎫

⎭
⎬⎬

X

Θ
0

0
 

(2.13.2)

Figure 2.13 Automobile.
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 Analysis of Dynamic Systems 61

For the known data, Eq. 2.13.22 becomes

− +

− +

( )
(

1100

1100

2

2

15 500

15 500

ω

ω

33,000

63,250

,

, ))
⎡

⎣
⎢
⎡⎡

⎢
⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥
⎦⎦
⎥⎥ ⎧⎨
⎧⎧

⎩
⎨⎨
⎫
⎬
⎫⎫

⎭
⎬⎬ =
⎧
⎨
⎧⎧

⎩
⎨⎨
⎫
⎬
⎫⎫

⎭
⎬⎬

X

Θ
0

0
(2.13.3)

from which the frequency equation can be derived as

ω ω4 2 1526 47 0+ω2ω =.ω 1526+ω  (2.13.4)

The natural frequencies can be found from Eq. 2.13.4 as

ω ω1 1ω4 905 7 96=ω1ω .1ω 7d/ d 4 radrr /sdd  (2.13.5)

With these values, the ratio of amplitudes can be found for Eq. 2.13.3 as

X X1

1

2

2
2 371 0 4223

( )
( )

( )
( )= − =

Θ Θ1( ) .0( ).371 and  (2.13.6)

The node locations can be obtained by noting that the tangent of a small angle is 
approximately equal to the angle itself. We can fi nd that the distance between the center 
of gravity (CG) and the node is −2.371 m for ω1 and 0.4223 m for ω2.

PROBLEM 2.14

For the three-degrees-of-freedom system shown in Figure 2.14, derive the differential 
equations of motion using Newton’s second law of motion.

m1 m2

k2

c2

k1

c1

m3

k3

c3

x1(t)
F1(t)

x2(t)
F2(t)

x3(t)
F3(t)

Solution to Problem 2.14

The free body diagram is shown in Figure 2.14(a).

m1 m2 m3

k1x1

F2(t) F3(t)
k3x3k2(x2–x1)

F1(t)
k3(x3–x2)

c1 1x& c 3 3x&c2( 2x&  – 1x& ) c3( 3x&  – 2x&  )

Application of Newton’s second law of motion to masses m1, m2, and m3 gives the 
following equations of motion:

    

F c x k x x c x k x c1 2F cF 2 1x 2 2x 1 1c 1 1k 1 1c+xc2c ( ) −x− k (( ) c x� � � �k ��qq

F c x k x c x x k x

1

2 3F cF 3 2x 3 3 2 2c 2 1x 2−xc3c ( ) −x3x+ k (( ) xc ( ) −� � � � 2 122 2 2

3 3 3 2 3 3 2 3

−( )
( ) − −(( )

x m1) = q

F c3 − x x3 − k x3 (( x m2 ) =
��

� � ��qq3

 
(2.14.1)

Figure 2.14 Three-
degrees-of-freedom 
vibrating system.

Figure 2.14 (a) Free body 
diagram.
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62 Road Vehicle Dynamics

These can be rearranged in the form

     

m x c c x x k k x k x F

m

1 1x 1 2c 1 2c 2 1k 2 1x 2 2x 1FF

2

�� �+c+ ( ) − c x2c +( ) − =k x2x

���� � � �x x c c x c x k x k k x2 2c 1 2c 3 2x 3 3x 2 1x 3 3k 2− +c x2c +( ) − −c x k+ ( ) − =−−

− + − + =

k x F

m x c c x k k x F

3 3x 2FF

3 3x 3 2x 3 3x 3 2 3 3x 3FF�� � �

 
(2.14.2)

Equation 2.14.2 can be expressed in matrix form as

Mx t Cx t Kx t F t�� �( ) ( ) + ( ) ( )  (2.14.3)

where the coeffi cient matrices are given by

m

m

m

=
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1

2

3

0 0

0 0m2

0 0
 (2.14.4)

c

c c

c c c

c c

=
+ −c

− +c c

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 2cc 2

2 2cc 3 3c

3 3c

0

0
 (2.14.5)

k

k k k

k k k k

k k

=
−k

− +k k

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 2+ k 2

2 2k 3 3k

3 3k

0

0
 (2.14.6)

which are clearly symmetric, and M is diagonal.

PROBLEM 2.15

Consider an undamped three-degrees-of-freedom system given by

2 0 0

0 1 0

0 0 2

41

2

3

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

⎫

⎬
⎪
⎫⎫

⎬⎬

⎭
⎪
⎬⎬

⎭⎭

+
��
��
��

x

x

x

−−
− −
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

⎫

⎬
⎪
⎫⎫

⎬⎬

⎭
⎪
⎬⎬

⎭⎭

=
1 0

1 2 1

0 1− 4

1

2

3

1x

x

x

F t1 (( )
( )
( )

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

F t(
F t(

2FF

3FF

where { }F t( )  is a vector of transient excitations.

a. Find the frequency equation and the natural frequencies.

b. Determine the modal vectors and the modal matrix.

c. Verify that the modal vectors are orthogonal relative to the matrices M and K.

Solution to Problem 2.15

a. Homogeneous equations can be written as

2 0 0

0 1 0

0 0 2

41

2

3

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

⎫

⎬
⎪
⎫⎫

⎬⎬

⎭
⎪
⎬⎬

⎭⎭

+
��
��
��

x

x

x

−−
− −
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

⎫

⎬
⎪
⎫⎫

⎬⎬

⎭
⎪
⎬⎬

⎭⎭

=
1 0

1 2 1

0 1− 4

0

0

0

1

2

3

x

x

x

⎧⎧

⎨
⎪
⎧⎧⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

⎫

⎬
⎪
⎫⎫

⎬⎬

⎭
⎪
⎬⎬

⎭⎭
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 Analysis of Dynamic Systems 63

 Upon submitting x Xi i tXiX ( )si ω φt +t , I = 1, 2, and 3, factoring sin ω φt( ), and so 
forth, we get

4 2 0 0

2 0

0 4 2

2
1 2

1
2

2 3

2
2

( ) +2

− ( ))
−

ω

ω

ω

X X1 −

2X +1 (
(( ) =X3 0

Therefore, the frequency equation is

4

4

−( )
− −( ) −

−4( )
=

2 1) − 0

1 2( 1

0 1− 2

0

2

2

2

ω

ω

ω

which gives ω2 = 1, 2, and 3.

b. The amplitude ratios are 

X
X

X
X

1

2
2

2

3

2

1

4 2

4 2
1

=

=

ω
ω

Thus, modal vectors are given as follows:

ω 1 2222 3333

X1 1   1   1

X2 2   0 –2

X3 1 –1   1

Hence, the modal matrix is

u⎡⎣⎡⎡ ⎤⎦⎤⎤ = −
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 1 1

2 0 2

1 1− 1

c. To verify that the modal vectors are orthogonal relative to matrices M and K,

u M u
T

⎡⎣⎡⎡ ⎤⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦⎤⎤ = −
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 2 1

1 0 1

1 2− 1

2 0 0

0 1 00

0 0 2

1 1 1

2 0 2

1 1 1

6 0 0

0 4 0

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ −
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

0 000 8

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

u K u
T

⎡⎣⎡⎡ ⎤⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦⎤⎤ = −
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ −

1 2 1

1 0 1

1 2− 1

4 1− 0

1 211 1

0 1 4

1 1 1

2 0 2

1 1 1

6 0

−
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ −
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

00

0 8 0

0 0 24

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 which are orthogonal matrices.
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64 Road Vehicle Dynamics

PROBLEM 2.16

Obtain the eigenvalues of a damped system described by

1 0

0 1

2 1

1 1

2 1

1 1

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
{ }

−
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
{ }1 + −

⎡

⎣
⎢
⎡⎡

⎣⎣
} + ⎡⎢⎡⎡ ⎤

⎥
⎤⎤{ ⎤⎤

⎦
⎥
⎤⎤⎤⎤

⎦⎦
{ } 0} =

Solution to Problem 2.16

Here,

�M =

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

0 0 1 0

0 0 0 1

1 0 2 1−
0 1 1 1

�K =

−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

1 0 0 0

0 1− 0 0

0 0 2 1−
0 0 1 1

The eigenvalues of the matrix � �
M K−1  are

λ

λ
1 2 1 309 0 951

3 4 0 191 0 588

, .2 1 .

, .4 0 .

=− ±

=− ±

i

i

Hence,

ω

ω

2
2 2

1

2 2

1 309 0 951 1 618

0 191 0 588

= 1 +2309 =

= ( ) =2+ 0 588

. .309 0+309 .

. .191 0) + 0

rad/s

00 618. r618 adrr /sdd

PROBLEM 2.17

Obtain the eigenvalues of a damped system described by

1 0

0 1

2 1

1 1

2 1

1 1

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
{ }

−
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
{ }1 + −

⎡

⎣
⎢
⎡⎡

⎣⎣
} + ⎡⎢⎡⎡ ⎤

⎥
⎤⎤{ ⎤⎤

⎦
⎥
⎤⎤⎤⎤

⎦⎦
{ } 0} =

Solution to Problem 2.17

Here,

�M =

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

0 0 1 0

0 0 0 1

1 0 2 1−
0 1 1 1
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�K =

−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

1 0 0 0

0 1− 0 0

0 0 2 1−
0 0 1 1

The eigenvalues of the matrix � �
M K−1  are

λ
λ

1 2 1 309 0 951

3 4 0 191 0 588

, .2 1 .

, .4 0 .

=− ±

=− ±

i

i

Hence,

ω

ω

2
2 2

1

2 2

1 309 0 951 1 618

0 191 0 588

= 1 +2309 =

= ( ) =2+ 0 588

. .309 0+309 .

. .191 0) + 0

rad/s

00 618. r618 adrr /sdd

PROBLEM 2.18

A three-degrees-of-freedom undamped system described by the following equations is 
subjected to an impulse of magnitude I. Determine the resulting motion of the system.

m

m

x

x

x

k0 0

0 0m

0 0

1

2

3

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

⎫

⎬
⎪
⎫⎫

⎬⎬

⎭
⎪
⎬⎬

⎭⎭

+
��
��
��

−−
− −

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

⎫

⎬
⎪
⎫⎫

⎬⎬

⎭
⎪
⎬⎬

⎭⎭

=

∂k

k k k

k k

x

x

x

I0

0

1

2

3

tt( )⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0

0

Solution to Problem 2.18

Natural frequencies of the system are given by

ω1 = 0

ω2 =
 

k
m

ω3 = 
3k
m

The mode shapes are normalized, leading to a modal matrix of

P
m

=

−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1

6

2 3 1

2 0 2

2 3− 1

Hence, the force vector is

G P F
I

m
tT ⋅P =

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

∂( )
2

3

1 6
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66 Road Vehicle Dynamics

Therefore, the differential equations in principal coordinates are

��p
I

m
t1

3
= ∂I ( )

��p
k
m

I

m
t2 2p

2
+ =p2p ∂( )

��p
k

m
I

m
t3 3p

3

6
+ =p3p

− ∂( )

With the initial conditions of pi ip0 0pip 0( ) ( ) =� ,

p
I

m
tu t1

3
= ( )

p
I

m

k
m

tu t2
2

= ( )sin

��p
I

m

k
m

tu t3
6

3= − ( )sin

Hence, x t1 ( ) coordinates are obtained as

x
m m

p
m

p

I
t

I
m

k
m

1p1 2 3p
1

3

1

2

1

6

3 2m

+p1p= −
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+t= sin tt
I
m

k
m

t u t+
⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠
( )

6
3

sin

x
m

p

I
t

I
m

k
m

t

2 1p 3
1

3

2

6

3 2m
3

+p1p
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−t=
⎛

⎝
⎜
⎛⎛

⎝⎝

⎞
sin

⎠⎠
⎟
⎞⎞

⎠⎠⎠⎠
( )u t(

and

x
m

p
m

p
m

p

I
t

I
m

k
m

I
m

3 1p 2 3p
1

3

1

2

1

6

3 2m 6

= −p1p −

−t= +sin s+ inii
3k
m

u t
⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠
( )

PROBLEM 2.19

By using modal analysis, determine the resulting motion of the system subjected to a 
constant torque of magnitude T0 at a time t = 0 at the right-hand mass of the system 
(Figure 2.19).
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 Analysis of Dynamic Systems 67

I 2I 2I
k 2k k

θ3θ2θ1

T(t)
Solution to Problem 2.19

Here, the equations of motion are written as

  
I k k��θ θk θ θ2 1θk 2 1θ2( ) θ+ k2 ( )

2 2 2 1 3 2k k�� θθ2 k22 2 θkθ1 θ−(( )) −3θk ( )
   

2 3 3 2I k��θ θ3 k3 θ−( )
or

M⎡⎣⎡⎡ ⎤⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦⎤⎤ =��θ θK⎡⎡⎡ ⎤⎦⎤⎤ 0

with

M

I

I

I

⎡⎣⎡⎡ ⎤⎦⎤⎤ =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0 0

0 2 0

0 0 2

and

K

k k

k k k

k k

⎡⎣⎡⎡ ⎤⎦⎤⎤ = − −k

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

3 2k 0

2 3kk

0

The natural frequencies are obtained by solving the eigenvalue problem 

K M⎡⎣⎡⎡ ⎤⎦ =ω φ⎤⎦⎤⎤
2 0

where θ φ ωsin tωω .

Thus, M K I− =I1 0λ , which gives

3 2 0

3
2 2

0
2 2

k
I

k
I

k
I

k k
I

k k
I

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

−−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−

−

λ

λ

−−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=

λ

0

that is,

− − + =β β+ β3 2β+ 9
2

1
2

0

or

β λ I
k

Figure 2.19 Torsional 
vibrating system.
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68 Road Vehicle Dynamics

The roots of this cubic equation are 0.129, 1, and 3.87. Thus,

ω1
 
=

 
0 359.

k
I

ω2
 
=

 

k
I

ω3
 
=

 
1 97

k
I

Correspondingly, the mode shape vectors are

θ1

 

=

 

0 697

1

1 347

.

.

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

θ2

 

=

 

1

1

1−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

θ3

 

=

 

−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

2 298

1

0 1484

.

.

Normalization of a mode shape vector θ is achieved by dividing every component of 
the vector by θ θT⎡⎣⎡⎡ ⎤⎦⎤⎤

1 2
.

Hence,

θ θ1 1θ 0 697 1 1 347

0 0

0 2 0

0 0 2

T

I

I

I

= ⎡⎣⎡⎡ ⎤⎦⎤⎤
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

. .697 1 1 ⎥⎥
⎥⎥⎥⎥

⎥⎦⎦
⎥⎥⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ = ( )

0 697

1

1 347

6 115

.

.

. I115

Likewise, θ θ2 2θ 5T Iθ2θ 5  and θ θ3 3θ 7 325T Iθ3θ 7 325.  θ3
T. The normalized mode shapes 

are given by

θ1
1

6 115

0 697

1

1 347

1
0 2819

0 4=
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎣⎣

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎦⎦

=
.

.

.

.

II 1 347⎣
⎢
⎢⎣⎣
⎢⎢

⎦
⎥
⎥⎦⎦
⎥⎥ 04400

0 5447.

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 

θ2
1

0 4472

0 4472

0 4472

=
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥I

.

.

.

 

θ2
1

0 8491

0 3695

0 0548

=
−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥I

.

.

.
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 Analysis of Dynamic Systems 69

Thus, the modal matrix of the system is

P
I

⎡⎣⎡⎡ ⎤⎦⎤⎤ =
−

1
0 282 0 447 0 849

0 404 0 447 0 370

0 54

. .282 0 .

. .404 0 .

.545 055 447 0 055−0 447

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

. .447 0

The torque vector is

T

T

=
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0

0

0TT

Hence, the vector G t( )  is given by

G P T
I

T
⎡⎣⎡⎡ ⎤⎦⎤⎤ = −1

0 282 0 404 0 545

0 447 0 447 0 447

. .282 0 .

. .447 0 .

− −−−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

0 849 0 370 0 055

0

0

0. .849 0 . T⎦⎥⎦⎦ ⎣⎢⎣⎣055 0

11
0 545

0 447

0 055

0

0

0
I

T0

T0

T0

.

.

.

−
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

Thus, the differential equations for the principal coordinates become

��p
k
I

T

I
1 1I

p 0TT
0 129 0 545=p+ 1p0 129 .1p 01p

           
��p

k
I

T

I
2 2I

p 0TT
0 447+ =p2p − .

   
��p

k
I

T

I
3 3I

p 0TT
3 88 0

k
055+ 3 88 p3p .03p3p

Solutions for the principal coordinates are obtained by solving the individual equa-
tions; that is,

p
I

k
k
I

t1 0k
4 23 1

I
T 0 359= 4
⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠
c02 10TT3 1T −123 T0TT os .

p
I

k
T

k
I

t2 0k
0 447 1= −

⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠
. cT0TT447 1 −⎜ os

p
I

k
T

k
I

t3 0k
0 0142 1 1 97= −

⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠
. cT0TT0142 1⎜ os .

The solutions in the original general coordinates are obtained according to

θ⎡⎣⎡⎡ ⎤⎦⎤⎤ = ⎡⎣⎡⎡ ⎤⎦ ⎡⎣ ⎤⎦⎤⎤P p⎤⎦⎤⎤ ⎡⎣⎡⎡
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70 Road Vehicle Dynamics

PROBLEM 2.20

Obtain the phase plane of a single-degree-of-freedom oscillator, the equation of motion 
of which is ��x + =xω2 0.

Solution to Problem 2.20

By substituting y x� , we can write two fi rst-order equations as

�
�
y x

x y

ω2

On dividing these equations, we get

dy
dx

x
y

= − ω
2

y = x&

x

On separating the variables and integrating, we obtain

y x C2 2 2 =x2 2 (2.20.1)

This is a series of ellipses, the size of which is determined by C. Equation 2.20.1 also 
corresponds to the conservation of energy, namely,

1
2

1
2

2 21
mx C� + =2kx ′

 
(2.20.2)

Because the singular point is located at x = y = 0, the phase plane plot appears as shown 
in Figure 2.20. If 

y
ω

 is plotted instead of y, the ellipses of Figure 2.20 will be reduced 
to circles.

PROBLEM 2.21

Derive the equation of motion for the simple pendulum with an attached linear spring 
system as shown in Figure 2.21. The system is shown in the static equilibrium position.

l

l
m

θ
k

Figure 2.20 Single-degree-
of-freedom oscillator.

Figure 2.21 Simple 
pendulum.
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 Analysis of Dynamic Systems 71

Solution to Problem 2.21

We note from Figure 2.21(a),

y

x

(x,y)
l1

l

l2

θ
φ

m

x

y

=
= −( )

� �+
�

2 1�+

1 1

sin

cos

θ
θ

 (2.21.1)

Taking the fi rst derivatives of Eq. 2.21.1, we get

� � �

� � �
x

y

=
=

1

1

θ θ
θ θi

The kinetic energy is

T m x y m= m x( ) =1
2

1
2

2 2y+ 1
2 2� 2 � �θ

The potential energy is

u mg u spring

u sprinrr g k

k

k

mg ( ) + ( )
( ) k

�

� �−

1

2

1

1
2

θ

(( )

Also,

                                       x y2 2 2=y2y �

� � �2 1�
2

1
2 2 2( ) ( )sinθ θ�1
2) + � ( c�1) + � ( os

Hence,

�
�

� �
∂
∂

�= � ( )θ
θ θ�+1�1 �( 2sinθ �+

∂
∂
=

( )
( ) +

� � �(
� �+ �θ

θ θ+ �θ

θ

1 1(�( 2

2 1�+
2

1
2 1

sinθ + �

si c) + −n �θ 1 osθθ( )2

∂
∂
= ( ) ∂∂

u
kk

θ θ( ) ∂� �− �
2

where �
�

1
∂
∂θ

 is defi ned.

Apply Lagrange’s equation.

d
dt

T T u∂
∂
⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
− ∂
∂
+ ∂
∂
=�θ θ θ∂

0

Figure 2.21 (a) Free body 
diagram.
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72 Road Vehicle Dynamics

Hence,

m g k� �� �k �
�

1
2

1 2�k � 0θ g
θ

mg −( ) ∂
∂

=

If θ is small, sin θ M θ, cos θ M 1, and second-order terms are neglected, we have

� �( )2 = �1θ

∂
∂
�∂∂
θ∂∂

= �1

Therefore,

m g k� ��
1
2

1 1
2 0θ θg k�k 1�k 2mg(( ) =

PROBLEM 2.22

Derive the differential equations of motion for the simple pendulum shown in Figure 2.22.

l

m

θ

Solution to Problem 2.22

The kinetic energy function for the pendulum is given by

T m ( )1
2

2
��θ  (2.22.1)

m

l
θ

With the plane of the support as the datum, we have the potential energy

V mg�cosθ  (2.22.2)

Applying Lagrange’s equation, we have the Lagrangian

L T V−T  (2.22.3)

and

d
dt

L L∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ∂
∂

=�θ θ
0  (2.22.4)

Figure 2.22 Simple 
pendulum.

Figure 2.22 (a) Free body 
diagram.
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 Analysis of Dynamic Systems 73

giving

��
�

θ θg
i 0θ =θ  (2.22.5)

The approximate solution to Eq. 2.22.5 is obtained by its Taylor series expansion. Hence,

��
�

�θ θ θ θ−θ + −
⎛

⎝⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

g 3 5θ
6 120

PROBLEM 2.23

Derive the differential equations of motion of the system shown in Figure 2.23.

l

m

k

Solution to Problem 2.23

Let x, the change in length of the spring from its length when the system is in equilib-
rium with a length �, and θ be the generalized coordinates. The kinetic energy function 
of the system is given by

 x= +m x +( )⎡
⎣⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

1
2

2 2 2� � �θ  (2.23.1)

The potential energy function of the system is given by

 V k
mg
k

mg x+k x
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
− +mg( )1

2

2

� cosθ  (2.23.2)

Applying Lagrange’s equation gives

 mx k m x g�� � �+ −kx +( ) ( )θ θg+ mg(2 −  (2.23.3)

and

 m x g m� �x ���( ) +�m (( ) ( )2
0=

θ
θ θm θ�+ ( )x�x�m2 +�m ( )si  (2.23.4)

(b) (a) 

m

l k

m

l +

Figure 2.23 Vibrating 
system.

Figure 2.23 Free body 
diagrams.
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74 Road Vehicle Dynamics

If x and θ are assumed to be small, Taylor series expansions can be used for the tran-
scendental functions and only the linear terms are retained. Then, the differential 
Eqs. 2.23.3 and 2.23.4 become

mx k�� + =kx 0  (2.23.5)

��
�

θ θ =θg
0  (2.23.6)

Two uncoupled modes, a spring mode with natural frequency of k m and a pendulum 

mode with a natural frequency of g � , are present. If only the largest nonlinear terms 
are retained, then the governing differential equations can be written as

mx k m
mg�� ��+ −kx =θ θ+2 2mg θmg+ g
2

0  (2.23.7)

���
�

�θ θ θ θ�+θg g
0θ� =θ  (2.23.8)

PROBLEM 2.24

Duffi ng’s equation for free vibration with μ = 0 is given by

��x x+ +x =ε 3 0

Determine integral expression for the natural period, assuming x x0 and �x = 0 when 
t = 0.

Solution to Problem 2.24

Duffi ng’s equation for free vibration with μ = 0 is

��x x+ +x =ε 3 0  (2.24.1)

Let υ = �x. Then, we have

υ υ εd
dx

xε+ +x =3 0  (2.24.2)

Integrating Eq. 2.24.2 with respect to x gives

1
2

1
2 4

2 2 41υ ε+ 22 =x x+2 C  (2.24.3)

Applying initial conditions and solving for υ gives

υ ε ε= ± + −x x+ x x−0
2

0
4 2x 4

2 20  (2.24.4)

Because

υ = dx
dt
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 Analysis of Dynamic Systems 75

we have

Dt
dx

x x x

= ±
+ −x0

2
0
4 2x 4

2 20
ε ε4 2

 

(2.24.5)

One-quarter of the period is the time the block returns to x = 0 from its initial position. 
During this time, the velocity is negative. Hence, integrating between x0 and 0 gives

T
dx

x x x
x

=
− +x − x

⌠

⌡

⎮
⌠⌠

⎮
⌡⌡

⎮⎮4

2 20
2

0
4 2x 4

0

0

ε ε4 2

(2.24.6)

PROBLEM 2.25

Figure 2.25 shows a simple pendulum. If it is assumed that the pendulum is released 
from initial angle θ0 with zero angular velocity, and that no friction is present at the pin 
joint, determine the following:

a. The natural frequency for small angles of oscillation

b. The natural frequency by using elliptic integrals for θ0 = 90° and a two-term power 
series approximation for sin θ

c. The natural frequency by using the exact form of the differential equation

m

θ
L

Solution to Problem 2.25

a. For small angles of θ, the differential equation of motion can be written as

 mL g2LL ��θ θmgL i  (2.25.1)

or

 ��θ θ( ) =g 0  (2.25.2)

where sin θ is replaced by θ. Hence,

 
ωn g L

L

=

=

rad/s

T
6.28

g
s

 (2.25.3)

Figure 2.25 Simple 
pendulum.
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76 Road Vehicle Dynamics

b. When sin θ is replaced by θ θ( )3 6 , the equation of motion can be written as

�� θθ θ( ) − ( )g g L 0θ6 ) =L 3  (2.25.4)

Let

d
dt

t
θ =

and

d

dt

d
d

2

2

θ ω ω
θ

=

we get

θ θ θ θ
ω

ω

θ

θ

θ

θg
L

d
g

L
d

0 0θ 0

3

6∫ ∫ω ω
ω

ω

θ
d

0 θ ∫θ+  (2.25.5)

which gives

ω θ θ θ θ2
0
2 2θ 0

4 4θ
12

−θ0(( ) −θ(( )g
L

g
L

or

ω θ θ θ θ θ−( ) +θ(( )⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ =

g
L

d
dt0

2 2θ 0
2 2θ+1

12
 (2.25.6)

Let θ θ φ0 cos ; then,

θ θ θ φ

θ θ θ φ

θ θ φ

0
2 2θ 0

0
2 2θ 0

22

0

=θ

=θ2θ (( )
i

sind dd

d
dt

d
dt

φ

ω θ θ φ φ= = − 0 i

By substituting these values into the expression for ω and integrating, we get

t
g L

d=
+ ( )

⌠

⌡

⎮
⌠⌠

⎮
⌡⌡

⎮⎮1

1
1

12 0
2 2(0

φ

θ φ+(0
2 2+(1

θ

 (2.25.7)

Let

k
g

L
g L g L1

2 0
2

0
2

12
= − −( )θ θ

Then,

g
L

1
12

10
2

2
0

2
1+ 0 ( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦

⎤⎤

⎦⎦
( )( )⎡

⎣⎣⎣
⎤
⎦

θ φ θg g L6g L g)⎤
⎦
⎥
⎤⎤

⎦⎦
g L ( )(⎡
⎣⎣⎣ ⎥⎥

⎤⎤⎤⎤
⎦⎦⎦⎦
−( )1 1

2 2k s1
2 in φ  (2.25.8)
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 Analysis of Dynamic Systems 77

and

t
g L g L

d

k
=

− +g

⌠

⌡
⎮
⌠⌠

⌡⌡

1

16LL ⌡⌡⌡0
2

1
2 2

0θ

φ

φ

φ

sin
 (2.25.9)

Now, θ0 = 90 or π 2, and

t
g L

d

k
=

−

⌠

⌡
⎮
⌠⌠

⌡⌡

1

1 19 1 1
2 2

0. sin

φ

φ

φ

 (2.25.10)

which is an incomplete elliptic integral of the fi rst kind. Hence,

T
g L

d

g L
= =

⌠
⌡⎮
⌠⌠
⌡⌡

4

1 19 1 0− 386

7 32
2

0. . s386 in

θ

θ

φ

s  (2.25.11)

c. Using the exact form of the differential equation of motion also leads to an 
expression for the oscillation period, which is an elliptic integral of the fi rst kind. 
Hence,

t
d

g
L

=
− ( )

⌠

⌡

⎮
⌠⌠

⎮
⌡⌡

⎮⎮4
1

2
00

0

θ

θ θ0

θ

cosθ −0

(2.25.12)

and

T
g L

d

g L

d

=
( )

= =

⌠

⌡
⎮
⌠⌠

⌡⌡

4

1 − (

4

1 0− 49

2
0

2
0

2

2

θ

θ θ)θ 20
2

θ

θ

π

si (( )θ 20 i

. s49 in

7 477 1

0

2

g L

π
⌠
⌡⎮
⌠⌠
⌡⌡

s

(2.25.13)

PROBLEM 2.26

Determine the equations for the cumulative probability and the probability density 
functions of the sine wave.

Solution to Problem 2.26

x A sinθ

when

x

P x

=

( ) =
0

1
2

In other words, half the time x is less than x = 0.
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78 Road Vehicle Dynamics

As x increases from x = 0, we add 
2
2
θ
π

 to the probability, and

θ = −sin 1 x
A

Therefore,

P x
x
A

( ) = ± −1
2

1sin

Hence,

P x
dP x

dx
d
dx A A x

( ) = ( )
=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
=−1 1d x⎛ ⎞1

2 2xπ π
sin

(b)(a) 

θ
θ

A

–A

+A O–A

p(x)

PROBLEM 2.27

The probability density function of a random variable x is given by

p x
kx x( ) = ≤⎧
⎨
⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

2 0

0 elsewhew re

where k is a constant. Determine the mean, the standard deviation, and the mean square 
value of x.

Solution to Problem 2.27

As stated, the probability density function of a random variable x is given as

 p x
kx x( ) = ≤⎧
⎨
⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

2 0

0 elsewhew re
 (2.27.1)

where k is a constant.

The value of k in Eq. 2.27.1 can be obtained by normalizing the probability density 
function as

kx dx =kx dx∫ ∫p x dx( )
−∞

∞
2

0∫∫
5

1

or

k
x3

0

5

3
1

⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
=

Figure 2.26 (a) Sine wave 
and (b) cumulative 
probability density 
function.
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 Analysis of Dynamic Systems 79

Hence,

k = 3
125

 (2.27.2)

a. The mean value of x is given by

��x p x xdx k
x( ) =
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
=∫0∫∫

5 4

0

5

4
3 75  (2.27.3)

The standard deviation of x is given by

σx x p x dx2 2

0

5
2 2x

0

5
= +x2( ) ( )∫ ∫x x p x dx

2

0

5

0
x( ) ( )

= − ( ) ⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
− ( )

=

∫ kx dx x k) = x
x4

0∫∫
5 2 5

0

5
2

5
��

kk
3125

5
3 75 0 9375

2⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
− ( ) .0.75

Hence,

σx = 0 9682.  (2.27.4)

The mean square of x is

x k2 3125
5

15
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
=  (2.27.5)

PROBLEM 2.28

Determine the following:

a. The temporal mean value and autocorrelation function of the function x t( ) given by

x t

T
t

A
T

t t
T

( ) =
− < <

<t

⎧

⎨
⎪
⎧⎧
⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

0
2

0

2
0

2

by using the probability density function of x t( ).
b. The mean square value, the variance, and the standard deviation of the function x t( ) .
Solution to Problem 2.28

a. The mean value is given by

 μx T T

T

T T
A
T

t dt
A= =t dt

−∫ ∫T
x t dt

T
( ) =

− −T T
( )1 1T

∫
T

d( ) 2
42 2

2

/ /

/
 (2.28.1)
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80 Road Vehicle Dynamics

 To obtain the autocorrelation function, we distinguish between the time shifts 
0 2τ  and T T2 τ , as shown in Figures 2.28(a) and (b), respectively. 
We obtain for 0 2τ  from Figure 2.28(a),

R
T

t t dt
T

A
T

t
A
T

t dtx T
τx t x tτ τ( ) ( ) +( ) t= t ( )

−∫−
1 1

d
T ( ) ( )∫ 2 2A

2 00

2

2

6
1 3 34

T

A
T T

( )−
∫00

1= +
⎛
⎝⎝⎝
⎞
⎠⎠⎠

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

τ

ττ
4
⎛

⎦⎦
⎥
⎤⎤

⎦⎦⎦⎦
< <0

2
τ T

(2.28.2)

 where the limits of integration are defi ned by the overlapping portions of x t( ) and 
x t +( )τ  in the shaded area in Figure 2.28(a).

From Figure 2.28(b), we obtain for T T2 τ

R T
T

A
T

t
A
T

t T dtx
T

T

( ) t= t −( )⎡⎣⎡⎡ ⎤⎦⎤⎤
−

⌠⌠
⌡
⌠⌠
⌡⌡

2T1 ⌠⌠⌠ 22

τ
τ

/

= − −( ) + ( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
< <A

T
T

T
T

T
T

2

3

3

6
1

3 4( )T
2

τ τ) + −(3
τ

 

(2.28.3)

–T – 1
2 T O 1

2 T T 3
2 T

A x(t)

x(t), x(t+τ)
x(t+τ)

τ 2
T –τ

t

–T – 1
2 T– 3

2 T O 1
2 T T 3

2 T
t

τT–τ

x(t), x(t+τ)

 From Figure 2.28, we conclude that the autocorrelation function Rx τ( ) must be 
periodic in τ with period T. Hence, from Eqs. 2.28.2 and 2.28.3, and the fact that 
Rx τ( )  is periodic, we can obtain the autocorrelation function plot as shown in 
Figure 2.28(c).

Figure 2.28 (a) Function 
x( )t .

Figure 2.28 (b) Function 
x( )t .
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 Analysis of Dynamic Systems 81

– 3
2 T –T – 1

2 T O 3
2 TT1

2 T

τ

2A
6

Rx(τ)

b. We have

R k
T

t t dtx
T

k kT

T
, li τtxkxttxklimτ( ) (( )) +( )

→∞ −∫−
1

2

2

=  

(2.28.4)

ψx
T T

T

T
x t dt2 2

T
x

2

21= ( )
→∞ −∫−lim

 
(2.28.5)

Upon comparing Eqs. 2.28.4 and 2.28.5, we conclude that ψx xR2 0= ( ) , or the 
mean square value is equal to the autocorrelation function evaluated at τ = 0. 
Hence, from Eq. 2.28.3, the mean square value is given by

ψx xR
A2

2

0
6

= ( ) =  (2.28.6)

Introducing the above and Eq. 2.28.1 into the variance equation, we obtain the 
variance

σ ψ μxψ x
A A

A2 2ψ 2
2 2

2

6 4
5
48

−ψ = −
⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠
=  (2.28.7)

The standard deviation is given by

σx A= 5
48

 (2.28.8)

PROBLEM 2.29

Determine the complex Fourier series expansion of the function shown in Figure 2.29(a).

2aa –a–2a O

A

x(t)

t

Figure 2.28 (c) Auto- 
correlation function plot.

Figure 2.29 (a) Function 
x t( ).
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82 Road Vehicle Dynamics

Solution to Problem 2.29

n
654321–1–6  –5  –4  –3  –2 0

Cn

2
2A

25π

2
2A
9π

2
2A
π 2

2A
π

2
2A
9π

2
2A

25π

The given function can be written as

x t

A
t
a

t

A
t
a

t

( ) =
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ≤ ≤

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

≤ ≤t

⎧
1

2
0

1 0
t−
⎞
⎠⎟
⎞⎞
⎠⎠ 2

,

,

τ

τ
⎨⎨
⎪
⎧⎧

⎪
⎨⎨⎨⎨
⎪⎪

⎩
⎪
⎨⎨⎨⎨

⎪⎩⎩
⎪⎪

 

(2.29.1)

where the period (τ) and the fundamental frequency (ω0) are given by

 
τ ω π

τ
π=ω =2

2
a

d 0
 

(2.29.2)

The Fourier coeffi cients are

c x t e t

A
t
a

e

n
in t

i

( )

= +A
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
−

−

∫−
1

1
1

0

2

2

τ
ωtt

τ

ω
π

π

/

/

n tnn in tdt A
t
a

e din t tω

τ

ω
τ

e in0t dt A
2

0

0

2

1
−

⌠
⌡⎮
⌠⌠
⌡⌡

⌠
⌡⎮
⌠⌠
⌡⌡

−1AA+ ⎮
⎛
⎝⎝⎝

⎞
⎠⎟⎠⎠

⎡

⎣
⎢⎢
⎡⎡⎡⎡

⎢⎣⎣

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

(2.29.3)

By using the relation,

te dt
e

k
ktkt

kt

∫ −( )2
1  (2.29.4)

cn can be evaluated as

             

c
A

i
e

A
a

e

in
n

in t
in t

=
⎡

⎣
⎢
⎡⎡

⎣⎣
+

−( )
−

−

−1

0 2

0

0

2
0

0

τ ωin−⎣⎣⎣ ω
ω

τ

ω
− −−−⎡⎣⎡⎡ ⎤⎦⎤⎤

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

+
−

−

−

in t

A
in

e

ω

ω

τ

0

2

0

0

1

inii t
in tA

a
e

in
in tω

τ ω

ω
ω0

0

0

2

0

2 0 1−
−( )

− −in tω⎡⎣⎡⎡ ⎤⎦⎤⎤
⎧
⎨
⎪⎧⎧
⎨⎨
⎩

−

⎪⎪
⎨⎨⎨⎨
⎩⎩⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎦⎦

⎥⎥
0

2τ

 

(2.29.5)

Figure 2.29 (b) Function 
x t( ).
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 Analysis of Dynamic Systems 83

Equation 2.29.5 can be reduced to

c
A

i
e

A
a n

A
in

e
A
an

in=
⎡

⎣
⎢
⎡⎡

⎣⎣
+ − −1 2A in⎡⎡⎡ 1 1A Ai

0
2

0
2

0τ ωin−⎣⎣⎣ ω ω
π πA

e in+ −2 1 A in

nn
e

A
e

A
a n

in

in i
2

0
2 2

e
a 0

2

2
0
2

1

1

ω ωa n0
2 2a n

ω
π

π πA
e in1−

+ (( ) − ( ) ⎤

⎦
⎥
⎤⎤

⎦⎦
e

A
a n

in ein iπ π( ) −A
in e in

ω
π1

2
0
2

 

(2.29.6)

Noting that

e e

n

in iπ πe in −
1 0n =

1 1n =n 3 5

1

,

, ,1n , ,5 ...

, ==

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩ 2 4 6, ,4 ,...
 

(2.29.7)

Equation 2.29.6 can be simplifi ed to

c
A

a

A

n
nn =

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
= =n

0 0n =

4 2A ⎞
1 3 5

0

2
0
2 2n⎠⎠⎠ 2

,

, , ,3 5 ...

,

τ ωa na 2 ω
nn =

⎧

⎨
⎪
⎧⎧

⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

2 4 6, ,4 ,...  

(2.29.8)

The frequency spectrum is shown in Figure 2.32(b).

PROBLEM 2.30

Show that the power spectral density spectrum of the sine wave 

f t A
T

t( ) = ⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

sin
2π

is given by

S
A

T Tf ω
π δ ω π δ ω π( ) +ω= δ

⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−ω+ δ
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

2

2
2 2π δ
⎞ ⎛

where δ ω
π+

⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

2
T

 and δ ω
π−

⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

2
T

 are Dirac delta functions acting at ω π= −2
T

 and 

ω π= 2
T

, respectively.

Solution to Problem 2.30

R
T

A
T

t
T

t dtf T
τ π τ( ) tA t= ( )

−∫−
1 2

A
T

∫ 22

2
sin stt i

/

= = +
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

−1
2

2
4

2
2 2 2

A
T

A
e e+

i
T

i
Tcos

π τ
π τ π τ

== ( )
−∞

∞

∫−
1

2π
ω ω) ωτS e( )ω) df

i

Hence,

S A
T Tf ω π δ ω π δ ω π( ) +A δ ω

⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−ω+ δ
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1
2

2 2π δ
⎞ ⎛2
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84 Road Vehicle Dynamics

PROBLEM 2.31

The autocorrelation function of a stationary random process x t( ) is given by

R aex
bτ τ( ) −

where a and b are constants. Determine the power spectral density of x t( ).
Rx(τ)

a e–b|τ|

O
τ

Solution to Problem 2.31

R aex
bτ τ( ) −

S R ae e dx
i bd ae iω

π
τ τe dd

π
ττ ωe i τω( ) ( ) = −aebae τ

−∞

∞

−∞∫−
1

2
1

2

0

∫∫−

=
⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

⎡
⎣
⎡⎡ ⎤

⎦
⎤⎤ +

⎛
⎝⎜
⎛⎛
⎝⎝

−( )
−∞

a
e

ai b+

2
1

2

0

π⎠⎠⎠ − π
ω τ)b+

( )i b−ωi
⎞⎞
⎠⎟
⎞⎞⎞⎞
⎠⎠ −( )

⎡
⎣
⎡⎡ ⎤

⎦
⎤⎤

= −
( )

−( ) ∞1

2

0i b+
e

a

i b−

i b+

ω

π ω(i

ω

++ ( ) = ( )
a

i b+
ab

b2 2 2+π ω(i π ω+(b2 +

PROBLEM 2.32

Determine the Fourier transform of the function shown in Figure 2.32, and plot the cor-
responding spectrum.

x(t)
δ(t – a)

O a
t

Solution to Problem 2.32

x t t a( ) t= ( )δ

Hence,

X t a e dt e i ai t i aδω ω ωiω dt ett i( ) −t(( ) = ee−i dttt

−∞

∞

∫− ω a i

Figure 2.31 Auto-
correlation function.

Figure 2.32 Function x t( ).

SIBK002_Ch02_p43-88.indd   84SIBK002_Ch02_p43-88.indd   84 3/8/10   10:41:30 AM3/8/10   10:41:30 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Analysis of Dynamic Systems 85

Note that, by defi nition, the Dirac delta function is zero everywhere except at t = a. 
Therefore, at t = a, we have

e ei t i a−i ωett i−tt

PROBLEM 2.33

Determine the Fourier transform of the function shown in Figure 2.33, and plot the cor-
responding spectrum.

x(t)

O a

A

–a
t

Solution to Problem 2.33

The triangular pulse can be written as

x t
A

a
t a

othett rwise

( ) = −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

≤
⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

1

0

| |t
, | |

,
(2.33.1)

The Fourier transform of x t( ) can be written as

X A
a

e dt

A

i tω t( ) −A
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= +A

−∞

∞
⌠
⌡⎮
⌠⌠
⌡⌡

1

1

| |t

tt
a

e dt A
t
a

e dti t i t⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−A
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠−∞

∞
⌠
⌡⎮
⌠⌠
⌡⌡

e
t

A i tA
⎛⎛⎛ ⎞⎞⎞

dtt

0

0

⌠⌠
⌡⎮⌡⌡

(2.33.2)

Because x t( ) = 0  for t > 0, Eq. 2.33.2 can be written as

X A
t
a

e dt A
t
a

ei t

a

ω t( ) A
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎠⎠

−
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠−

−⌠
⌡⎮
⌠⌠
⌡⌡

11
t

e dt A+
⎞
⎠⎟
⎞⎞
⎠⎠

A
⎛⎛⎛0

i tii

a

i t

a

dt

A
i

e
A
a

e

ωtt

ωtt

ω

0

0

⌠
⌡⎮
⌠⌠
⌡⌡

=
−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+−

−

−−

−
−( )

− −⎡⎣⎡⎡ ⎤⎦⎤⎤
⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

−
⎛
⎝

i t

a
i

i t

A
i

ωtt

ω
ωtt

ω

2

0

1

+ ⎜⎜
⎛⎛⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
−( )
⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭

−
−

e
A
a

e

i
ii t

a
i t

ωtt
ωtt

ω0
2

[ ]− −i tωtt 1
⎪⎪
⎬⎬⎬⎬
⎭⎭⎭⎭ 0

a

(2.33.3)

Figure 2.33 Function x t( ).
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86 Road Vehicle Dynamics

(a)

(b)

x(t)

X(ω)

A

O–a a
t

Aa

ω
O 5

a
π3

a
π3

a
− π5

a
− π

2
4Aa
25π

2
4Aa
9π 2

4Aa
9π

2
4Aa
25π

Equation 2.33.3 can be further simplifi ed to obtain

         

X
A

a

A
e

A

a
i a i aω

ωaω ω
A ia( ) = + −eiωa ⎛

⎝
⎞
⎠⎟
⎞⎞
⎠⎠
+ −e aωe i ⎛

⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

2
2ωa⎝2

e+ e
⎝⎝ 2

= − ( ) −2
2 2 2

A

a

A
i+ a

A

aω ω2 a
ω ωi+

ω
cosωa i+ i cosω ωωω

ω
ω

ω

i a

A

a

A

a

( )

= −( )

i

co ssωa) =2
1

4
2ω2

ω
a

( )cosωa)1 inii 2

2
ωa⎛
⎝⎜
⎛⎛
⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠  

(2.33.4)

Equation 2.33.4 is shown in Figure 2.33(b).

PROBLEM 2.34

Express the autocorrelation in terms of the Fourier transform.

Solution to Problem 2.34

x t X f e dfi f t+( ) = ( ) +( )
−∞

∞

∫−τ τf t+(  (2.34.1)

By substituting Eq. 2.34.1 into the expression for the autocorrelation, we get

R
T

t t dt
T

x t X
T TT

τx t x tτ( ) ( ) +( ) = ( )
→ →∞∫li lim

1 1
d( ) ( )∞

∫ li f eff e df dt

T

i f if f( )

=

−∞

∞

−∞

∞

−∞

∞

∫−∫−
⌠

2ft iff

1

π πete 2ft ieff τff

⌡⌡⎮
⌠⌠
⌡⌡⌡⌡ ( )⎡

⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎦⎦
( )

−∞

∞

∫− x t( e dt X
⎦⎥⎦⎦

f e) dfi f i⎤ ( )f f2ft i⎤ ( )ff π(dt X⎥ f e) i(dt X⎥ f e) 2ft i⎤ ( )dt X⎤⎥
⎤⎤ f e)ff τff

= ( ) ( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦→∞
−∞

∞
⌠
⌡⎮
⌠⌠
⌡⌡

lim
T

i f

T
X f(* X f( e di f

1 τffff

   

(2.34.2)

Figure 2.33 (a) Function
x t( ), and (b) spectrum.
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 Analysis of Dynamic Systems 87

or

R S f e dfi fτ π τff( ) ( )
−∞

∞

∫−  (2.34.3)

The inverse of Eq. 2.34.3 is also available from the Fourier transform as

S f R e di f( ) = ( ) −
−∞

∞

∫− τe diτ) τfff  (2.34.4)

Because R τ( ) is symmetric about τ = 0, Eq. 2.34.4 can also be written as

S f R f d( ) = ( )
−∞

∞

∫− πτ) τ τff d  (2.34.5)

These are the Wiener-Khintchine equations, and they state that the spectral density 
function is the FT of the autocorrelation function.

We also can defi ne the cross-correlation between two quantities x t( ) and y t( ) as

R x t y t

T
x t y

xy

T

τ τx t y t( ) ( ) +( )

= ( )
→∞

lim
1

t dtt t

T
X f Y f

T

T

T

( )

= ( ) (

−

→∞

∫− τ
2

2

1
lim ))

−∞TT

∞

∫− e dfi fτff

or

R S f e dfxy xy
i fτ π τff( ) ( )

−∞

∞

∫−  (2.34.6)

where the cross-spectral density is defi ned as

S f
T

X f Y f S f S fxy
T

xy xy( ) = ( ) ( ) = ( ) = S (( )
→∞

lim *1  (2.34.7)

The inverse of Eq. 2.34.7 from the Fourier transform is given by

S f R e dxy xy
i f( ) = ( ) −

−∞

∞

∫− τ τe ddi) τfff  (2.34.8)

Unlike the autocorrelation, the cross-correlation and cross-spectral density functions 
are, in general, not even functions. The limits –∞ to +∞ are retained.

PROBLEM 2.35

Show that the frequency response function H ω( ) is the Fourier transform of the impulse 
response function h t( )

y
.
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88 Road Vehicle Dynamics

Solution to Problem 2.35

From the convolution integral, the response equation in terms of the impulse response 
function can be written as

x t f d
t( ) = ( ) ( )
−∞∫− ξthξ) ( ξ  (2.35.1)

where the lower limit has been extended to –∞ to account for all past excitations. By 
letting τ ξ(( ), Eq. 2.35.1 becomes

x t f t h d( ) −t= f (( ) ( )∞

∫ τhτ) ( τ
0∫∫  (2.35.2)

For a harmonic excitation f t ei t( ) = ωtt , Eq. 2.35.2 becomes

x t h di( ) = ( )( ) ∞

∫ ∫e h d ei t i t( )( )∞ t− h ( ωi) −∫tt τωωdd) τe dτ) ωe i τω
0 0∫ ∫∫ ∫( )  (2.35.3)

Because the steady-state output for the input y t ei t( ) = ωtt  is x H ei t( )ω ωtt , the fre-
quency response function is given by

H e dih eω τhh τωτ( ) ( )
−∞

∞

∫ ∫h e di dτh τ( )∞

−0∫∫  (2.35.4)

which is the FT of the impulse response function h t( ). The lower limit in Eq. 2.35.4 has 
been changed from 0 to –∞ because h t( ) = 0 for negative t.
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Chapter 3

Tire Dynamics

PROBLEM 3.1

The mass of a vehicle is m = 1820 kg, the distance between the center of the mass 
and the front axle is la = 1.463 m, and the distance to the rear axle is lb = 1.585 m. 
Assume that the rolling resistance coeffi cient between the road and the tire is 
f0 = 0.0165, when the vehicle is running at a speed of v = 36 km/h and a steering angle 
of δ0 = 20°, and the slip angles of the front and rear tires are both 4°. Calculate the 
rolling resistance of the tire.

R

F

β

αy

γν

αf

δ0

la
lδ

ΔFf ΔFy

Fyf Fyr

Solution to Problem 3.1

According to the relationships of trigonometric function,

R�RR

sin sin90 0sin0°( ) =
+( )δ α0 + δ α0 − α

a b

f r+ α
l l+a +

(3.1.1)

Figure 3.1 Motorcycle 
model.
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90 Road Vehicle Dynamics

R
l la fl

f r

�RR =
( ) −( )

+f( )

=

°sin

sin

.

90

1 463

0

δ α+
δ α−0 α

++( ) × − +( )
( )

=

1 585 90 20 4

20 4 4− +
. s) ×585 in

sin

° °20 °

°4 44 +

88 567. m567  

(3.1.2)

R l R l Rb bR l r+lb ⋅l bl ( )
+ −

−

=

2 2R+

2 2+1 585 567 2

90�l R2 cos

. .+585 8

° α

× ××× × −( )
=

1 585 8 567 90 4

8 603

. .×585 8 cos

.

° °4

m

(3.1.3)

 
β α=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= ×
arcsrr in

cos
arcsrr in

c×. osl
R

b rαcos 1 585 4
8 6.

°
0300

10
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= . °6
 

(3.1.4)

γ β α+ =α − =90 10 6 4+ 83 4°β + =α 90 °4+ °r . .6 4+ 83  (3.1.5)

The cornering force of the front wheel is

F m
v
RyfFF

r⋅m
( )

= × ⋅
−

2

0

2

1820
10

8 603

10 6

sin

sin

.

sin .10

β α−
δ

° 44

20
7109

°

°
N

( )

=
sin

 

(3.1.6)

The cornering force of the rear wheel is

F m
v
R

ctayrFF r r⋅m ( ) (( ) ⋅⎡⎣⎡⎡ ⎤⎦⎤⎤

=

2

0

182

co sr ) −s( inβ α− β α− δnaa

00
10

8 603
10 6 4 10 6 4

2

× ⋅ ( ) − 6( ) ⋅
.

cos .10( si .1010n (°4 °4 ctann °anan

N

0

14 335

⎡⎣⎡⎡ ⎤⎦⎤⎤

= ,

 (3.1.7)

The additional resistance respectively applied on the front and rear wheels is

Δ

Δ

F F

F F

f fFF yf

r rFF yrFF

=i sFf yfFF = in

i

4 7 09 96 N=° × 7109 496

===

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩ sin ,4 1 335 000 N=,1×× 4 335 1000

 

(3.1.8)

The additional resistance coeffi cient under the condition of vehicle steering is

Δ Δ Δ
f

FΔ
mg

f r= = =+FΔ rFFΔ
×

496 1000

1820 9 8
0 0839.

 
(3.1.9)
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 Tire Dynamics 91

The rolling resistance coeffi cient during a turn is

f f fRff +f = + =0ff 0 0165 0 0839 0 1004Δ . .+0165 0 . (3.1.10)

The rolling resistance of the tire is

f mgf NRff =mgfRff × × =1820 9 8 0 1004 1791. .×8 0 (3.1.11)

PROBLEM 3.2

Based on the brush model, the load of the tire is 4500 N, the contact patch length 
of the tires is 8 cm, the slip ratio is 0.15, and the longitudinal stiffness of the tire is 
cex = 1300 N/cm2. Calculate the longitudinal force under this slip ratio.

Solution to Problem 3.2

Assume that the vertical forces distribute as a quadratic function. Therefore,

F dx NzFF ( )−∫−
λ 42 2 4500

4

4
 (3.2.1)

We get λ = 52.7. Thus, 

F x xezFF ( ) = −( )52 7 1× ( 6 2.  (3.2.2)

The length of the sliding region is

l c cma ec x =c × × ×( )σ μλ( )μλ . .×1300 0 1. 5 1(( 15 0 8. 52 7 4) =  (3.3.3)

Therefore, 

F dx c x dx NxFF ex(( ) (( ) =∫∫−∫∫ μλ σ 4−xc (4 x dx) + ∫ 3450 832 2x
0∫∫
4

4

0
. (3.3.4)

PROBLEM 3.3

The mass of one car is 1600 kg. If it is a front-engine front-wheel-drive (FF) car, then 
the load of the front shaft is 61% of the whole car. If it is a front-engine rear-wheel-
drive (FR) car, then the load of the front shaft is 55% of the whole car. The coeffi cient 
of road adhesion is ϕ = 0.7.

a. Calculate the driving force of the FF car.

b. Calculate the driving force of the FR car.

Solution to Problem 3.3

a. For the FF car,

g kg Nmg 9 8 15 680N/k/ (3.3.1)

F G N NzFF × N0G =G 61 15 680 9564 8.G 0G , .NN680 956  (3.3.2)

F F j N Nx zF FF FF j =0N × 7 6695 36.N 0N × .  (3.3.3)
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92 Road Vehicle Dynamics

b. For the FR car,

G mg kg Nmg 9 8 15 680N/k/  (3.3.4)

F G N NzFF (( ) = ( ) N×1 0− 55 15 680 7056.G (1 0 ,  (3.3.5)

F F N Nx zF FF F =F ϕ 7056 0 7 4939 2. .7 939  (3.3.6)

PROBLEM 3.4

The load of the tire is Fz = 4500 N. The coeffi cient of road adhesion is ϕp = 1.0 and 
ϕs = 0.7. When the slip ratio is s = 0.04, the longitudinal force is Fx = 1000 N. When 
s = 0.2, then Fx reaches the maximum value. On the basis of the H.B. Pacejka magic for-
mula model, analyze the relationships between the longitudinal force and the slip ratio.

Solution to Problem 3.4

If the MATLAB program is used,

fz = 4500, mp = 1.0, ms = 0.7, s1 = 0.04, f1 = 1000, sp = 0.2; 

fp = fz*mp;

fs = fz*ms;

D = fp;

C = 1+(1-2*asin(fs/D)/pi);

B = (f1/s1)/(C*D);

E = (sp*B-tan(pi/(2*C)))/(B*sp-atan(B*sp));

x = 0:0.01:1;

y = D*sin(C*atan(B*x-E*(B*x-atan(B*x))));

plot(x,y)

Figure 3.4 Relationships 
between the longitudinal 
force and the slip ratio.
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 Tire Dynamics 93

PROBLEM 3.5

The distribution function of tire load is as follows:

η u
u

o u
( ) =

< <u

≥or u

⎧
⎨
⎧⎧

⎩
⎨⎨
1 0 2

0 0u ≤ 2

Calculate the tire-cornering characteristic under the simple distribution load of the 

tire (
F

F
yFF

zFF
yϕ

φ
⋅

~  and T

F a
zTT

zFF
yϕ

φ
⋅ F

~ ).

Solution to Problem 3.5

When μ� < 2,  then,

φ
η μ

μ μy =
( )

=
�

� �μ
1

μ
φ

� = 1

y

m d0

0 0

1μ μ μ
μ μ

�d1� μ μ
� �μμ

( )) d1 μ∫ ∫η μ μd∫ ∫dμd(( )) =

Therefore,

F

F

myFF

zFF
y

yϕ
φ

μ
μ μ μ

φ⋅
= ×yφ

+ −
( )

= +μ − = −
⋅4

1
2 4

1
2

1
1

4
2 0

�μμ
�μμ � �μ μμ

 (3.5.1)

When μ� = 2,
F

F
yFF

zFF yϕ
φ

⋅
=  (3.5.2)

When μ� > 2,
F

F
yFF

zFF yϕ
φ

⋅
~  (3.5.3)

φy

ϕ.
F

z

F y

Figure 3.5 (a) Relation-
ships between the lateral 
force and the relative slip 
ratio.
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94 Road Vehicle Dynamics

The aligning torque is

μ
φ

μ η μ μ μ
φ

μ

� �= ( ) ( ) = =μ
′

∫1 1
μ

� �( ) ( )∫0

0y yφ
0

dμηm μ�μ( ) ( )∫�) ( )∫0,  (3.5.4)

m d
y

1

0

2
2

1
2

1

2
μ μ η μ μ μ

2 φ

μ

�d
1

� μ μ( )) (( ) =μ
′

∫  (3.5.5)

Therefore, when μ� < 2,

T

F a

m
zTT

zFFϕ
μ μ

φ θy

μ μm

⋅ F
= −

⎛⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

× φy +
( )) (( )

=

�μ⎛� �μm�) (2
1mμ0 ( )

2 3⎝⎝⎝
1

2 2yφy⎠⎠⎠

1

44
1

1

3φ φ3 yφ3y

−
⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠

(3.5.6)

When μ� ≥ 2,

T
F a

zTT

zFF
y

ϕ
φ

⋅ F
=

3
 (3.5.7)

φy

ϕ
. F

z. a

T
z

PROBLEM 3.6

What is slip ratio?

Draw a curve to show the relationship between the coeffi cient of road adhesion and the 
longitudinal slip ratio. Then describe the characteristics of the curve, and analyze the 
effects of different factors on the coeffi cient of road adhesion.

Figure 3.5 (b) Relation-
ships between the aligning 
torque and the relative slip 
ratio.
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 Tire Dynamics 95

Solution to Problem 3.6

ω

ω

The braking maneuver longitudinal skid is sb.

s
v r

vb
x drr

x

= ×ω
100%  (3.6.1)

The tractive maneuver longitudinal slip is sa.

s
r v

ra
d xr vr

drr
= ⋅ rr

⋅
×ω

ω
100%  (3.6.2)

coefficient of slicing friction

peak coefficient of road
adhesion

unstable region

0

ϕs

ϕμ

100%
longitudinal slip ratio s

ro
ad

 a
dh

es
ion

 co
eff

ici
en

t ϕ

The ϕ ~ s curve has the following characteristics:

1. If s = 0 ~ %15 , the value of ϕ increases linearly with s. 

2. If s = 15 30% ~ %, the value of ϕ reaches the maximum and is defi ned as the peak 
coeffi cient of road adhesion.

3. If s = 30 100% ~ %, the value of ϕ gradually falls as s increases and is defi ned as 
the sliding coeffi cient of road adhesion when s = 100%.

On a dry surface, ϕmax = 1.2 ϕs.

On a wet surface, ϕmax = 1.3 ϕs.

Figure 3.6 (a) Tire 
model.

Figure 3.6 (b) Free body 
diagram.
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96 Road Vehicle Dynamics

Figure 3.7 (a) Tire 
cornering characteristics.

The coeffi cient of road adhesion depends mainly on the road texture and suface, the 
tire structure, the tread pattern, the material, the infl ation pressure, the normal loading 
on the wheel, the travel speed of the vehicle, and so forth. Experimental data show that 
the adhesion coeffi cient of a radial tire is higher than that of a bias tire, and for a tire 
with a high infl ation pressure is lower than that of a tire with a low infl ation pressure. 
In addition, a low travel speed can produce a relatively high adhesion coeffi cient of 
the tire.

PROBLEM 3.7

What are the tire cornering characteristics? Analyze the main factors that affect them, 
and draw a curve to show the relationship between the self-aligning torque and the slip 
angle.

Solution to Problem 3.7

A0

Fy
t

Fy

Fy

c a

A1
A1

A0

A3

α

α

u c

c

c

A2

A3

A4

A2

A3

A4

ωπ

A4
t

A2
t

A1
t

A0
t

Because of lateral wind or centrifugal force when driving, a side force of FY will be 
applied to the center of the tire. Correspondingly, a lateral reaction force also will be 
developed at the contact patch. This is called the cornering force FY. Because of the 
lateral elasticity of the tire, the tire begins to slip, and the centerline that is connected 
by the points A0, A1, A2, A3, A4 on the wheel tread will be distorted. The angle between 
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 Tire Dynamics 97

Figure 3.7 (b) Relation-
ship between the aligning 
torque and the slip angle.

the path lines will be formed; this is the slip angle. This phenomenon is called the tire 
cornering characteristics.

The principal factors affecting tire cornering characteristics are the structure of the tire, 
the working condition, and the condition of the road.

1. Tire structure: A tire with a large size, a low profi le, and a small fl at rate has a high 
slip stiffness.

2. Work condition: Tire slip stiffness generally increases with an increase in normal 
force. It also increases with an increase in infl ation pressure, and it does not change 
when the tire pressure reaches a certain high level.

Figure 3.7(b) shows a plot of experimental data.

Experimental data show that the following is true:

The aligning torque fi rst increases with an increase in slip angle. It reaches a maximum 
at the slip angle of 4° ~ 6° and then decreases with a further increase. It reaches zero at 
the slip angle of 10° ~ 16° and decreases to a negative value with a further increase in 
the slip angle. Furthermore, we can see that the aligning torque increases with an 
increase in the normal load.

PROBLEM 3.8

The distribution function of the tire load is as follows:

η u
u u

o u
( ) = ( ) < <u

≥or u

⎧
⎨
⎪
⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

3
2

2 0u) 2

0 0u ≤ 2

Calculate the tire cornering characteristic under a parabola distribution load of the 

tire (
F

F
yFF

zFF yϕ
φ

⋅
~  and T

F a
zTT

zFF yϕ
φ

⋅ F
~ ).
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98 Road Vehicle Dynamics

Solution to Problem 3.8

The distribution of the normal force is

η u
u u

o u
( ) = ( ) < <u

≥or u

⎧
⎨
⎪
⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

3
2

2 0u) 2

0 0u ≤ 2

,

,
 (3.8.1)

This function complies with the two constraints of

u u du

aq u du Pdd a

( ) =

( )

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

∫
∫

2
0∫∫
2

0∫∫
2

 (3.8.2)

u d
a a

η θuu du θ( ) ⎛
⎝⎝⎝

⎞
⎠⎠⎠

( ) =∫0∫∫
2 Δ Δθ θ

⎞ ( )  (3.8.3)

Substitute Eq. 3.8.1 into Eq. 3.8.3 to get

u u duηuu

θ

( ) =

=

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

∫ 2

0
0∫∫
2

 (3.8.4)

With the large cornering force and the slip angle, experimental data show that a partial 
sideslip has occurred on the tire because q qy zq≥  at the rearward patch. Also, ϕ is 
the friction coeffi cient, and the origin position can be defi ned by q qy zqϕ .

Thus, one gets

k x tg
F
ay
zFF⋅x ⋅ ( )α ϕ= η μ(

2
 (3.8.5)

Defi ne the skid ratio as 

φ
α

ϕy
y

z

K ty g

Fz

=
⋅

 (3.8.6)

Then,

φ
η μ

μy =
( )�

�
 (3.8.7)

Substitute Eq. 3.8.1 into Eq. 3.8.8 to get

φy u= ( ) ≤u( )3 2 2 u− 2** ) ≤ u(0) (  (3.8.8)

or

u
y y

y

=
≤y− (( )

( )

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

2
2
3

3

0 3y ≥(
φ φyy (

φ
 (3.8.9)

to get a nondimensional lateral force expression.
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 Tire Dynamics 99

Substituting Eq. 3.8.1, the zero-order and fi rst-order moment of η μ( ), at the range of 
0 ~ µ, as

m d0

0

μ η μ μd
μ

( ) ( )∫  (3.8.10)

m d1

0

μ μ η μ μ
μ

( ) ( )∫∫  (3.8.11)

we get the equation

m u u d u u
u

0
2 3

0

3 2 2 3u du 2 u 2*3 2* * *u *uuuu
*

( ) u= 3 2*3 2 (( ) 3 2 uu∫
 

Substituting the results of Eq. 3.8.10 and 3.8.11 gives

F

F
u

m u

u

yFF

zFF

y

y

ϕ

φ

φ
⋅

= × +u −
( )

=

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

4
1

2
0 2u≤ <u

2

2 0
*

*uu
*

*

 (3.8.12)

The nondimensional lateral force expression is a single variable function.

We can get

F

F
yFF

zFF
y y

y
ϕ

φy

φ⋅
=

−( ))⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

1 1− ( 3yφ3) ≤

1 3yφ ≥

3

 (3.8.13)

Then use software (MATLAB) to draw a curve showing the relationship between 
F

F
yFF

zFFϕ ⋅
 and φy.

Relative slip ratio φy

Uniform
distribution

Parabola
distribution

1
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ϕ.
F

z

F
y

From Figure 3.8(a), we can see that when φ φy yφ →φyφ ∞0 , the parabola distribution 
and the uniform distribution have the same result. And the two curves intersect at 

Figure 3.8 (a) Relation-
ship between the 
nondimensional lateral 
force and the relative slip 
ratio.
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100 Road Vehicle Dynamics

Figure 3.8 (b) The 
relationship between the 
nondimensional aligning 
torque and the relative slip 
ratio.

Figure 3.9 (a) Brush 
model.

approximately φy = 1.24, which shows when φy = 0 – 1.24, the value of 
F

F
yFF

zFFϕ ⋅
 in the

 parabola distribution condition is smaller than in the uniform distribution condition. 
This result totally complies with the result of the Falia model.

Using the same method, we get the expression of the nondimensional total aligning 
torque.

 T
F a

zTT

zFF
y y y

y
ϕ

φy φ

φ⋅ F
=

∗ φ (( ) ≤⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

1 3 1 3yφ 3

0 3yφ ≥

3

 (3.8.14)

Also, we get the curves as shown in Figure 3.8(b).

Relative slip ratio φy
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PROBLEM 3.9

Establish a model, and then calculate the longitudinal force. For example, use the brush 
model as described below.

Solution to Problem 3.9

The rush model is a simplifi ed theoretical model. This model considers the tire as a rigid 
base connected with a lot of bristles; through deformation of these bristles, the tire assumes 
the longitudinal force and the lateral force. The brush model states that the contact patch 
between the tire and the road is divided into an adhesion region, where the rubber is grip-
ping the road, and a sliding region, where the rubber slides on the road surface. The total 
force generated by the tire then has components from these two regions.

SIBK002_CH03_p89-116.indd   100SIBK002_CH03_p89-116.indd   100 3/8/10   12:54:34 PM3/8/10   12:54:34 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Tire Dynamics 101

In a state of pure rolling, as is shown on the left side of Figure 3.9(a), the tire contact patch 
length is 2a in the adhesion region. Because of the friction function of the ground, when 
wr > u, the bristle element at the end of the tire will be deformed, which causes the speed 
difference between the two ends, as is shown on the right side of Figure 3.9(a). It is assumed 
that the radius of the wheel is much larger than the length of the contact patch (r >> a). 
Therefore, the longitudinal deformation of the bristle element can be expressed as

ξ = ( )wr-uww * tΔΔ  (3.9.1)

or

ξ = ( ) Δ
Δ

Δ =
−( )

wr-uww *
t
x

wr u

wr
xΔ  (3.9.2)

Defi ne σx wr u wrww= −wr( )  as the slip ratio, which is also called the amended slip ratio. 
The deformation of the bristle element can be expressed as

ξ σ Δσx x

Assume that the longitudinal force is proportional to the deformation of the bristle ele-
ment. Therefore, the force of the fl exible unit can be expressed as

F cex a xexFF ex x= cex −( )ξ σcex=  (3.9.3)

where cex is the stiffness of the bristle element.

In the whole adhesion region, the longitudinal force can be found by integrating 

F cx eF cF xa

a

ex xc
−∫∫−

ξ σdx c aex=dx 2  (3.9.4)

When the slip ratio is very small, we get the equations wr � u and σ � s.

Therefore, the longitudinal force can be expressed as

d a x cA ec x x−a ( )σ μx ( λ  (3.9.5)

Equation 3.9.3 shows that the longitudinal force is proportional to the slip ratio of the 
wheel.  However, this model is not concerned with the limit condition, which occurs 
when the longitudinal force has reached or exceeded the limits of the ground adhesion. 
Therefore, the model must be amended further.

The distribution of the normal force can be expressed as 

F x a xezFF ( ) a= ( )λ 2 2x  (3.9.6)

Through the equation

F a x dxzFF
a

a
−a( )−∫−

λ 2 2x

we get the value of λ.

When

F F xexFF ezFF ( )μ
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102 Road Vehicle Dynamics

the critical point A has divided the adhesion region into two parts: one is the adhesion 
region, and the other is the slipping region.

d a x cA ec x x−a ( )σ μx ( λ  (3.9.7)

Therefore, the whole longitudinal force can be expressed as

F c x a dx

d

xFF
a

x

x

a

ex xc
A

( ) −xcex xc ( )
=

∫dx
x∫ a x

a∫
xA −a(( ) +
−

μλ σ

μλ

x

1 3 22 2
3 1 2d d a2d dst( ) −a21 2 (( )μ λst

 (3.9.8)

From the fi gure, we know that the premise condition is d ≥ 2a if the wheel is in the pure 
slipping state. From this information, we can determine the critical slip ratio as

σ μλx c excμλ, 2

Generally, because μst > μsd, we can change the former equation to

F d d d a dx sFF sd d tdd (( )) −a(( )13a da daa ) + dd22 2
μ λsd λstλst  (3.9.9)

Now, the critical slip ratio is

σ μλx c excμλ, 2  (3.9.10)

Finally, use software (MATLAB) to calculate the equation to draw a curve showing 
the relationship between the longitudinal force and the slip ratio. Use the following 
data:

Fz = 4000 N

μst = 1.0

μsd = 0.6

a = 4 cm

σxc = 0.259

Figure 3.9 (b) Relation-
ship between the lateral 
force and the slip ratio.
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 Tire Dynamics 103

With use of the MATLAB program,

Fz = 4000, Us = 1.0, Ud = 0.6, a = 0.004;

k = ones (1,1/0.01+1);

e = 4.6875e + 007;

s = 0:0.01:1;

Ce = 1101100;

C = 8.6873e+005;

d = C.*s/(Ud*4.6875e+007);

m = length(d);

for i = 1:1:m;

   if d(I) > 2*a

      d(i) = 2*a;

end;

end;  

Fx = 1/3*Ud*e.*d.^2.*(3*a.*k-d)+1/2*Us*e.*d.*(2*a.*k-d).^2;

plot(s,Fx)

PROBLEM 3.10

Analyze the infl uence of rolling resistance to the axle load.

a
mg

l – a

Ff FrΔ Δ

Solution to Problem 3.10

If the wheelbase is �, and the distance from the front axle to the centroid is a, then the 
distance from the front axle to the centroid is � – a.

Thus, when the vehicle is static, we can calculate the load on each axle as follows:

Front axle:

F
l a

l
mgfsFF =  (3.10.1)

Figure 3.10 The infl uence 
of rolling resistance to the 
axle load.
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104 Road Vehicle Dynamics

Rear axle:

F
a
l

mgrsFF =  (3.10.2)

When the vehicle is running and the wheels are rolling, the deformation of the tires will 
cause these axle loads to change. As is shown in Figure 3.10, we get the following new 
results:

Front axle:

F
l a

l
mg F

l
mgfdFF fsFF= −a = −FfF

Δ Δ
F  (3.10.3)

Rear axle:

F
a

l
mg F

l
mgrdFF rs= + = +FrsFF

Δ Δ
F  (3.10.4)

where Δ = f R. The distance between the normal force F and the wheel centerline f is 
the rolling resistance coeffi cient, and R is the rolling radius of the tires.

By substituting Δ = fR into the preceding equations, we get

F F
f R
l

mgfdFF fsFF −FfF  (3.10.5)

F F
f R
l

mgrdFF rs +FrsFF  (3.10.6)

From these results, we know that because of the rolling resistance, axle loads on both 
the front axle and the rear axle have changed. The loads on the front axle have decreased, 
and the loads on the rear axle have increased. This means that some of the loads are 
transferred from the front axle to the rear axle. The magnitude of the transferred loads 

is approximately 
f R
l

mg, and the bigger the rolling resistance coeffi cient is, the smaller 

the front axle load will become. Likewise, the rear axle load will become bigger at the 
same magnitude.

PROBLEM 3.11

The load distribution function can be represented as

η u
n

n
u

n( ) = + ( )⎡
⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

1
1 1u −u− (

Here, different n represent the different types of tires. However, when the load on the 
tire is not heavy, we can use another equation

η u c c u c u c u( ) = +c + +c u0 1c+ 2
2

3
3

It is much easier to calculate this second equation, as long as the coeffi cients of ci are 
known and the load distribution function η u( )  is also known. Therefore, determine the 

SIBK002_CH03_p89-116.indd   104SIBK002_CH03_p89-116.indd   104 3/8/10   12:54:40 PM3/8/10   12:54:40 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Tire Dynamics 105

Figure 3.11 The load 
distribution of the rolling 
tire.

coeffi cients of ci if the tires are rolling on a road that is in good condition and the fol-
lowing parameters are given: the rolling resistance coeffi cient is f, the whole patch 
length is 2a, and the rolling radius is R.

v

Fz

Fz qz

a a

Solution to Problem 3.11

Because the tires are rolling on a road that is in good condition, we can assume that the roll-
ing resistance coeffi cient is caused only by deformation of the tires. Therefore,

f
R

fR= Δ =Δ
, that t ia s,

From Eq. 3-40, we get

c u c u c u dudd

u c u c u c u

0 1c 2
2

3
3

0

2

0 1c 2
2

3
3

2+ +c u1c +( ) =

+ +c uc +(
∫0

)) = −
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= −
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎧

⎨
⎪
⎧⎧
⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪∫ d

a
fR
a

μ 2 1
⎛
⎝⎜
⎛⎛
⎝⎝

2 1
⎛
⎝⎜
⎛⎛
⎝⎝0∫∫

2 Δ (3.11.1)

Also, when u = 0, then η u( ) = 0. When u = 2, then, η u( ) = 0. Therefore,

c

c c c
0

0 1c 2
2

3
3

0

2 2 2 03

=
+ ⋅c1c c + ⋅c 3

⎧
⎨
⎧⎧

⎩
⎨⎨  (3.11.2)

Solving these four equations will give the coeffi cients of ci.

c

c
fR
a

c
fR
a

c
fR
a

0

1

2

3

0

3 15

3
2

45
2

15
2

=

= 3

= − −

=

⎧

⎨

⎪
⎧⎧

⎪
⎪⎪

⎪
⎪⎪
⎪
⎨⎨
⎪⎪

⎩

⎪⎪
⎨⎨⎨⎨

⎪
⎪⎪⎪⎪

⎪
⎪⎪

⎪⎩⎩
⎪⎪

 (3.11.3)

Therefore, the load distribution function is

η u
fR
a

u
fR
a

u
f( ) =

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ − −
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+3 1+ 5
3
2

45
2

15
2

2 RR
a

u
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

3  (3.11.4)
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106 Road Vehicle Dynamics

PROBLEM 3.12

When the vehicle is running on a wet surface, a hydroplaning phenomenon can easily 
occur when the speed of the vehicle reaches certain values. Such a condition is always 
extremely dangerous. Therefore, analyze the variation in the tire side force and the 
aligning torque when the hydroplaning phenomenon occurs. (Assume the slip angle α
is constant.)

Solution to Problem 3.12

The distribution of the vertical load can be expressed as

q
F
a

uz
zFF= ( )

2
η  (3.12.1)

Fz

Fz qz

a a

a
α
a

v

x = aμ

(x − lw).ky
.tgα

lw

μqz

If the length of the waterskiing area is lw and the adhesion coeffi cient in the area of 
hydroplaning is assumed to be zero, then the lateral load distribution at the frontward 
patch is

q k x l l x u a

q l

y yk wtgw

y wx l

⋅k ( ) ⋅ tg lwtg l ≤

≤xx

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

�

0
 (3.12.2)

Partial sideslip has occurred on the tire because qy ≥ ϕ qz at the rearward patch. The 
origin position can be defi ned by qy = ϕ qz.

That is,

 k x l tg
F
a

uwx ly
zFF−( ) ( )α ϕ= η

2
 (3.12.3)

If ′u is the answer to the above function, then the total side force can be expressed as

 F a k u
l
a

tg d
F
ay yF aF k w

l

a

zFF

w

−ua k
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ ⋅∫∫
′

2

2
α ϕu du add⋅ u + ⋅a

μ

μ

�μμ 22

∫ ⋅ ( )η u d) ⋅ udd  (3.12.4)

The total aligning torque is

 

M a k u
l
a

tg d
F
az ya k

l

a

zFF

w

−ua k
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+d
′

′
∫∫ 2tgu

lw3k uk
⎛ ⎞⎞⎞ 2

2
α ϕu du ad u+duddu 2

μ

μ

22

∫ ( )η μ( μd F−μ ayFF  (3.12.5)

Figure 3.12 (a) The tire 
cornering characteristic 
under the hydroplaning 
condition.
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 Tire Dynamics 107

If all the parameters are given, it is easy to calculate the side force and the total aligning 
torque. Figure 3.12(b) shows the results of calculating by computer.

The following parameters are used in the calculations:

The vertical load is Fz = 4000 N.

The rolling radius of the tire is R = 0.3 m.

The whole patch length is 2a = 0.16 m.

The tire deformation rolling resistance coeffi cient is f = 0.015.

The lateral distribution stiffness of the rubber layer is ky = 3.5 × 106 N/m2.

The slip angle is α = 4°.

The friction coeffi cient is ϕ = 0.6.

The distribution function is η u c c u c u c u( ) = +c + +c u0 1c+ 2
2

3
3.

From Figure 3.12(b), we know that the side force decreases when the area of hydro-
planing becomes longer. When the area of hydroplaning covers the whole patch length, 
the tire will lose side force. However, the variation in the total aligning torque is not so 
simple. From Figure 3.12(b), we can determine the following information: The align-
ing torque does not decrease but increases when the area of hydroplaning becomes 
longer under a certain value. This occurs until the percent of hydroplaning reaches 
30%, then the aligning torque stops increasing and begins to decrease. However, the 
aligning torque is still larger than when the non-hydroplaning occurs until the percent 
of the area of hydroplaning increases to 70%.

This occurs because the tire trail increases rapidly when the area of hydroplaning 
expands.

It is extremely dangerous when hydroplaning occurs, not only because of the decreased 
side force but also because of the increased aligning torque. Drivers always judge the 
situation of the tires through the aligning torque; thus, when the aligning torque 
increases, they often believe the road condition is very good, when, in fact, they are in 
danger.

Figure 3.12 (b) The result 
of calculations.
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108 Road Vehicle Dynamics

PROBLEM 3.13

When the cornering characteristic with lateral bending deformation of the tire case is 
considered, the shape function of the tire case deformation is needed. The shape func-
tion of the tire case deformation can be represented as

ξ u u X u Xe eu X( ) −( ) ( )2u2 2uu ( 4 8− 3/

where Xe is a constant determined by the type of tire. Analyze the infl uence of the tire 
case bending stiffness on the tire side force and aligning torque. (Assume the slip 
angle α is small.)

y0

yb

yr

α
A

A

P
B

E

C

O X 2a

y

v

x

Adherent area Slide area

Solution to Problem 3.13

With a small slip angle α, there is no side skidding on the whole patch. Thus, the total 
cornering force can be expressed as

 

F q dx

a u k tg dt u add u k

y rF qF
a

yr yr

⋅q

= ⋅a u tgt a u ⋅

∫

∫

0

2

2

0

2
2 FF

k auaa
u duddyFF

yb
( )∫ ξ

0

2
 (3.13.1)

After integration,

 
F a k tgt

k

k
u duy yF aF k r

yr

yb
y⋅a tgt ( )∫2 2aa

0

2

ξα a
k

k
Fyr

yFF ∫  (3.13.2)

Solving this function gives

F
a k tg

a
k

k
u dudd

yFF yr

yr

yb

=
⋅k

+ ( )∫

2

1

2

0

2

α

ξ
 (3.13.3)

Note that ξ u( )can be represented as

ξ u u X u Xe eu X( ) −( ) ( )2u2 2uu ( 4 8− 3/  (3.13.4)

Figure 3.13 (a) Cornering 
characteristics with lateral 
bending deformation of 
the tire case.
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 Tire Dynamics 109

Then,

ξ u dudd
X

e

e
( ) =∫ ∫ξ( )

0

2

0

2
6 8Xe −
2 −− 3

Substitute into the above equation the following:

ξ

δ

u dudd

K a k

K a

yr yr

yb yb

( ) =∫
0

2

2

2

2

Then,

F
K

K

K

tg
K K

K K
tgyFF yr

yr

yb

yb yr

yb yr

=
+1

α αtgy y=
 (3.13.5)

and the aligning torque can be expressed as

T a q u du F a

a u k tgt u

z yT aT q yFF

yr y yb

⋅a −u du

= a ⋅ k tgt (( )

∫ 2

0

2

3 2u ξa kya k b( ) ⋅α FyFF (( )⎡⎣ ⎤⎦ ⋅

= ( )

∫ u d⎤⎦⎤⎤ u F−dd a

aK tg
a K

K
u

yFF

yr
yr

yb
y

0

2

4

3 2
gyr ξuα −

a

K
Fyr

yFF
2

00

2

24

3 2

∫ −

= −

du a
K K

K K+
tg

aK tgtg
a K

K

yr yb

yr yb

yr
yr

yb

α

α
++

⋅

= −

K
tg

K K

K K+
tg

K

yr

e

e

yr yb

yr yb

yr

6 8−Xe

2 3−Xe

4

3

α α− a tgy y

11

2

6 8

2 3

2K

K K

K K

K K
ayr

yb yr

e

e

yr yb

yr yb

⋅ −
⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠
⋅ tgtt α

  (3.13.6)

If all necessary parameters are given, it is easy to calculate the side force and the total 
aligning torque. Figure 3.13(b) shows the results of calculating by computer.

The parameter used in the calculation is the following:

The whole patch length is 2a = 0.16 m.

The slip stiffness of the tire tread is Kyr = 45,000.

The bend stiffness of the tire case

 

Kyb changes from 20,000 to ~40,000.

The slip angle is α = 4°.

The shape function coeffi cient is Xe = 0.8.
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110 Road Vehicle Dynamics

From Figure 3.13(b), we know that the side force increases when the bending stiffness of 
the tire case Kyb increases, and the aligning torque has the same trend. However, the tire trail 
has the opposite trend. When the bending stiffness of the tire case Kyb increases, the tire trail 
decreases. This means that when the side force is at the same magnitude, the tire with the 
softer tire case will have the larger aligning torque. Furthermore, this is the reason why a 
radial ply tire always gets more aligning torque than a bias ply tire.

PROBLEM 3.14

Based on the parameters given in Problem 3.13, write a piece of the MATLAB soft-
ware program that can generate a two-dimensional curve representing the relationship 
between the steering angle and the rolling resistance of the tire. (The steering angle 
ranges from 0 to 30°.)

Solution to Problem 3.14

MATLAB program:

m = 1820, la = 1.463, lb = 1.585, f0 = 0.0165, g = 9.8, v0 = 36; 

afdeg = 4; 

ardeg = 4; 

xdeg = 0:0.001:30;

af = afdeg*pi/180;

ar = ardeg*pi/180;

x = xdeg*pi/180;

v = v0/3.6;

r0 = (la+lb).*sin(pi/2-x+af)./sin(x-af+ar);

r = sqrt(lb.^2+r0.^2-2*lb.*r0.*cos(pi/2-ar));

Figure 3.13 (b) Results of 
the calculations.
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 Tire Dynamics 111

b = asin(lb.*cos(ar)./r);

y = pi/2-b+ar;

fyf = m.*v.^2.*sin(b-ar)./(r.*sin(x));

fyr = m.*v.^2.*(cos(b-ar)-sin(b-ar)./tan(x))./r;

dff = sin(af).*fyf;

dfr = sin(ar).*fyr;

df = (dff+dfr)./(m.*g);

fr = f0+df;

f = m.*g.*fr;

plot(xdeg,f);

PROBLEM 3.15

The radius of a vehicle tire is R = 0.3 m, the camber angle is γ = 1°, the camber stiffness of 
the tire carcass is Kc = 730,800 N/m, the length of the contact patch is 2a = 0.06 m, and the 
lateral distributed stiffness per length of tire tread is ky = 4 × 108 N/m. Calculate the lateral 
force with camber.

Solution to Problem 3.15

The broken line shown in Figure 3.15 represents the deformed part of the tire. A coor-
dinate system Oxz is located at the left side of the contact patch with a length of 2a.

R

x
x

z

2a

O

Δy Δz

γ

Figure 3.14 Rolling 
resistance changes with the 
steering angle.

Figure 3.15 Lateral force 
model.
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112 Road Vehicle Dynamics

Therefore, the vertical deformation of the tire is

Δ Δz zΔ

a
R

mzΔ ( )
= ( )
= (

μ−μ (
μ μ−(

μ μ−(

2

2
2

0 0015 2

2

. ))
 (3.15.1)

Corresponding to x, the lateral deformation is

Δ Δy zΔ tg⋅zΔ × −( )−γ μ= × μ2 618 10 25  (3.15.2)

The lateral stress at the site x is

q k yy yk ⋅k = ( )Δ 10472 2μ μ⋅ −(2  (3.15.3)

The lateral force with camber is

F q dx

dx

yrFF
a

a

y0

0

2

0

2

10 472 2= 10 472 ( )

∫

∫, μ2μ −2(

= × ×

=

10 472 0 03

419

4

3
, .× ×472 0

3

N

 (3.15.4)

The cornering stiffness of the tire is

K a k

N

y ya k

= ×
=

2

2 0× 03 4 1× 0

720 000

2

2 8× 4 1× 0

/

.

, mN000 //mm////

 (3.15.5)

The camber stiffness is

K
a

R
K

N m

r yR
K=

=
×

=

3

0 03 720 000

3 0× 3

24 000 /mm

. ,×03 720

.

,

 (3.15.6)

With consideration of the roll elastic deformation of the tire in the modeling of a cam-
bered tire, the roll force of the tire due to the roll of tire should be

F
K K

K K
tgyrFF r cK

r cK
= ⋅

=
×
+

γ

24 000 730 800

24 000 730

, ,×000 730

, ,,800
1

406

×

=

tg

N

°
 (3.15.7)
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 Tire Dynamics 113

PROBLEM 3.16

A vehicle is in a drive state. The circumference speed of the wheel is vc = 70 km/h, the 
longitudinal stiffness of the tire is Ks = 1,001,100 N/m, the lateral stiffness is 
Kα = 975,000 N/m, the longitudinal velocity of the vehicle is vx = 65 km/h, the lateral 
velocity is vy = 4 km/h, the static friction coeffi cient between the tire and the road sur-
face is ϕ0 = 0.9, the friction coeffi cient is ϕ1 = 0.6 when the slip ratio is S1 = 8%, the 
vertical load is Fz = 4000 N, and the length of the contact patch of the tire is l = 0.06 m. 
Calculate the longitudinal force, the lateral force, and the self-aligning moment of the 
driving tire by taking advantage of the C.G. Gim theoretical model.

Solution to Problem 3.16

The slip angle of the tire is 

 α = = =arctanrr arctanrr .
v

v
y

x

4
65

3 52°  (3.16.1)

The longitudinal slip ratio is

 S
v v

vs
c xv

c

= = − ×70 65
70

100 14% .= 7 %  (3.16.2)

The lateral slip ratio is

 

S Ssα α(( ) ⋅

= ( ) × °

=

1 7− 52

5

tanaa

. %14 tan .3aa

.. %71

 (3.16.3)

The associated parameter of the slip ratio is

 

S S Ssα αSsS +SSsS

=

=

2 2S+

2 214 +2 + 71

9 1

( .7 %) ( .5 %)

. 515%55

 (3.16.4)

Then the comprehensive adhesion coeffi cient of the tire is found as

 
ϕ ϕ ϕ= +ϕ ×

= −
0 1ϕ+ 0

0 0 75 0 95 15

( )ϕ ϕ− ϕϕ 0

. (95 + . .75 0 ) .9× %

Ssa

== 0 9317.

 (3.16.5)

Therefore, the longitudinal adhesion coeffi cient of the tire is

 

ϕ ϕ

ϕ α
α

x
s

s

S
S

⋅ϕ

= ϕ

= × °c×. os0 9317 3 5. 2

= 0 9299.

 (3.16.6)
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114 Road Vehicle Dynamics

The lateral adhesion coeffi cient of the tire is

ϕ ϕ

ϕ α

α

α
y

s

S
S

⋅ϕ

= ϕ

= × °

i

s×. in0 9317 3 5. 2

= 0 0572.

 (3.16.7)

The critical point of rolling and slip in the contact patch is

S
F

K S K Sn
zFF s sS= ( ) + ( )

=
×( ) +

1
3

79981 7

2 2( )
2

ϕ α αS

. %14 6583666 5

3 0 9317 4000

0 6118

2
×( )

×0 9317

=

. %71

.

.

 (3.16.8)

The slip critical point is

S
Ksc

z

s

= = × × =3 3FzFF 0 9317 4000
79981

0 1398
ϕ .

.  (3.16.9)

The cornering critical point is

S
K
K

S Sac
s

sc s= S

= −

α

2 2S

279 981
65 836

0 1398 0
,
,

. .1398 0 071400

0 1460

2

= .

 (3.16.10)

For Ss < Sc, Sa < Sac,

Set ln = 1 – Sn = 1 – 0.6118 = 0.3882

Thus, the longitudinal force between the tire and the road surface is

 

F K S l F lx sFF s nl x zFF n nl+K S lsK nl +ln(( )
= ×

2l2 F+ l( 31 3 2

79 981 7 14

ϕ

, .×981 7 % 0× 00 3882

0 9299 4000 1 3 0 3882 2 0

2

2

.

. .9299 4000 1 3 0+ ×0 9299.9299 × 11 × +0 38822.0 ..

.

3882

3333 8

3( )
= N

 (3.16.11)

The lateral force between the tire and the road surface is 

 

F K S l F ly aFF a n y zFF n nl+K S laK nl +ln(( )
= ×

2l2 F+ l( 33 2

65836 5 0×

ϕ

. %71 .3388233 0 0572

4000 1 3 0 3882 2 0 3

2

2

+

× ×4000 ×3 + 2

.

. .3882 2 0+ 2 88288

719 1

3( )
= . N1

 (3.16.12)
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The self-aligning moment is
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Chapter 4

Ride Dynamics

PROBLEM 4.1

Describe the factors that infl uence ride quality.

Solution to Problem 4.1

Ride quality is about passengers’ comfort while sitting in a vehicle under a vibration 
environment. Various vibration sources pass through the structure of the vehicle and 
transfer to the passengers (receivers), as shown in Figure P4.1. Thus, the factors that 
infl uence ride quality come from two sources: (1) vibration sources, and (2) transfer 
paths.

Passengers 
(Receivers)Transfer Path

Vibration 
Sources

Passengers 
(Receivers)Transfer Path

Vibration 
Sources

These sources include outside and internal sources. Primary outside sources are road 
vibration and wind-induced vibration, but the contribution to ride quality from wind is 
insignifi cant compared with road input. Road excitation depends on an uneven profi le 
of the road and the speed at which the vehicle is traveling. The internal sources come 
from the engine and other systems connected to the engine, such as the exhaust system 
and the driveline system. These internal sources depend on the speed of the engine.

The paths refer to the vehicle body structure, the suspension, and the seat. Road vibra-
tion is transferred to the vehicle body through the suspension of the vehicle. Internal 
vibration is transferred to the body directly or through the frame or subframe of the 
vehicle. Ultimately, all vibration is transferred to the passengers through the seats of 
the vehicle.

Figure P4.1 Sources of 
factors that infl uence ride 
quality.
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118 Road Vehicle Dynamics

PROBLEM 4.2

Explain why the fi ring pulsation is the most important engine excitation. List the fi ring 
order for four-, six-, eight-, and twelve-cylinder engines, respectively.

Solution to Problem 4.2

Engine excitations include the fi ring pulsation and the inertia force (moment).

The working process of a four-stroke engine includes four steps: intake, compression, 
combustion (fi ring), and exhaust. Two cycles are necessary to complete an entire work-
ing process. In one cycle, only half of the “fi ring” occurs. For a four-cylinder engine, 
four “half-fi rings” (i.e., two complete fi rings) occur. The corresponding fi ring order is 
second order. The fi ring order for four-, six-, eight-, and twelve-cylinder engines is as 
follows:

 Engine Firing
 Cylinder Number Order

  4 Second

  6 Third

  8 Fourth

 12 Sixth

PROBLEM 4.3

Analyze the dominant orders caused by inertia force.

Solution to Problem 4.3

To analyze the dominant orders caused by inertia force and moment, we need to analyze the 
motion of the crank-rod mechanism. Figure P4.2 shows a simplifi ed crank-rod structure. 
Translational motion of the piston is transformed to rotational motion of the crankshaft.

x

l

r

x

l

r

φ

θ
ω

The displacement of the piston can be expressed as

x l= r cosθ φl+ cl+ os  (4.3.1)

From Figure 4.2, we obtain

l rsin iφ θr sr in  (4.3.2)

Figure P4.2 Crankshaft-
rod structure.
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 Ride Dynamics 119

Assume

λ = r
l  

(4.3.3)

Substitute Eqs. 4.4.2 and 4.4.3 into Eq. 4.4.1 to obtain

x = r cos sinθ λθ λl+ l+ − θ2 2sin  (4.3.4)

Differentiate Eq. 4.4.4 to obtain the acceleration of the piston as

��x ( ){
+ −

−
ω θr{ λ λ( θθ)
λ λ

2 2+ ({ θr{ λ λ( 2
1 2

3

θ)2λ 2

8
1

s+θ λ λ(+θ λ− 2λ i

2 222
3 2

sin2 ( θ4θθ 1 c1 os(( ) ( )⎫⎬⎫⎫⎬⎬⎫⎫⎫⎫
⎭
⎬⎬

−

 

(4.3.5)

where ω θd dθ t  is the angular speed of the crankshaft.

Usually, λ ≤ 0 35. Therefore, 
λ3

8
0≈  and 1 12 2( )λ θ2 2 . Equation 4.4.5 can be 

simplifi ed as

��x { }+ω r{2 + (4.3.6)

Thus, the inertia force of the piston is obtained as

F mxmm

= m { }+

= m

��

ω r{
ω θr ω λ

2

2 2+θr ω 2

+

cm+θ ω λrrm+ os θθ  

(4.3.7)

In Eq. 4.4.7, only two items are found. One is F m r1FF 2= ωm θcos , and the other is
F m r2FF 2= ωm λ θrr 2 . F1 contains only cosθ; thus, it is the fi rst-order force. F2 contains 
only cos2θ; thus, it is the second-order force.

PROBLEM 4.4

For a four-cylinder engine, the powerplant weight is 220 kg, and the idle speed is 700 rpm. 
Assume that the powerplant is supported uniformly by three mounts. The rate of the 
mounts is the same. What is the practical stiffness range for the mounting system?

Solution to Problem 4.4

The fi ring order for a four-cylinder engine is second order. The fi ring frequency at an 
idle speed of 700 rpm is

f Hzfiff ring
700
60

3.3

The fi ring frequency is the excitation frequency. According to Eq. 4.26 in the textbook, 
the powerplant roll mode frequency must be satisfi ed as

f
f f

roff ll
fiff ring fiff ring=
2 3

~
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120 Road Vehicle Dynamics

Hence, froll should be between 7.77 and 11.65 Hz. Here, 11.65 Hz is the maximum roll 
mode frequency. Thus, the total maximum stiffness of the mounts should be

K M

M f= ( )
= ( )
≈

ω

π

2

2

2
220 2 3 11 65

1 1

* *(2 . *14 .

, 91799, /000 m/

The stiffness of each mount is 

K 3 393 000= , N000 /mNN

To satisfy the isolation requirement, the mount should be designed softer than the cal-
culated stiffness.

PROBLEM 4.5

A vehicle has a six-cylinder engine, and its body response is measured. The response 
spectrum is dominated mainly by second order and third order when the vehicle travels 
at wide open throttle (WOT) condition. Explain the vibration sources to the body 
response.

Solution to Problem 4.5

The fi ring order of a six-cylinder engine is third order. Usually, the fi ring order and its 
harmonic orders are dominant for vehicle vibration. In this instance, the measured data 
showed that the second order and the third order were dominant. The third order defi -
nitely is from the engine fi ring force and moment. The second order has no relation to 
the engine fi ring forces.

As was introduced in Problem 4.3, the powerplant inertia force has components of two 
orders: fi rst order and second order. By the same analysis method as is used for inertia 
force, the powerplant inertia moment contains only fi rst-order and second-order compo-
nents. Thus, the second-order excitation measured in this problem is from the powerplant 
inertia force and inertia moment.

PROBLEM 4.6

The idle speed for a four-cylinder engine is 600 rpm. Determine the natural frequency 
of the powerplant roll mode.

Solution to Problem 4.6

The idle speed of 600 rpm is the lowest engine speed. The fi ring frequency for a four-
cylinder engine running at 600 rpm is

f Hzfiff ring
600
60

0
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 Ride Dynamics 121

According to design requirements, the ratio between the fi ring frequency and the roll 
mode frequency must satisfy the requirement of

f
f f

roff ll
fiff ring fiff ring=
2 3

~

Thus, the corresponding roll mode frequency is

f
f f

Hzroff ll
fiff ring fiff ring= =g =
2 3

20
2

20
30

10 6 67~ ~g =g ~ .6

The natural frequency of the powerplant roll mode should be between 6.67 and 
10 Hz.

PROBLEM 4.7

Plot the relation among engine speed, frequency, and order from fi rst order to fourth 
order at increments of one-half order.

Solution to Problem 4.7

The relation among engine speed, fi ring frequency, and order is given by Eq. 4.21 in the 
textbook. Assume that the engine speed is 1000 to 6000 rpm. The relation of the three 
parameters can be listed as

rpm 1st Order
1.5th 

Order 2nd Order
2.5th 

Order 3rd Order
3.5th 

Order 4th Order

1000 16.7 25 33.3 41.7 50 58.3 66.7

2000 33.3 50 66.7 83.3 100 116.7 133.3

3000 50 75 100 125 150 175 200

4000 66.7 100 133.3 166.7 200 233.3 266.7

5000 83.3 125 166.67 208.3 250 291.7 333.3

6000 100 150 200 250 300 350 400

The relation is plotted in Figure P4.3.
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Figure P4.3 Plot of the 
relation among engine 
speed, fi ring frequency, 
and order.
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122 Road Vehicle Dynamics

PROBLEM 4.8

For a V-8 engine, the maximum engine speed is 6500 rpm. Determine the minimal 
exhaust hanger bracket frequency.

Solution to Problem 4.8

The exhaust hanger bracket frequency is determined by Eq. 4.41 in the textbook. For 
the V-8 engine and maximum engine speed 650 rpm, the minimal hanger bracket fre-
quency should be

f Hzminff
*6500 8

120
433

PROBLEM 4.9

The driveshaft maximum imbalance force must be controlled to less than 50 N. The 
maximum shaft speed is 3500 rpm. Determine the static balance of the system.

Solution to Problem 4.9

The static balance is defi ned as the product of imbalance mass, m, and the distance 
from the imbalance mass to the shaft rotation center, r, expressed by Istatic = mr.

The driveshaft imbalance force, Fimbalance, is expressed as

F IimbFF alance statica= ωIstaticaa
2

The rotation frequency that corresponds to the maximum shaft speed of 3500 rpm 
is

ω π =2ππ 3
3500
60

366 5f *2= . *14 . r5 adrr /sdd

The system static balance should be

I
F

staticaa
imbFF alance=

=

=

ω2

2

50

366 5
3

.
.. *

.

722 10

37 2

4−44 −
= 37 2

kg m

g c− m

PROBLEM 4.10

If only a disturbance force fb is applied on the axle (unsprung mass) and other inputs 
are neglected, as is shown in Figure P4.4, what is the transmissibility between the body 
response and the disturbed force?
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 Ride Dynamics 123

C

Kt

Ks

M

m

z

zu

fb

Solution to Problem 4.10

The dynamic equations for the system can be written as

Mz Cz K z K Czs sz u uCz�� K K C+ +Cz = +K zsK u (4.10.8)

mz C K K z K z Cz fu uC s tK u s bff�� K K K C+ +CzuCz ( ) K zsK  (4.10.9)

The displacement solutions and the force excitation can be assumed as

z Ze

z Z e

f F e

j t

u uZ j t

b bf Ff F j t

(4.10.10)

Substitute Eq. 4.10.10 into Eqs. 4.10.8 and 4.10.9 to obtain

K M jC Z K jC Zs sj Z u+MM( ) +KsK(( )ωjCjC+ ω2 (4.10.11)

K K m jC Z K jC Z Fs t sKu bFF−KtK( ) KK= (( ) +ωjC ω2

 
(4.10.12)

Through substitution of Eq. 4.10.11 into Eq. 4.10.12, the transmissibility between the 
body response and the disturbed force can be determined as

Z
F

K jC

K K m j K jC K j CbFF
s

s t s sj K
=

( )
−KtK( ) − MM( ) +KsK((

ω

ωjC jCjC2 2jC K M) M(jC ))2

 

(4.10.13)

PROBLEM 4.11

Calculate the natural frequencies and the modal shapes of the quarter model shown in 
Figure 4.28 in the textbook with the following data:

Sprung mass:  M = 1800 kg

Unsprung mass:  m = 180 kg

Sprung stiffness:  Ks = 80,000 N/m

Tire stiffness:  Kt = 750,000 N/m

Figure P4.4 Disturbance 
force applied on the axle.
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124 Road Vehicle Dynamics

Solution to Problem 4.11

The sprung mass system natural frequency is

ωs
sK

M
≈ = =80000

1800
6 67. r67 adrr /sdd

and

f Hzsff sω
π2

06

According to Eq. 4.55 in the textbook, the natural frequencies of the quarter model are 
expressed as

ω ω
1 1ω0 95 0ωω 95 67 6 34ωω =16 34ωω * 6s f11rad/s andaa 11

2
1 01

π
= . H01 z

ω ω ω
π2 2ω 210 10 67 66 7

2
=ωω 66s * 6 r77 adr /sd and 1

ω
2

2=2 =f22 1011 62. H62 z

According to Eq. 4.56 in the textbook, the fi rst and second modal shapes are obtained as

First modal shape:

Z
Zu

s

s

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= = =
1

2

2
1
2

2

2 2

6 67

6 67 6−2 34
10 36

ω
ω ωs −2 . .67 6

.

Second modal shape:

Z
Zu

s

s

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= = = −
2

2

2
2
2

2

2 2

6 67

6 67 6−2 6 7
0 01

ω
ω ωs −2 . .67 66

The modal shapes are the same as Figure 4.29 in the textbook and are replotted in 
Figure P4.5.

)b()a(

10

1

1

100

PROBLEM 4.12

Calculate the pure bounce and pitch frequencies and their oscillation centers for a 
vehicle with the following characteristics.

Front ride rate: kf = 32,000 N/m

Rear ride rate: kr = 38,000 N/m

Figure P4.5 (a) First 
mode, and (b) second 
mode.
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 Ride Dynamics 125

Sprung mass: M = 1400 kg

Radius of gyration: ry = 1.1 m

Distance between the front axle and the vehicle CG: l1 = 1.3 m

Distance between the rear axle and the vehicle CG: l2 = 1.7 m

Solution to Problem 4.12

According to Eqs. 4.76, 4.77, and 4.78 in the textbook, the parameters A1, A2, and A3 
are calculated as

A
k k

M
f rk

1
32000 38000

1400
50= = + =

A
k l k l

M
f l k

2
1 2lrk 32000 3 38000 7

1400
16 43= − = − = −* .1 * .1

.

A
k l k l

I
k l k l

Mr
f rl k

y

f rl k

yrr
3

2
2
2 2

2
2

2

232000 3 380= + = + = +* .1 0000 7

1400 1
96 75

2

2

* .1

* .1
.=

The pure bounce frequency, fnz, is

f
A

Hznzff nz= = = =ω
π π π2 2π

50
2

1 131 .

The pure pitch frequency, fnθ, is

f
A

nff n
θ

θω
π π π

= = = =
2 2π

96 75
2

1 53 .
. H57 z

Usually, the bounce and pitch modes are coupled to each other. The natural frequencies 
of the system can be obtained by Eqs. 4.88 and 4.89 in the textbook as

ωn
y

A A
A A

A

ry
1

2 1 3A
1 3A

2 2
2

22
1
4

50 96 75
2

= A− ( ) +

= + . − −−− ( ) +
−( )

=

1
4

50 96 75
16 43

1 1
45 64

2
2

2
.

.

.
.

ωn
y

A A
A A

A

ry
2

2 1 3A
1 3A

2 2
2

22
1
4

50 96 75

= + A( ) +

= + .
22

1
4

50 96 75
16 43

1 1
101 11

2
2

2
−50+ ( ) +

−( )

=

.
.

.
.
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126 Road Vehicle Dynamics

According to Eq. 4.92 in the textbook, the bounce oscillation center, Lc1, is

L
A

A
c

n
1

2

1
2

1

16 43
45 64 50

3 77=
−

= −
−

=
ω

.
.

. m77

According to Eq. 4.93 in the textbook, the pitch oscillation center, Lc2, is

L
A

Ac
n

2
2

2
2

1

16 43
101 11 50

0 32=
−

= −
−

= −
ω

m
.

.

The bounce oscillation center is on the rear and is 3.77 meters from the center of grav-
ity (CG) of the vehicle. The pitch oscillation center is within the wheelbase and is 
0.32 meter in front of the vehicle CG.

PROBLEM 4.13

A vehicle can be simplifi ed as a fi ve-degrees-of-freedom model, as shown in Fig-
ure P4.6. Establish the dynamic equation of the model.

m1

m2 m3

m, I

k1 c1

k2 c2 k3 c3

k4 c4 k5 c5

x1

x4

3x2x

u1
u1

L1 L2

L3

F

m1

m2 m3

m, I

k1 c1

k2 c2 k3 c3

k4 c4 k5 c5

x1

x4

3x2x

u1
u1

L1 L2

L3

m1m1

m2m2 m3m3

m, Im, I

k1 c1

k2 c2 k3 c3

k4 c4 k5 c5

x1

x4

3x2x

u1
u1

L1 L2

L3

F

θ

Solution to Problem 4.13

The vehicle has fi ve degrees of freedom. The dynamic equation can be established by 
the Newton method or the Lagrange method. According to the Newton method, the 
dynamic equations are

m x c x x l k l1 1x 1 1x 4 3l 1 1 4 3�� � �= − − x( )⎡
⎣

⎤
⎦ ( )⎡⎣ ⎤⎦⎤⎤θx l4 3lx1x −x (k1θ)⎤⎦⎤⎤ − k

m x c x x l k l2 2x 2 2x 4 1l 2 2 4 1�� � �= − − x( )⎡
⎣

⎤
⎦ ( )⎡⎣ ⎤⎦⎤⎤ −θx l4 1lx2x −x (k2θ)⎤⎦⎤⎤ − k c xcc u k x u2x4 1 4k 2 1u� −( ) xk ( )

m x c x x l k l3 3x 3 3x 3 2l 3 3 4 2�� � �= − − x( )⎡
⎣

⎤
⎦ ( )⎡⎣ ⎤⎦⎤⎤ −θx l4 2lx3x −x (k3θ)⎤⎦⎤⎤ − k c xcc u k x u3x5 1 5k 3 1u� −( ) xk ( )

m x c x l x k l x4 4x 1 4x 3 1 1 4 3 1x�� � �= − +( ))⎡
⎣

⎤
⎦ (( )⎡⎣ ⎤⎦⎤⎤l4 3+x4xk1x1x ⎤
⎦
⎤⎤ − k

− +( )⎡
⎣

⎤
⎦ ( )c l x) k ( l x) −4(2 ⎣ x(⎣ 1 2) 2 4( 1� � θ+( l4(⎤
⎦
⎤⎤ −x) − k2) x) 2 1 22

3 4 2 3 3 4 2

⎡⎣ ⎤⎦⎤⎤

− −(( ))⎡
⎣

⎤
⎦xc3 (⎡⎡⎡ l2 ) k l� � θ3 4 23
⎤
⎦
⎤⎤ − −x) − k x3k x l θθθ( ) −⎡⎣ ⎤⎦⎤⎤x3

Figure P4.6 A fi ve-
degrees-of-freedom 
simplifi ed vehicle model.
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I l��θ { }l x k x l x�θx lc θxc ( ) −⎡
⎣

⎤
⎦ x+ k ( ) −⎡⎣ ⎤⎦x(⎣ x(⎣ xθ) 3

− { }+( )⎡
⎣

⎤
⎦ ( )⎡⎣ ⎤c l x) k (⎡ l x) −2 4(⎣ x(⎣ 1 2) 4(2 ⎣ 1 2) x)� � +⎤
⎦
⎤⎤ +x) − k (⎡ l2) x) 4(2 ⎣ 1 ⎦⎦⎤⎤⎤⎤

−

l1

l2l{ }−( )⎡
⎣

⎤
⎦ ( ) −c x(⎡⎡⎡ l x) k ( l3 4(⎣ x(⎡

⎣
⎡⎡

2 3) 4(3 2� � θ−( l⎤
⎦
⎤⎤ +x) − k3) x) 4(3 2 xxx3⎡⎣ ⎤⎦

The above equation can be written in matrix format. Then the modal frequencies and 
the modal shapes can be obtained.

PROBLEM 4.14

Describe the methods used to evaluate ride quality, and compare their advantages and 
disadvantages.

Solution to Problem 4.14

Ride quality evaluation can be divided into subjective evaluation and objective evalua-
tion. In objective evaluation, two major methods are used: (1) single value evaluation, 
and (2) spectrum evaluation. Figure P4.7 shows the categories.

Ride Quality Evaluation

Subjective 
Evaluation

Objective 
Evaluation

Single Value Vibration 
Spectrum

Ride Quality Evaluation

Subjective 
Evaluation

Objective 
Evaluation

Single Value Vibration 
Spectrum

With subjective evaluation, trained people rate the ride quality according to their driv-
ing experience. The vehicle evaluation rating (VER) is divided into 10 levels, as shown 
in Figure P4.8. The VER number “1” means that the ride quality is very poor and that 
all passengers fi nd it unacceptable. The number “10” means that the ride quality is 
excellent and that all passengers cannot feel vibrations in the vehicle. Among the 10 
numbers, the higher numbers indicate better ride quality. Subjective evaluation is sim-
ple and fast and relates directly to passengers. However, the rating varies from passen-
ger to passenger and from time to time.

Objective evaluation means that the seats’ and/or the passengers’ vibrations are recorded 
by testing or simulation. The data will be used for ride quality evaluation. Two methods 
are used in objective evaluation: (1) single value, and (2) vibration spectrum. The sin-
gle value method means that ride quality is evaluated by a single value, including 
SEAT (Seat Effective Amplitude Transmissibility), RMS (root mean square), and VDV 
(vibration dose value). Vibration magnitude and frequency are considered and then are 
weighted in a single value. SEAT is used to evaluate seat ride quality but not to directly 
evaluate human body ride quality. RMS and VDV values can be used to evaluate human 
body ride quality. The RMS value is good for smooth vibration but is not suitable for 
road profi les with high crest factors. The VDV value is a good evaluation method for 
high crest factor vibration. The single value method is simple and instinctive for ride 
quality evaluation. However, the vibration at each frequency range cannot be obtained. 

Figure P4.7 Categories of 
ride quality evaluation.
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128 Road Vehicle Dynamics

To understand vibration over the full range of frequency, the spectrum method must be 
used. Usually, the acceleration spectrum and the velocity spectrum are used. For a 
given number of engine revolutions per minute, the spectrum depends on the frequency, 
but velocity is used more often than acceleration.

RG Rating
Scale

Refinement

Condition
Noted By:

All
customers

Average customer Critical customer Trained observer
Not

perceptible

Not
noticeable

109

ACCEPTABLE
BORDERLINE
ACCEPTABLE

UNACCEPTABLE

87654321

Not acceptable
Objection-

able

Requires
improve-

ment
Medium Light

Very
light

Trace

PROBLEM 4.15

If the SEAT values are 30% and 130%, what are the meanings of the two values?

Solution to Problem 4.15

The SEAT value is a single value used to evaluate the quality of a seat ride. The seat 
response spectrum, the seat track spectrum, and a weighted frequency function are 
used to calculate the SEAT value. The 30% SEAT value means that the vibration on 
the seat butt is only 30% of that on the seat track. Thus, the vibration is reduced 
through the seat. The 130% value means that the vibration on the seat butt is 130% of 
that on the seat track, which means that the vibration is amplifi ed through the seat.

PROBLEM 4.16

Describe the differences among passive control, semi-active control, and active con-
trol. Use the engine mount to describe the problem.

Solution to Problem 4.16

Passive control use properties of structure and materials. No extra energy and mecha-
nisms are used in this type of control. For example, a rubber mount is a passive mount. 
The mount uses only the elastic properties of the material and structure to achieve the 
goal of vibration control.

Active control uses extra energy and control mechanisms in addition to the passive 
control structure. For example, Figure P4.9 shows an active engine mount. This mount 
consists of three parts: (1) a traditional hydraulic mount (passive mount), (2) an elec-
tromagnetic actuator, and (3) a load sensor. The load sensor measures system response 
and provides signal to a control system. The control system sends a command to the 
actuator that provides control force to the system.

A semi-active mount uses a control system based on a passive mount. Usually, the 
control system provides a current or a magnetic fi eld to the liquid inside the mount to 
change the properties of the mount. But no extra energy system is found in a semi-
active mount.

Figure P4.8 Vehicle 
evaluation rating (VER).
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FluidHydraulic mount

Electromagnetic
actuator

Load sensor

Orifice

Movable plate

Coil

Yoke

Permanent magnet

Rubber spring

PROBLEM 4.17

Both the RMS value and the VDV value can be used to describe ride quality. Describe 
their common traits and differences.

Solution to Problem 4.17

The RMS, which is the root mean square, is defi ned as

a
T

a t dtw wT
a

T
= ( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦∫1 2

0∫∫
1 2

The VDV, which is the vibration dose value, is defi ned as

VDV a t dtwt

t T
= ( )⎡

⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦=∫t

4

0

1 4

The commonalities between the RMS and the VDV are that both use a single value for 
ride quality evaluation, and both measured accelerations are weighted.

Their differences are that the RMS averages acceleration, whereas the VDV does not. 
Thus, the RMS can be used for smooth vibration data but cannot be used for cases in 
which the crest factors are higher than 9. Because the VDV is not averaged, the value 
can be used for cases with high crest factors.

PROBLEM 4.18

At a certain level of engine revolutions per minute, the seat track vibration varies with 
the frequency. The seat track vibration is measured easily by an accelerometer. Why is 
velocity usually used to evaluate seat track vibration, instead of acceleration?

Solution to Problem 4.18

From human body sensitivity to the vibration curves in Figure 4.44, it is known that the 
most highly sensitive frequency range is from 4 to 8 Hz. Above 8 Hz, the sensitivity is 
an upward straight line (i.e., the sensitivity increases as the frequency increases). If the 

Figure P4.9 Active engine 
mount.
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130 Road Vehicle Dynamics

acceleration is integrated in the frequency domain, the corresponding velocity can be 
obtained as

v f a f df
a f

j f
( ) = ( ) =

( )
∫

The acceleration and velocity curves are plotted in Figure P4.10. Above 8 Hz, the 
velocity is a fl at straight line.

Frequency (Hz)8 Hz

acceleration

velocity

Frequency (Hz)8 Hz

acceleration

velocity

In vehicle vibration analysis, the concerned vibration frequency range reaches up to 
100 Hz. The frequencies of most vibration sources are higher than 8 Hz. After velocity 
is used, the velocity can be compared by different fl at straight lines. This is much more 
convenient for comparing the level of vehicle vibration and is the reason why velocity 
usually is used.

Figure P4.10 Acceleration 
and velocity curves.
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Chapter 5

Vehicle Rollover 

Analysis

PROBLEM 5.1

What are the reasons that cause vehicle rollover to occur?

Solution to Problem 5.1

By defi nition, rollover occurs as a vehicle rotates 90° or more around its longitudinal 
axis. If the center of gravity (CG) of an inclined vehicle exceeds its stable point, roll-
over will occur. Three factors infl uence rollover: (1) the vehicle, (2) the environment, 
and (3) the occupant.

Vehicle structure and parameters are very important in rollover. The CG height of the 
vehicle and the tire tread width determine the steady static rollover threshold. A fl exible 
tire and suspension reduce the rollover threshold. Many other vehicle factors infl uence 
rollover stability.

The environment refers to the condition of the road. Rollover can occur on any kind of 
road, such as a smooth and fl at road, a rough road, or a cross-slope road. Rollover can 
be divided into two categories: (1) tripped and (2) untripped. A tripped rollover is 
caused by a vehicle hitting against an obstacle. An untripped rollover is caused by 
excessive lateral acceleration.

The occupant refers to drivers who have bad driving habits, such as severe steering or 
falling sleep at the wheel.

In vehicle rollover analysis and design, the reasons that rollover occurs are focused on 
vehicle parameters and structures.
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132 Road Vehicle Dynamics

PROBLEM 5.2

Why is rollover analysis important?  What are the major research fi elds of rollover?

Solution to Problem 5.2

Rollover is involved in only a small percentage of the overall number of vehicle acci-
dents. However, rollover occupies a higher percentage of fatalities and incapacity in 
accidents. Rollover can eject occupants from a vehicle through a window and can cause 
occupants to impact the interior structure of the vehicle. Hence, it is very important to 
understand the mechanisms of rollover, vehicle structure, safety prevention systems, 
and so forth.

Rollover research focuses on three fi elds: (1) the mechanism of vehicle rollover, 
(2) the detection and prevention of rollover, and (3) occupant protection. Research 
on vehicle rollover mechanisms includes analyzing the vehicle parameters during 
rollover, building and analyzing rollover models, and so forth. Detection and pre-
vention of rollover include installation of effi cient and prompt rollover detection 
sensors and provision of a rollover control system. Occupant protection includes 
analyzing the occupants’ rollover models, rollover crash scenarios, head excursions, 
and time histories.

PROBLEM 5.3

How many metrics are needed to describe the steady static state rollover? Please explain 
the differences among these metrics.

Solution to Problem 5.3

The steady static state means that the roll velocity and acceleration are neglected and 
only the lateral acceleration is considered at rollover incipient. Three metrics typically 
are used to describe a steady-state rollover, as follows:

• Static stability factor (SSF)

• Tilt table ratio (TTR)

• Side pull ratio (SPR)

The static stability factor (SSF) is defi ned as a nondimensional acceleration, 
a

g
d
h

y =
2

, 

as the rollover threshold. The rollover threshold depends on only two basic vehicle 
parameters: the CG height, h, and the tread width, d. This method is simple and pro-
vides a useful metric by which to study rollover propensity. However, the metric over-
estimates the actual static rollover threshold of real vehicles because many factors are 
neglected, such as the defl ection of tires and the suspension.

The tilt table ratio (TTR) is based on putting a vehicle on a slope table with slope angle 
φ and is expressed as

TTR
a
g
s= = tanaa φ
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 Vehicle Rollover Analysis 133

The TTR depends on only the table slope angle; hence the method is simple and safe. 
However, this method cannot provide a real vehicle rollover threshold that can be used 
only for comparison of rollover propensity among vehicles.

Similar to the TTR, the side pull ratio (SPR) is based on putting a vehicle on a fl at table 
and is expressed as

SPR
F

mg
pFF

=

The SPR uses the proper magnitude of vertical weight and lateral load applied on the 
vehicle; hence, it is more accurate than the SSF and TTR at the beginning of rollover. 
However, the pull force is concentrated on a single point, and the CG height of the 
vehicle always changes.

PROBLEM 5.4

A vehicle weighs 6000 kg, and the tire radial stiffness is 400,000 N/m. At the moment 
when rollover occurs, what is the tire defl ection of the inside tire and the outside 
tire?

Solution to Problem 5.4

At the moment rollover occurs, the inside tire loses contact with the ground surface. 
Therefore, that tire is not subjected to vehicle load. The defl ection of the inside tire is 
zero. All the weight of the vehicle is placed on the outside tire. The defl ection of the 
outside tire is

Δoutside
outsideFo

K
mg
K

m= = = =6000 8
400000

0 147
* .9

.

PROBLEM 5.5

A vehicle weighs 3500 kg. The CG height of the vehicle is 1.0 m, and the tread width 
is 1.9 m. If the rotational angle caused by the tire defl ection of the vehicle at the moment 
rollover occurs is 8°, calculate the radial stiffness of the tire.

Solution to Problem 5.5

The rotational angle at rollover incipient caused by tire defl ection is

θ1 2
= =ΔrΔΔ

d
mg

dKtirerr

Thus, the stiffness of the tire is

K
mg
dtirerr = = ≈
θ1

3500 8

1 8
3 14
180

129 000
* .9

. *9 *
, N000 /mNN
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134 Road Vehicle Dynamics

PROBLEM 5.6

A truck weighs 15,000 kg. The roll center height of the truck is 0.6 m, and the CG 
height of the body is 1.7 m. Determine the minimal suspension roll stiffness.

Solution to Problem 5.6

According to Eq. 5.21 in the textbook, the minimal linear stiffness of each suspension 
spring is

K
mgh

b
= 2 2

2

The suspension roll stiffness is

K
b

Kθ2

2

2
=

Substitute K into the above equation to obtain

K mghθ2 2 15 9 1 7 0 6 161 00=mgh2 −( ) =, *000 . *8 . .7 0 , N700 m/radrr

PROBLEM 5.7

A vehicle weighs 16,000 kg. The tread width of the tires is 2.2 m, and the CG height of 
the body is h = 1.8 m. The suspension is assumed to be a rigid body. The radial stiffness 
of one tire is 1,000,000 N/m. Calculate the lateral acceleration and the rotation angle 
when rollover occurs.

Solution to Problem 5.7

The tire dimensional stiffness is

K
K

mg dtirerr
tirerr* , ,

, * .
.= = =1 000 000

16 9 8. 2 2.
14 03

The rotational angle is

θ1
01 1

14 03
180
3 14

4 1R

tirerrK
= = =

* .
* .

The lateral acceleration is

a
d

h
gy

R−=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

2

2 2

2 8

1

14 03
8

1θ

.

* .1 .
* .9

m/s= 5 40 2
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 Vehicle Rollover Analysis 135

PROBLEM 5.8

A vehicle weighs 16,000 kg. The tread width of the tires is 2.2 m. The roll center height 
is 0.8 m, and the CG height of the body is 1.8 m. The distance between the two suspen-
sion springs is 1.9 m. Assume that the tire is rigid. To avoid a rotational angle caused 
by a suspension roll moment larger than 15°, calculate the minimal stiffness of the 
suspension. Also calculate the lateral acceleration when rollover occurs.

Solution to Problem 5.8

By Eq. 5.13 in the textbook, the rollover threshold is

a

g
d
h

h
h

y = −
2 1

2
2θ θh−1

2

The rollover threshold also can be expressed as Eq. 5.28 as

a

g
d
h K

d
h h

h

y

tirerr

= − −
( )2

1
2

1

1K1
h −K+ (

2
2

*
*
θ

When the two previous equations are compared, the rotational angle of the body is

θ
θ

2
2

2

2
1

1 1
2

=
θ( )

d
h h

h
*

Therefore, the minimal dimension-less roll stiffness is

K
d

h

h

hθ θ2 2

2 2

2 8 15 3 14 180

0 8
2

1*

.

* .1 * *15 .

= +

= ( ) +
1 811

2 78=

The corresponding roll stiffness is

K mgh Kθ θmgh K
2 2θg

16 9 1 8 0 8 78−1 89= 16 ( )
*

,000 *000000 .8 *88 . .8 0 * .2

Nm/radrr≈ 436 000,

The suspension stiffness is

K
b

K=

=

≈

2

2

1 9
000

241 000

2

2

2θ

N/m//

* ,436

,
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136 Road Vehicle Dynamics

The lateral acceleration when rollover occurs is

a
d
h

d
h h

h

gy −=
( )

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

=

2 2h
1

1 1
h

K −K+ (

2 2
2

2
2θ

*

.
* .**

.
* .

*
1 8.

2 2.
2 * 8

1

1
1 8.
1

2 7.2 78 1
−

2 7. 8+ ( )

⎡

⎣

⎢
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⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

g

= 0 466. g466

PROBLEM 5.9

A vehicle weighs 2000 kg. The tread width of the tires is 2 m. The roll center is 0.4 m, 
and the CG height of the body is 1.0 m. Assume that the tire is rigid. The distance 
between the two suspension springs is 1.8 m, and the spring stiffness is 30,000 N/m. 
Calculate the body roll angle caused by the fl exible suspension.

Solution to Problem 5.9

The roll stiffness of body suspension is

K
b

Kθ2

2

2

2
1 8

2
000

48 600

=

=

= Nm/radrr

* ,30

,

The dimension-less roll stiffness is

K
K

mghθ
θ

2

2

2

48 600

2000 8 0 0 4

*

,

* .9 * .1

=

=
−( )

= 4 13.

According to Problem 5.8, the rotational angle of the body is

θ
θ

2
2

2

2

1

1 1

2

2 0 0 4

1

1
1 0

1

2

=
θ( )

= ( ) +

d

h h

h
*

* .1( .
*

.0 000 4
13 1

0 27 15 5

( )
= °0 27 15 5

.
.4* (

.15.27 d,
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 Vehicle Rollover Analysis 137

PROBLEM 5.10

Compare the degrading contribution of a fl exible tire and a fl exible suspension to the 
rollover threshold. The vehicle weighs 8000 kg, and the tread width of the tire is 2.2 m. 
The roll center height is 0.6 m, and the CG height of the body is 1.4 m. The distance 
between the two suspension springs is 1.9 m. The tire stiffness is 600,000 N/m, and the 
suspension stiffness is 70,000 N/m.

Solution to Problem 5.10

The steady static rollover threshold is

a

g
d
h

y

s

⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠
= = =

2
2 2

2 4
0 786

.
* .1

.

The rollover threshold for a fl exible tire and suspension is

a

g
d
h

y R R= −
2 1 2θ θR −1

Here, θ1
R is the rollover threshold degrading that is caused by the fl exibility of the tire:

θ1 2

8 9 8
2 600 000

R

tirerr

r
d

mg
dK

=

=

=

Δrr

, *000
. *2 ,

rad, or 3.38°= 0 059.

The suspension roll dimension-less stiffness is

K
K

mgh

Kb

mgh

θ
θ

2

2

2

2

2

2

2

70 1 9

*

, *000

=

=

=
22

8 9 1 4 0 6

2 02

, *000 . *8 . .4 0−( )
=

Here, θ2
R is the rollover threshold degrading caused by the fl exibility of the suspension:

θ
θ

2

2

2
1

1 1

2 2
2 4

1

1
1 4

1 4 0

2

R d
h h

h

=
θ( )

=
+

−

*

.
* .1 .

. .4 0 66
2 02 1

0 282.

( )
= rad, or 16.16°
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138 Road Vehicle Dynamics

The normalized rollover threshold is

a

g
y

s

⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠
= − − =0 786 0 059 0 282 0 445. . .786 0 059 0 . r445 adrr

Figure P5.1 shows the infl uence of the tire stiffness and the suspension stiffness on the 
rollover threshold.

Rollover Threshold

0.786
0.059

0.282

0.727

0.445

The fl exible tire and suspension reduce the rollover threshold of a rigid body by 7.5% 
and 35.9%, respectively. In this problem, the suspension degrades the rollover thresh-
old to a greater extent than the tire does.

PROBLEM 5.11

A vehicle weighs 10,000 kg, and the tread width of the tires is 2.3 m. The roll center 
height is 0.7 m, and the CG height of the body is 1.5 m. The distance between the two 
suspension springs is 1.9 m. To control the rollover threshold within 65% of the static 
threshold, determine the tire and suspension stiffness.

Solution to Problem 5.11

The rollover threshold for a fl exible tire and suspension is

a

g
d
h

y R R= −
2 1 2θ θR −1

This problem states that the threshold should be 65% of that of the rigid body, that is,

a

g
d
h

d
h

y R R= − =
2

0
21 2θ θR −1 . *65

Thus,

θ1 2θ 0
2

0
2 3

2 5

R Rθ d
h

=θ2θRθ

=

. *35

. *35
* .1

rad= 0 27

From Chapter 4 titled “Ride Dynamics,” we know that the tire stiffness is much greater 
than that of the suspension, if it is assumed that K Ktirerr 9 .

Figure P5.1 Infl uence 
of tire stiffness and 
suspension stiffness on 
rollover threshold.
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Here, θ1
R, the rollover threshold degrading caused by the fl exibility of the tire, is

θ1 2
10 9 8

2 3
42 608R

tirerr tirerr tir

r
d

mg
dK K Ktirer

= = = =Δrr , *000 ,

eerrrr

Substituting

K
K

mgh
Kb
mghθ

θ
2

2

2

2

2

2* = =2

into

θ
θ

2

2

2
1

1 1
2

R d
h h

h

=
θ( )*

gives

θ2

2

2

2

2
1

1
2

1

2 3
2 5

1

1
1

R d
h h

h
Kb
mgh

=
−+

⎛

⎝

⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

+
* .1 .55

1 5 0 7
9 2

10 9 1 5 0 7
1

2

. .5 0
* .1

, *000 . *8 . .5 0− −( ) −
⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠

K

=
−−

0 77

4 10 0 8755. *3 .K

Therefore, we have

θ1 2θ
5

42 608 0 77

4 10 0 875
0 27R Rθ

tirerrK K
=θ2θRθ +

−
=−

, .608 0+
. *3 .

Substituting K Ktirerr 9  into the previous equation gives

42 608
9

0 77

4 10 0 875
0 27

5

, .608 0

. *3 .K K
+

−
=−

The suspension stiffness is K ≈ 100,000 N/mm.

The tire stiffness is Ktire = 9 K = 900,000 N · m.

PROBLEM 5.12

Compare the differences between the static rollover threshold and the dynamic rollover 
threshold.
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140 Road Vehicle Dynamics

Solution to Problem 5.12

Three steady static rollover thresholds are known: safety stability factor (SSF), tilt 
table ratio (TTR), and side pull ratio (SPR). For TTR and SPR, the vehicle is placed on 
tables. Rollover occurs by raising the table or by pulling the vehicle. The vehicle is in 
a “static” state. For SSF, rollover is caused by excessive lateral acceleration, and the 
vehicle is in a steady static state.

The dynamic rollover threshold can be described in four ways: dynamic stability index 
(DSI), rollover prevention energy reserve (RPER), rollover prevention metric (RPM), 
and critical sliding velocity (CSV). Included in these dynamic thresholds are rotational 
acceleration/velocity, lateral acceleration, kinetic energy, and potential energies.

In comparison of SSF

SSF
a

g
d
h

y= =y

2

with DSI,

DSI
a

g
I
mgh

y b= +y ��ϕ

it can be seen that DSI has one more term than SSF (i.e., I
mgh

b��ϕ ). In this term, rotational 

acceleration is included. The DSI also includes the lateral acceleration term and the 
rotational acceleration term; therefore, the lateral acceleration threshold of the DSI will 
be lower than that of the SSF. The SSF overestimates the rollover threshold, but the DSI 
is close to actual cases.

PROBLEM 5.13

A vehicle is simplifi ed as a box shown in Figure P5.2. The parameters are as follows: 
a = 1.6 m, d = 1.8 m, and the mass is 1500 kg. The center of gravity of the vehicle is 
located at O. Calculate the critical sliding velocity (CSV).

O
a

d

O

B

x

y

Solution to Problem 5.13

When the vehicle travels and impacts a hinge at point B, the linear kinetic energy 
will be transferred into the rotational kinetic energy. The moment of inertia around 

Figure P5.2 A vehicle 
simplifi ed as a box.
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 Vehicle Rollover Analysis 141

point B should be

I I I m
a d

m
a d

a d

B x y+IxI ++ m
⎛

⎝

⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

= a ++ m
⎛

2 2I+
2 2d

4 4d
2 2d

4 4

12 4 4⎝⎝

⎛⎛

⎝⎝⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

= + ++
⎛

⎝

⎛⎛

⎝⎝
⎞
⎠

1500
12

1 8 1 6 1500
1 6

4
1 8

4
4 4+ 1 6

2 21 8
. .+8 1 *

. .6 1
⎟⎟
⎞⎞⎞⎞
⎠⎠⎠⎠

= +
= −

516 2175

2691 2kg m

According to Eq. 5.52 in the textbook and with h d 2, the critical sliding velocity is

V
gI
mh

d
h

B= +g B ⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
⎛

⎝
⎜
⎛⎛

⎜⎝⎝

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
⎟⎟

=

2
1

2
1

2 8 2691
1500

2

* .9 *
* .** * .0 8.

1
1 8.

2 0* 8
1

4 7. 1

2

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
⎛

⎝
⎜
⎛⎛

⎜⎝⎝
⎜⎜

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
⎟⎟

= m/s

PROBLEM 5.14

Based on Problem 5.13, calculate the initial rotational velocity.

Solution to Problem 5.14

At the moment of impact, the momentum is conservative, that is,

mVh IB �ϕ0

Hence, the initial rotational velocity is

�ϕ0
1500 71 8

2691
2 1= = =mVh

IB

* .4 * .0
. r1 adrr /sdd

PROBLEM 5.15

Describe the passengers’ injury scenario in rollover accidents. Also describe the pur-
pose of rollover simulation and testing.

Solution to Problem 5.15

Fatalities and incapacity caused by rollover are found in a high percentage of vehicle 
accidents. Rollover injuries include two possibilities. One is that the occupants are 
ejected to the outside of the vehicle via windows because those occupants did not use 
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142 Road Vehicle Dynamics

their seatbelts. The seatbelt is one of the most important factors in saving lives in roll-
over accidents. The other is that the occupants who used their seatbelts are injured by 
coming into contact with interior structures of the vehicle.

Occupant safety can be analyzed by testing and by computer-aided engineering (CAE) 
simulation. The testing can be processed in test fi xtures. Both dummies and human 
volunteers are used for the testing. However, for testing with a high rollover rate, only 
dummies can be used. Occupants’ kinematics were measured by rotating the test fi x-
tures, and their motion can be recorded by cameras.

Computer-aided engineering simulation is a fast and cost-saving way to analyze roll-
over. Simulation models usually include both occupants and vehicle structures. Two 
kinds of models are known: fi nite element models, and multi-body facet models. The 
MADYMO (MAthematical DYnamic MOdels) model is the most popular rollover 
model. Occupants’ kinematics, contact forces, and many other parameters can be cal-
culated by using these models.

PROBLEM 5.16

Describe how an active rollover preventive system works.

Solution to Problem 5.16

A rollover preventive system includes two major parts: (1) a detection system, and 
(2) an anti-rollover control system, as shown in Figure P5.3. The functions of a sensing 
system are to accurately estimate the roll rate of the vehicle, the roll angle, the roll 
velocity and acceleration, and the lateral and vertical acceleration, as well as to provide 
timely and accurate command of the rollover control system. Detectors used in a detec-
tion system identify signals that are compared with a threshold. If the detected signals 
are close to the threshold, the signals will trigger a control system that provides anti-
rollover control to the vehicle.

Detection System
Criterion

Vs
Threshold

Anti-rollover 
Control System

Figure P5.3 Parts of a 
rollover preventive system.
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Chapter 6

Handling Dynamics

PROBLEM 6.1

Use Newton’s laws to derive a mathematical model of a vehicle similar to the bicycle 
model to describe the motion in the lateral direction. Simplify the model to be a steady-
state model, which means that the steering wheel angle is a constant.

Solution to Problem 6.1

Defi ne yaw velocity as r and the sideslip angle as � (see Road Vehicle Dynamics, by 
Dukkipati et al., SAE International, Warrendale, PA, ISBN 978-0-7680-1643-7). 
Denote that Fyf is the lateral force at the front axle, and Fyr is the lateral force at the rear 
axle, v is the forward velocity, R is the radius of the turn, δ is the steer angle at the front 
wheels (degrees), L is the wheelbase (meters), and Vx and Vy are the longitudinal and 
lateral components of the center of gravity (CG) velocity. If a constant longitudinal 
velocity of Vx = v is assumed, I is the moment of inertia of the vehicle about its yaw 
axis, m is the vehicle mass, and a and b are the distances of the front and rear axles 
from the CG, L = a + b. If we apply Newton’s second law (Eq. 1.44 in the book Road 
Vehicle Dynamics) at the center of gravity along the lateral directions, we obtain

F F R mvmmyrFF yfFyfFF cos sinδ βcmv= os β2 �  (6.1.1)

Considering the moment equilibrium at the CG, we obtain

F a Ir F byfFF yrFFcosδ = +�  (6.1.2)

and consider the relationship

F C

F C

yfFF f f

yrFF r r

α

α
 (6.1.3)
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144 Road Vehicle Dynamics

For small angles, after referring to Figure 6.7 in the book Road Vehicle Dynamics (see 
Road Vehicle Dynamics, by Dukkipati et al., SAE International, Warrendale, PA, ISBN 
978-0-7680-1643-7), we can write

sin

sin

cos

cos

β β
δ δ
α
δ

α β δ

α β

=
=

+β −

+β

1

1

f

r

a
r
v

b
r
v

(6.1.4)

By substituting the previous equations into Eq. 6.1.3, we get

 F C a
r
vyfFF fCf −

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

β δ+  (6.1.5)

 F C b
r
vyrFF r +Cr

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

β  (6.1.6)

By noting that �γ = v R, we obtain the following relationship among yaw angle, for-
ward velocity, and sideslip angle:

 
ψ β γ

β γ

+β

= βr �  (6.1.7)

Substituting Eqs. 6.1.5 through 6.1.7 into Eqs. 6.1.1 and 6.1.2 gives

 

C
r
v

r
v

r mvmmr fβ βb
r

Cfb C δ βa
r

mv β
⎛
⎝⎝⎝

⎞
⎠⎠⎠

CC
⎛
⎝⎝⎝

⎞
⎠⎠⎠

−βmv (( ) +� � ==

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− − +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=

0

0C a a
r
v

Ir C b b
r
vf r⎝⎜⎝⎝ ⎠⎟⎠⎠

a a Ir Cβ δ++ β�
 (6.1.8)

The previous set of equations is nonlinear. By assuming the forward velocity to be 
constant (namely, �v = 0), we can rearrange these equations as

r C
b
v

C
a
v

mv C C Cr fC f rC f− −C
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ ( ) =Cf+�β βv +mv δ 0 (6.1.9a)

�rI� r C
a
v

C
b
v

aCf rC r f r+C+ r f

⎛

⎝⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

+ ( ) =aC
2 2b

0δC b C ar fb C−C bbβ( ) − (6.1.9b)

If the forward velocity v, the cornering stiffness Cf  and Cr, and parameters a, b, m, and 
I are known, with given steer angle δ, the sideslip angle β, yaw rate, or velocity r can 
be calculated. 

 �β β
⎛
⎝⎝⎝

⎞
⎠⎠⎠

+ − −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+C C+
mv

C b C a

mv
r

C
mv

fC+ f rb C f
2

1 δδ  (6.1.10a)
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 Handling Dynamics 145

�r
C b C a

I
C b C a

I
C
I

r fb C b C f= −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+⎛

⎝⎝⎝
⎞
⎠⎠⎠

β δC a
I

r
C
I

r fb C f−
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

+
2 2C a+  (6.1.10b)

Or as a state equation, we have

PX QX RU� + =QX  (6.1.11)

where X is a state vector and U is the input vector.

X
r

U

P
m

I

Q

C C
v

C b Cr fC r fb C

=
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

= ⎡⎣⎡⎡ ⎤⎦⎤⎤

=
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

=

−CfC +

β

δ

aa
v

v

C b C a
v

C b C a
v

r fb C r fb C

+

− +C bb⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ +C bb

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

β
2 2C a+

⎥⎥
⎦⎦⎦⎦

⎥⎥⎥⎥

=

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

R

C
v

C a
I

f

f

(6.1.12)

By introducing the following parameters,

a
C C

mv

a
C b C a

mv

a
C b

r fC

r fb C

r

11

12 2

21

1

= −

= − − −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= − −−

= − +

=

=

C a
I

a
C b C a

Iv

b
C
mv

b
aC

I

f

r f+b C

f

f

22

2 2+ C a

1

2

 (6.1.13)

Equation 6.1.10 can be expressed as

 
�

�
β β δ

β δ
+β

= β
aβ +β r b+

r a=
11 12 1

21 22 2

 (6.1.14)
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146 Road Vehicle Dynamics

By eliminating one variable β, we obtain

�� � �r a a r a a a a r b+a(( ) −a a+ ( ) b11 22 11 22 12 21 2 21 1 −a b2aδ ++ 1 1b −−(( )a b11 2 δ  (6.1.15)

Similarly, we can get another equation,

�� � �β β β δ(( ) + −( )a a a a aδ +δ b11 22 11 22 12 21 1a2δδ +δ 2 2b −−( )a b22 1 δ  (6.1.16)

�

�
β β

β
+β

= +β
aβ +β r

r a= a r
11 12

21 22

 (6.1.17)

PROBLEM 6.2

Using Lagrange’s equation of motion, derive the model in Problem 6.1, and compare 
its features with those in Problem 6.1 using Newton’s law.

Solution to Problem 6.2

Based on Eq. 1.79 in the book Road Vehicle Dynamics (see Road Vehicle Dynamics, by 
Dukkipati et al., SAE International, Warrendale, PA, ISBN 978-0-7680-1643-7), Lagrange’s 
equation for a non-conservative system is

 d
dt

L
q

L
q

Q
i iq i

∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ∂
∂

= ′
�

 (6.2.1)

where T and V are the kinetic and potential energy of the system, respectively, and ′Q   
is a general force. For the system in Problem 6.1, the potential energy of the system is 
zero. The general coordinates can be selected as lateral displacement and yaw angle 
displacement

 q y

q
1

2 = ψ
 (6.2.2)

Note that

 β β
ψ

=β
=

�
�

y v

r
 (6.2.3)

Equation 6.2.1 can be written as

 
d
dt

L
y

L
y

Qy
∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ∂
∂

= ′
�

 (6.2.4)

 d
dt

L L
Q

∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ∂
∂

= ′�ψ ψ⎠⎠⎠ ∂ ψ  (6.2.5)

The general forces ′Qy  and ′Qψ  are the force and moment corresponding to y and ψ, 
respectively.

′ +Q F′ = Fy yF f y+ FF r  (6.2.6)
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 Handling Dynamics 147

′Q F′ = a F− byfFF yrFFψ  (6.2.7)

Note that L = T − V and V = 0. Therefore,

T m v y I= m v( ) +1
2

1
2

2 2y+ 2�ψII  (6.2.8)

By substituting Eqs. 6.2.2, 6.2.3, and 6.2.5 through 6.2.7 into Eqs. 6.2.4 and 6.2.5, we get

F F R mvmmyrFF yfFyfFF cos sinδ βcmv= os β2 �  (6.2.9)

F a Ir F byfFF yrFFcosδ = +�  (6.2.10)

Equations 6.2.9 and 6.2.10 are similar to Eqs. 6.1.1 and 6.1.2 in Problem 6.1. Thus, the 
following derivation is the same as that of Eqs. 6.1.1 through 6.1.9 in Problem 6.1. 
Accordingly, the fi nal obtained motion equations are identical.

PROBLEM 6.3

Use the model obtained in Problem 6.1 to determine the understeer coeffi cient (param-
eter, gradient). 

Solution to Problem 6.3

Based on Problem 6.1, we obtain Eq. 6.1.14 in Problem 6.1 by eliminating one vari-
able β. Thus,

� �r a a r a a a a r b+a(( ) −a a+ ( ) b11 22 11 22 12 21 2 21 1 −a b2aδ ++ 1 1b −−(( )a b11 2 δ  (6.3.1)

Similarly, we can get another equation,

�� � �β β β δ(( ) + −( )a a a a aδ +δ b11 22 11 22 12 21 1a2δδ +δ 2 2b −−( )a b22 1 δ  (6.3.2)

Consider steady cornering when a vehicle drives through the curve at low lateral accel-
eration and low lateral forces are needed. At the wheels, hardly any lateral slip occurs. 
In the ideal case, with a vanishing lateral slip, the wheels move only in a circumferen-
tial direction. Then, �� � �

gg
β β δ δ =δ0β =β ,β 0β , constantaa . Equation 6.3.2 becomes

a a a a11 22 12 21 12 2 22 1−( ) ( )δa b a b12 2 2a 2 1b−a b2β = ( )  (6.3.3)

Then, we have

β
δ

= −
−

=
− +( )a b a b

a a a a

C C b a( b C) + af rC f12 2 2a 2 1b

11 22 12 21

mvammaaaa

C C a b C b C a mvf rC r fb C

2

2 2( ) −C bb+ ( )
(6.3.4)

Similarly,

r a b a b
a a a a

v a b C C

a b

f rC

δ
=

−

=
+( )

21 1 1a 1 2b

11 22 12 21

(( ) + −( )2 2C C mv bC aCf rC r faC

 (6.3.5)
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148 Road Vehicle Dynamics

Equation 6.3.5 is defi ned as yaw velocity gain. We defi ne understeer gradient as

K
m bC aC

L C C
r faC

f rC
=

( )
2LL

 (6.3.6)

with the unit degrees per gram (deg/g) or radians per meter per second squared (rad/m/s2).

Then we have 

 r v L

v Kδ
=

+1 2
 (6.3.7)

PROBLEM 6.4

Develop a mathematical model for the transient handling analysis of a passenger car 
under the effects of lateral wind gust. The model should refl ect the speeds and positions 
for a vehicle moving on a horizontal ground plane. The speed in the longitudinal direc-
tion can be assumed to be constant. Propose quantities that are state variables and 
control variables.

Solution to Problem 6.4

Consider the bicycle model presented in the book Road Vehicle Dynamics (see Road 
Vehicle Dynamics, by Dukkipati et al., SAE International, Warrendale, PA, ISBN 978-
0-7680-1643-7). Defi ne the yaw velocity as = �ψ and the sideslip angle as β. Assume 
that Fw is the wind gust excitation force and that Mw is the wind gust excitation moment 
applied on the vehicle. By applying Newton’s second law at the center of gravity along 
the lateral directions, respectively, we obtain

 F F R mvyrFF yf wFyfFF −Rcos sinδ βF vw cF mvmmwFF− mvm β2 �  (6.4.1)

Considering the moment equilibrium at the center of gravity, we obtain

 F a M Ir FI byfFF w yFF rcosδ + IrIIIrII�  (6.4.2)

Consider the relationship

 
F C

F C

yfFF f f

yrFF r r

α

α
 (6.4.3)

For small angles, we can write

 

α β δ

β β

δ δ

α

δ

α β

f

r

a
r
v

b
r
v

+β −

=

=

+β

sin

sin

cos

cos

1

1

 (6.4.4)
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 Handling Dynamics 149

By substituting the previous equations in Eq. 6.4.4, we get

F C a
r
vyfFF fCf −

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

β δ+  (6.4.5)

F C b
r
vyrFF r +Cr

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

β (6.4.6)

Noting that �γ = v R , we obtain the following relationship among yaw angle, forward 
velocity, and sideslip angle:

ψ β γ

β γ

+β

= βr �
 (6.4.7)

Substituting Eqs. 6.4.5 and 6.4.6 into Eqs. 6.4.1 and 6.4.2 gives

  C
r
v

r
v

r mr f wβ βb
r

Cfb C δ βa
r

F mvmmw

⎛
⎝⎝⎝

⎞
⎠⎠⎠

CC
⎛
⎝⎝⎝

⎞
⎠⎠⎠

FFF ( ) +� ��

�

vmm

C a a
r
v

M Ir C�II b b
r
vf wa a r

β

β δ β

=

−δ
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ MwM C br

⎛
⎝⎝⎝

⎞
⎠

0

⎟⎟
⎞⎞⎞⎞
⎠⎠⎠⎠

= 0

 (6.4.8)

The previous set of equations is nonlinear. By assuming the forward velocity to be 
constant (namely, �v = 0 ), we can rearrange these equations as

r C
b
v

C
a
v

mv C C C Fr fC f rC f wFF− −C
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ ( ) + C =�β βmv +mv δ 0  (6.4.9)

�rI� r C
a
v

C
b
v

aC Mf rC r f r wM+ +r Cf

⎛

⎝⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

+ ( ) −aC =
2 2b

0δC b C ar fb Cβ −C bb( ) −  (6.4.10)

If the forward velocity V, the cornering stiffness Cf and Cr, and parameters a, b, 
m, and I are known, with given steer angle δ, the sideslip angle β, the yaw or 
vehicle heading ψ, and the direction angle of velocity γ can be calculated. Gen-
erally, C Ff xFF f . Thus, the longitudinal force will not affect the lateral motion. 
We have 

 �β β
⎛
⎝⎝⎝

⎞
⎠⎠⎠

+ − −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+C C+
mv

C b C a

mv
r

C
mv

fC+ f rb C f
2

1 δ +δδ F
mv

wFF  (6.4.11)

 �r
C b C a

I
C b C a

I
aC

I
r fb C b C f= − −⎛

⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+⎛

⎝⎝⎝
⎞
⎠⎠⎠

β δC a
I

r
aC

I
r fb C f−

⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

+
2 2C a+ ++ M

I
w  (6.4.12)

As a state equation, we have

 PX QX RU W� + =QX +  (6.4.13)

where X  is a state vector, W is a disturbance, and U is the input control vector.
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150 Road Vehicle Dynamics

X
r

U

W
F v

M

U

P m

wFF

w

=
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

= ⎡⎣⎡⎡ ⎤⎦⎤⎤

=
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

= ⎡⎣⎡⎡ ⎤⎦⎤⎤

=

β

δ

δ

II

Q

C C

v

C b C a

v
v

C b C a

v

C b

r fC r fb C

r fb C r

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

=

−CfC +
+

− +C bb⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
β

2 222 +

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

=

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

C a

v

R

C

v
C a

I

f

f

f

 

(6.4.14)

PROBLEM 6.5

Implement the model developed in Problem 6.4 using MATLAB programming, where 
the model can be a function of states and control as input and state derivatives as output.

Solution to Problem 6.5

The model developed in Problem 6.4 can be expressed as

 
�

�

β β δ

β δ

+β

= β

aβ +β r b+

r a=
11 12 1

21 22 2

 (6.5.1)

For convenience, we assume that the interested time span is T and that the time step 
is dt. We assume

 

t x

y

r y

f t

y

r y

=

= ( )
( ) =

( )

β

δ

β

1

2

10

20

0

0

 (6.5.2)
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 Handling Dynamics 151

The MATLAB implementation is as follows:

tspan=[0: dt: T]
y0=[y10,y20];
[t,y]=ode23(‘func6_4,tspan,y0);
subplot(211)
plot(t,y(:,1))
xlabel(‘t’)
ylabel(‘β’)
subplot(212)
plot(t,y(:,2))
xlabel(‘t’)
ylabel(‘r’)

function f=func6_4(t,y)
f=zeros(2,1)
f(1)=a11*y(1)+a12*y(2)+b1*f(t);
f(2)=a21*y(1)+a22*y(2)+b2*f(t);

PROBLEM 6.6

Assume that a car is driven on a road with a constant radius of 30 m at a velocity of 
15 m/s, where L = 2.8 m. Determine the required steering angle.

Solution to Problem 6.6

Based on R = 30 m and V = 15 m/s, we have

r V R =V R =15 30 0 5. r5 adrr /sdd
 

Consider K = 0.45. (Refer to E6.3 in the book Road Vehicle Dynamics [see Road 
Vehicle Dynamics, by Dukkipati et al., SAE International, Warrendale, PA, ISBN 
978-0-7680-1643-7].)

 δ =
( )

( ) =
+( )

=
1(1 + ) 0 1× 5 0) × 5

15 2 8
9

2 2) +(1) ( 0 45 1× 5v

v L

. .5 1× 5 0) ×
. d5 radd

Now consider K = 0.265. (Again, refer to E6.3 in the book Road Vehicle Dynamics [see 
Road Vehicle Dynamics, by Dukkipati et al., SAE International, Warrendale, PA, ISBN 
978-0-7680-1643-7].)

 δ =
( )

( ) =
+ ×( ) ×

=
1(1 + ) 0 15 0 5

15 2 8
5 7

2 2) + ×(1) ( 0 265 15Kv

v L

. .× ) ×265 15 0
.7 radaarrrr

PROBLEM 6.7

Consider a car that has the following parameters:

Mass: M = 2045 kg
Inertia: I = 5428 kgm . m
Distance from the front axle to CG: a = 1.49 m
Distance from the rear axle to CG: a = 1.7 m
Front cornering stiffness: Cf = 77.9 kN/rad
Rear cornering stiffness: Cr = 76.5 kN/rad

Determine the understeer gradient K.
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152 Road Vehicle Dynamics

Solution to Problem 6.7

K
m bC aC

L C C
r faC

f rC
=

( )
=

2LL
0. d9 eg/g

PROBLEM 6.8

For Problem 6.7, assume the following: 

Velocity: = 20 m/s
Lateral acceleration: = 0.3 g
Lateral angular velocity: = 8.4°/s
Radius: = 136 m

Determine the stable response characteristic parameters ωd and ξ.

Solution to Problem 6.8

Based on the parameters given in Problem 6.7, we have

 

a
C C

mv

a
C b C a

mv

a
C b C a

r fC

r fb C

r fb C

11

12 2

21

1

= −

= −
−

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= −
−
II

a
C b C a

Iv

b
C F

mv

b
a C F

I

r fb C

f xFF f

f xFF f

22

2 2C a

1

2

= −
+

=

=
+( )

 

The motion equation can be expressed as

 
�

�
β β δ

β δ
+β

= β
aβ +β r b+

r a=
11 12 1

21 22 2  

Eliminating one variable β gives

�� � �r a a r a a a a r b+a(( ) −a a+ ( ) b11 22 11 22 12 21 2 21 1 −a b2aδ ++ 1 1b −−(( )a b11 2 δ
 

By assuming ωn a a a a2
11 22 12 21= −a a22  and 2 11 22ξωn a a11= − +( ), we defi ne ωn as the natu-

ral circular frequency of yaw velocity, and ξ as the damping factor of yaw velocity. 
Hence, we obtain

ω

ω

n
f r f r f r

d

mv aC bC C Cf L v

mvI
L
v

C Cf Kv

mI
=

−( ) +
=

+( )2LL 21

=== ω ξ−n
2
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 Handling Dynamics 153

The damping factor or ratio can be derived as

ξ =
− ( ) ( )⎡

⎣
⎤
⎦
⎤⎤

+( )
m a( C b+ C I) + C C+

mIL
C C Kv

f rb+ C f rC+

f rC

2 2C b+

2

2
1

mImm

m a C b C I C C

IC C KvKK

f rb C f rC

f rC
=

− m a C( ) CI( )⎡
⎣

⎤
⎦
⎤⎤2 2C bC

2mIC Cf C2L (((( )

Finally, we obtain

 ξ = 0.91
ωd = 1.63 rad/s

PROBLEM 6.9

Determine the function of the eigenvalue of the above system as a function of velocity 
(from 20 to 50 m/s).

Solution to Problem 6.9

Following the procedure in Problem 6.8, for a velocity of 20 m/s, we obtain

 ξ = 0.91
ωd = 1.63 rad/s

For a velocity of 50 m/s, we obtain

 ξ = 0.67
ωd = 1.70 rad/s

PROBLEM 6.10

Calculate and plot the response of the car as described in Problem 6.7 under step steer 
input and under the condition

 

of velocity v = 50 m/s.

Solution to Problem 6.10

The solved response of the car in Problem 6.7 under step steer input and under the 
condition of velocity v = 50 m/s is plotted in Figure 6.10.

Figure 6.10 Plot of car in 
Problem 6.7 under step 
steer input where 
v = 50 m/s.
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154 Road Vehicle Dynamics

PROBLEM 6.11

Calculate and plot the frequency response of the car in Problem 6.7 under the condi-
tions of velocity v = 20 m/s and v = 50 m/s.

Solution to Problem 6.11

The calculated frequency response of the car in Problem 6.7 under the conditions of 
velocity v = 20 m/s and v = 50 m/s is plotted in Figure 6.11.
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Figure 6.11 Frequency 
response of car in 
Problem 6 where 
v = 20 m/s and v = 50 m/s.

PROBLEM 6.12

Consider a car that has the following parameters:

Mass: M = 1008 kg
Inertia: I = 1031 kgm � m
Distance from the front axle to CG: a = 1.2 m
Distance from the rear axle to CG: a = 1 m
Front cornering stiffness: Cf = 117 kN/rad
Rear cornering stiffness: Cr = 145 kN/rad

Determine the understeer gradient K.

Solution to Problem 6.12

 K
m bC aC

L C C
r faC

f rC
=

( )
=

2LL
0. d05 eg/g
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 Handling Dynamics 155

PROBLEM 6.13

For Problem 6.12, assume the following:

Velocity: = 20 m/s
Lateral acceleration: = 0.3 g
Lateral angular velocity: = 8.4

 

deg/s
Radius: = 136 m

Determine the stable response characteristic parameters.

Solution to Problem 6.13

Based on the parameters given for Problem 6.12, we have

a
C C

mv

a
C b C a

mv

a
C b C a

r fC

r fb C

r fb C

11

12 2

21

1

= −

= −
−

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= −
−
II

a
C b C a

Iv

b
C F

mv

b
a C F

I

r fb C

f xFF f

f xFF f

22

2 2C a

1

2

= −
+

=

=
+( )

The motion equation can be expressed as

�

�

β β δ

β δ

+β

= β

aβ +β r b+

r a=
11 12 1

21 22 2

By eliminating one variable β, we obtain

�� � �r a a r a a a a r b+a(( ) −a a+ ( ) b11 22 11 22 12 21 2 21 1 −a b2aδ ++ 1 1b −−(( )a b11 2 δ
 

By assuming ωn a a a a2
11 22 12 21= −a a22  and 2 11 22ξωn a a11= − +( ) , we defi ne ωn as the nat-

ural circular frequency of the yaw velocity, and we defi ne ξ as the damping factor of 
the yaw velocity. Hence,

ω

ω

n
f r f r

f r

mv aC bC C Cf L v

mvI

L
v

C Cf Kv

mI

=
−( ) +

=
+( )

2LL

21

d ndd = ω ξn − 2
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156 Road Vehicle Dynamics

The damping factor or ratio can be derived as

ξ =
− ( ) ( )⎡

⎣
⎤
⎦
⎤⎤

+( )
m a( C b+ C I) + C C+

mIL
C C Kv

mI

f rb+ C f rC+

f rC

2 2C b+

2

2
1

==
− ( ) ( )⎡

⎣
⎤
⎦
⎤⎤

( )
a( C b+ C I) + C C+

IC C K+( vKK

f rb+ C f rC+

f rC

2 2C b+

22L mIC C (f C

Finally, we obtain

 ξ = 1
ωd = 0.88 rad/s

PROBLEM 6.14

Determine the function of the eigenvalue of the system in Problem 6.12 as a function 
of velocity (from where v = 20 m/s to v = 50 m/s).

Solution to Problem 6.14

Following the procedure used in Problem 6.13, for velocity v = 20 m/s, we obtain

 ξ = 1
ωd = 0.88 rad/s

For velocity v = 50 m/s, we obtain

 ξ = 0.96
ωd = 1.63 rad/s

PROBLEM 6.15

Calculate and plot the response of the car discussed in Problem 6.12 under step steer 
input and under the condition

 

of velocity v = 50 m/s.

Solution to Problem 6.15

The solved response of the car from Problem 6.12 under step steer input and under the 
condition of velocity

 

v = 50 m/s is plotted in Figure 6.15.
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Figure 6.15 Car under 
step steer input and where 
velocity v = 50 m/s.
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 Handling Dynamics 157

PROBLEM 6.16

Calculate and plot the frequency response of the car from Problem 6.12 under the con-
ditions of velocity v = 20 and v = 50 m/s.

Solution to Problem 6.16

The calculated frequency response of the car from Problem 6.12 under the conditions 
of velocity v = 20 and v = 50 m/s is plotted in Figure 6.16.

Figure 6.16 Calculated 
frequency response of the 
car from Problem 6.12, 
where velocity v = 20 m/s 
and v = 50 m/s.
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Chapter 7

Braking

PROBLEM 7.1

A 18,683-N (4200-lb) vehicle traveling at 104.61 km/hr (65 mph) is stopped under a con-
stant braking force. Find the braking force needed to bring the vehicle to a complete stop in 
9 s, 7 s, and 5 s. Ignore drag, rolling resistance, and grade.

Solution to Problem 7.1

Stopping in 9 s:

The initial velocity is 

V
hr km

hr
iVV = × × =104 61 1000

3600
29 06

.
.

km m
s

m/s

The acceleration is 

a V V tf iVV VV−VfV(( ) = ( ) = −0 2− 9 06 9) 3 23. .06 9) 3 m/s T2

The braking force is 

F Ma NbFF Ma 18638 23 9 81 6135* 3  

Stopping in 7 s:

The acceleration is 

a V V tf iVV VV−VfV(( ) = ( ) = −0 2− 9 06 7) 4 15. .06 7) 4 m/s2

The braking force is

F Ma NbFF Ma 18638 1 9 81 88* 4  
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160 Road Vehicle Dynamics

Stopping in 5 s:

The acceleration is

a V V tf iVV VV−VfV(( ) = ( ) = −0 2− 9 06 5) 5 81 2. .06 5) 5 m/s

The braking force is

F Ma NbFF Ma 18638 81 9 81 11 042* ,

PROBLEM 7.2

For Problem 7.1, assume that the vehicle has a frontage area of 22 ft2 and a coeffi cient 
of drag of 0.35. Given that the drag force itself changes as the velocity decreases 
(Eq. 7.27), determine the braking force needed to bring the vehicle to a complete stop 
within 5 s.

Solution to Problem 7.2

Assume that the density of air is 1.226 kg/m3 (0.002378 slug/ft3).

The frontage area is

 A
m

ft
mF = =

( )
=22 22

0 3048
2 0442

2

2
2ft

.
.

 
The air resistance is

R C A V

V

a DC F rVV

= × × ( ) =

ρ
2
1 226

2
0 35 2× 044 0 438

2

2.
. .35 2× .4385 V lVV bll2

The total force is

F F R F Vb aFF R bFF− RR −F 0 4385 2.

The mass is

m g
18638
9 81

1900 k0
 

The acceleration is

a F m
F V

F

bFF

bFF

=F m
−F

= − −

0 4385
1900

0 0005263 0 00

2

. .FbF0005263 0 0230800 2V

We will solve this by dividing the time increments into steps. We will assume constant 
acceleration in the previous step. Thus, the velocity at any time ti or Vi is

V V a ti iV VV a+VVi ( )−1 Δtt
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 Braking 161

The force Fb will be changed until the velocity reaches zero after 5 s. The following 
table was developed with the use of Excel. Note that the force needed to achieve a 
complete stop in 5 s is 10,913 N, which is slightly less than the 11,042 N needed when 
no air resistance is present to impede the car.

  Fb = 10913 Del t = 0.2

 t V =  a

 0 29.06 −5.94

 0.2 27.87 −5.92

 0.4 26.69 −5.91

 0.6 25.51 −5.89

 0.8 24.33 −5.88

 1 23.15 −5.87

 1.2 21.98 −5.85

 1.4 20.81 −5.84

 1.6 19.64 −5.83

 1.8 18.47 −5.82

 2 17.31 −5.81

 2.2 16.14 −5.80

 2.4 `14.98 −5.80

 2.6 13.83 −5.79

 2.8 12.67 −5.78

 3 11.51 −5.77

 3.2 10.36 −5.77

 3.4 9.20 −5.76

 3.6 8.05 −5.76

 3.8 6.90 −5.75

 4 5.75 −5.75

 4.2 4.60 −5.75

 4.4 3.45 −5.75

 4.6 2.30 −5.74

 4.8 1.15 −5.74

 5 0.00 −5.74

PROBLEM 7.3

A 19,572.2-N (4400-lb) vehicle traveling at 104.61 km/hr (65 mph) is stopped under a 
constant braking force of 889.6 N (200 lb). For the following, fi nd the time needed for 
travel before the vehicle reaches a complete stop:

a. When the vehicle is moving on a horizontal plane

b. When the vehicle is moving uphill on a grade of 6%

c. When the vehicle is going downhill on a grade of 6%
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162 Road Vehicle Dynamics

Solution to Problem 7.3

Assume no resistance.

The mass is

m g
19 572 2

9 81
1995

, .572
k

 

The speed is

V
m

hr
m

km
hr

iVV = × × =104 61 1000
3600

29 06
.

s
.

kmm
m/s

a. When the vehicle is moving on a horizontal plane,

 The total force is 889.6 N.

 The acceleration is

a F m =F m
− = −889 6
1995

0 446
.

. m/s2

 

 The time is

t
V V

a
aF m sf iV VV V= = aF m

−
−

29− 06
0 446

65 17
.

.  

b. When the vehicle is moving uphill on a grade of 6%,

 The total force is 

F F W NbF −FbFF ( )i iθθ 889 6 19572 2 6(i 2935

 The acceleration is 

a F m =F m
− = −2935 5
1893 2

1 550 2.
.

. m/s

 The time is 

t
V V

a
f iV VV V= = −

−
=29 06

1 550
18 74

.
.

. s74
 

c. When the vehicle is moving downhill on a grade of 6%,

 The total force is

F F W NbF −FbFF ( )i iθθ 889 6 19572 2 6(i 1156 2

 The acceleration is

a F m =F m =1156 2
1893 2

0 610 2.
.

. m/s
 

SIBK002_Ch07_p159-188.indd   162SIBK002_Ch07_p159-188.indd   162 3/8/10   9:31:43 AM3/8/10   9:31:43 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Braking 163

The acceleration is positive, which means that the speed of the car will continue to 
increase. The braking force will not be enough to stop the car.

PROBLEM 7.4

Consider the brake system shown in Figure 7.4. The width of the shoe system is 
31.75 mm (1.25 in.), and the coeffi cient of friction is 0.4. The vehicle specifi ca-
tions call for a braking force of 4448.2 N (1000 lb). Find the maximum pressure at 
the brake shoes allowed for achieving the desired braking force. Also fi nd the total 
torque applied by the brake system, as well as the reaction force at the pivots of 
both shoes.

Rotatiaa on

4 in

4 in

2 in 2 in

6 in

Figure 7.4 Brake for 
Problem 7.4.

Solution to Problem 7.4

First we will analyze the right-hand shoe. The distance (a1) from the pivot to the center is

 a1

2 2
4 2 4= ( ) ( ) = . i472 n.

 

The angles are

θ2
1180 2

2
4

180 2 26 5 127= −180
⎛
⎝⎝⎝
⎛⎛ ⎞

⎠
⎞⎞
⎠⎠

=26 5 °−ta .180 2 26
⎛
⎝

n 1
⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= −180 26aa
 

Next, we need to fi nd the moment from the friction forces

M b aF ( ) ⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

⎡

⎣

⎢
⎡⎡

⎢
⎣⎣

⎤

⎦

⎥
⎤⎤

⎥
⎦⎦

⎥⎥θr−(μpp brp br ⎢
⎢
⎢⎢ θθ

θ

maxaa
sin

0 1

2

0

2

2

2

===
⎡

⎣⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

= × ×

μ θ−
⎡

⎣
⎢
⎡⎡

⎣⎣
θbμμ ⎢

a

p

maxaa

maxaa

s−θ in

.×× pmaxaa

2
1 2

22

0 4. 1 2. 5 × −×× −
⎡

⎣
⎢
⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

6 6
⎡
⎢
⎡⎡

6 127
4 472

2
127

24 554

2cos
.

sin

. maxaa

°1272°
4 472.

sin

p
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164 Road Vehicle Dynamics

The moment from the normal forces is

M p bra prr brarrN p brarr
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
−p brarrma mp

⎣⎣⎣ ⎦⎦⎦
xbrarraa axsi

0
1

2

2
1
4

2
2

2θ θ θ
θ

11
4

2

1 25 6 4 472
1
2

127
180

2sin

. .25 6 4maxaa

θ

π

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

= ×maxaa ×66
×

p − ×−− ( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

1
4

2 127

45 232

sin

. maxaa

°

p  

The applied or actuation force is

F
M M

e

p

p

N fM=

= −

= =p

45 232 24 554
8

2 585

. .232 24

.

maxaa

maxaa 100011 lb

or 

pmax = 386.9 psi

Thus,

M pF =p24 4 9500 .
maxaa lb in.

The moment from the normal forces is

M pN =p4 232 17 500,p 17 .maxaa lb in.

The reactions at the pivot of the right shoe are

R p br dx p br
⎛

⎝
⎜
⎛⎛
∫ ∫ddmaxaa θ θd
θ

θ

θ

θ

1

2

1

2

2

⎜⎜⎝⎝⎝⎝
⎜⎜⎜⎜

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
⎟⎟ −

= −× ×

FxFF

386 9 1× 25 6
1
2

127 0 4
127

2 1×
2. .9 1× sin .−127 0

π
8088

1
4

2 127 1000 26 5

29

×2− ( )⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

⎛

⎝

⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

si s1000n 2 127×2( )⎞
⎠⎟
⎞⎞
⎠⎠⎠⎟⎠⎠

− in .

0100 8 0 319 0 4 1 34 1000 26 5

1086

.0.8 .1.4 sin .26− ( )( ) −

= − lb

R p br dy p br
⎛

⎝
∫ ∫dmaxaa μ ∫ dd θ θd
θ

θ

θ

θ

1

2

1

2

2⎜⎜
⎛⎛⎛⎛

⎜⎝⎝
⎜⎜⎜⎜

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
⎟⎟ −

= ( ) + ( )( )

FyFF

2901 8 0( 4 0( 319 1 34 1000. . .8 0( 4 0( . c)) −34 1000 oss .ss 26 5

3364= lb

The resultant force at the right pivot is

R R R

lb

x yR+Rx

= −( ) + ( )
=

2 2R+

2 2( )1086 3364

3535  
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 Braking 165

Next, we will fi nd the torque of the right-hand shoe (TR):

T bRTT ( )
= × × ( )

μ θpp brp br ( θmaxaa c−θ os

.× .

2
1 2θcos

0 4. 386 9 1× 25 6
22

0 127

11 155

co c0s os

,

( ) ( )( )
= lb.in..nn  

For the left shoe,

M b aF ( ) ⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

⎡

⎣

⎢
⎡⎡

⎢
⎣⎣

θr−(μpp brp br ⎢
⎢
⎢⎢ θθ

θ

maxaa
sin

0 1

2

0

2

2

2

⎤⎤

⎦

⎥
⎤⎤⎤⎤

⎥
⎦⎦

⎥⎥

=
⎡

⎣⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

= ×

μ θ−
⎡

⎣
⎢
⎡⎡

⎣⎣
θbμμ ⎢

a

p

maxaa s−θ in2
1 2

22

0 4. mamm xaa . cos
.

sin× −cos
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

1 2.. 5 6× 6 6 127
4 472

2
1272° °

.
sin

4 472
1272

2422 55. maxaap lmaxaa b i.ll n.  

The moment from the normal forces is

M p brarr

p bra

N −p brarr
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

= −p bra

maxaa

maxaa

sin1
0

1
2

2
1
4

2

2

2θ θ

θ

θ

11
4

2

1 25 6 4 472
1
2

127
180

2sin

. .25 6 4maxaa

θ

π

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

= ×maxaa ×66
×

p − ×−− ( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

1
4

2 127

45 22

sin

. maxaa

°

lb . in.p

The applied or actuation force is

F
M M

e

p
N fM= =

+( )
=

24 55 45 22

8
1000

. .+55 45 maxaa

 

or

p psimaxaa 114 66  

Thus, the torque on the left shoe is

T bLTT ( )
= × × (

μ θpp brp br ( θmaxaa c−θ os

.× .

2
1 2θcos

0 4. 114 66 1 2. 5 6× ( )) ( ) ( )( )
=

2
0 127

3306

cos c( ) −0 os

lb . in.  

The total torque on the shoes is

T T TL RTT+TLTT = 14, l461 bll . in.
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166 Road Vehicle Dynamics

Finally, we need to fi nd the reaction forces on the pivot of the left shoe:

R p br dx p br
⎛

⎝
∫ ∫ddmaxaa θ θd
θ

θ

θ

θ

1

2

1

2

2⎜⎜
⎛⎛⎛⎛

⎜⎝⎝
⎜⎜⎜⎜

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
⎟⎟ −

= × + ×

FxFF

114 66 1 25 6× 1
2

127 0 4
127

2
2. .×66 1 sin .+7 0

π
××

− ×( )⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛

⎝

⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

−

=

180
1
4

2 127

1000 26 5

sin

sin .26

86088 0 319 0 4 1 34 1000 26 5

832 8

. .319 0 . s34 1000 in .

.

− ( )( )
= − lb

R pRR br dy p br
⎛

∫ ∫dmaxaa μ ∫ dd θ θd
θ

θ

θ

θ

1

2

1

2

2

⎝⎝
⎜
⎛⎛

⎜⎝⎝⎝⎝
⎜⎜

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
⎟⎟ −

= × −
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠

FyFF

114 66 1 25 6× 0 4
1
2

1272. .×66 1 . s
⎛
⎝⎜
⎛⎛
⎝⎝

4 in ⎟⎟
⎞⎞⎞⎞
⎠⎠⎠⎠

+ ×
×

− ×( )⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛

⎝

⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

−

π 127
2 180

1
4

2 127

1000

sin

cocc s .

. cos .

26 5

860 0 4.0 4 0 319 1 3. 4 1000 26 5×= 860 0 4. + ( )( )
= 215722 lb

The resultant force at the right pivot is

R R Rx yR+Rx = −( ) ( )2 2R+
2 2( )832. l) + ( ) =8 2157 2312 bll

 

PROBLEM 7.5

In Example E 7.3, the width of the shoe system is 30 mm and the coeffi cient of friction 
is 0.3. The friction material used permits a maximum pressure value of 1000 kPa. Find 
the actuation force, the total torque applied by the brake system, and the reaction force 
at the pivots of both shoes for the angles ψ = 20, 25, 30, 35, and 40°. The distance 
between the center of the brake and the pivots is constant at 110 mm.

Solution to Problem 7.5

Rotation 

110 mm 

150 mm 

Figure 7.5 Brake for 
Problem 7.5.
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 Braking 167

PROBLEM 7.6

A vehicle that has a mass of 2200 kg and is traveling at 120 km/hr is to reach a 
complete stop in 10 s. The braking system has a mass of 10 kg. Let C J kg C⋅kgJ ( )° .)  
Determine the energy and the average power. Also, estimate the temperature rise of 
the brakes.

Solution to Problem 7.6

 

V
km

hr
m

km
hr

K E M

iVV = × × =

=

120 1000
3600

33 33

1
2

m/s
s

.

. .E V VVV
N

m
m

i fV VV VVV2 2V
2 2

1
2

2200 33 33 1 222 22( ) = × ⋅ ×
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=s
.

s
, ,222 22

1 222 222
10

122

N m

Power
N m

kJ= =, ,222
s  

Example epsii 20 25 30 35 40 degrees

x 0.05 m x 0.03762 0.04649 0.05500 0.06309 0.07071 m

y 0.1 m y 0.10337 0.09969 0.09526 0.09011 0.08426 m

mue 0.3 mue 0.30 0.30 0.30 0.30 0.30

b 0.03 m b 0.03 0.03 0.03 0.03 0.03 m

Pmax 1000000 N/m2 (Pa) Pmax 1000000 1000000 1000000 1000000 1000000 N/m2 (Pa)

r 0.15 m r 0.15 0.15 0.15 0.15 0.15 m

a1 0.111803 mm a1 0.11 0.11 0.11 0.11 0.11 mm

theta2 2.214295 rad theta2 2.4435 2.2689 2.0944 1.9199 1.7453 rad

e 0.2 e 0.2067 0.1994 0.1905 0.1802 0.1685

Right Shoe Right Shoe

MF 275.7003 Nm MF 326.95 289.09 248.06 206.19 165.65 Nm

MN 677.7703 Nm MN 726.63 683.43 625.53 554.71 474.29 Nm

F 2010.35 N F 1933.32 1977.74 1981.21 1933.91 1831.37 N

Rx �1277.7 N Rx �1713.29 �1379.37 �1009.10 �635.29 �288.55 N

Ry 4696.052 N Ry 5067.86 4816.66 4477.14 4054.70 3563.49 N

R 4866.766 N R 5349.63 5010.28 4589.45 4104.16 3575.15 N

TR 323.9996 Nm TR 357.62 332.66 303.75 271.76 237.66 Nm

Left Shoe Left Shoe

MF 0.000276 *Pmax MF 0.000327 0.000289 0.000248 0.000206 0.000166 *Pmax

MN 0.000678 *Pmax MN 0.000727 0.000683 0.000626 0.000555 0.000474 *Pmax

Pmax 421691 Pa Pmax 379358.1 405478.7 432089.0 458028.4 482292.5 Pa

TL 136.6277 Nm TL 135.7 134.9 131.2 124.5 114.6 Nm

Total Torque Total Torque

T 460.6273 Nm T 493.3 467.6 435.0 396.2 352.3 Nm  
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168 Road Vehicle Dynamics

The temperature rise at the brake can be estimated using

ΔTemp C=
×

= °C
122 222
500 10

122
,

 

PROBLEM 7.7

Consider a light truck that weighs 17,792.89 N (4000 lb) under a certain load. The 
wheelbase of the vehicle is at 3.048 m (10 ft), and the center of gravity is at 1.2192 m 
(4 ft), from the front axle, and at 0.6604 m (26 in.) above the ground. Determine the 
load on each axle if the brakes are designed for all-wheel lock-up under these condi-
tions with a coeffi cient of friction of 0.8.

Solution to Problem 7.7

The following are given in the problem:

 W = 4000 lb

 c1 + c2 = 120 in.

 h = 26 in.

 c1 = 48 in.

First, we will fi nd the mass and c2

M

c

==
= − =

3200 32 2 124 2

120 48 722

. .2 124 slugs

in.  

Apply Eq. 7.25 to fi nd the loading under no acceleration (i.e., a = 0).

F Mg
c

c c
h

c c
Maz1FF 2

1 2c 1 2c

4000
72

120

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

=
⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ×26
120

124. l=2 0× 2400 bll
   

F Mg
c

c c
h

c c
Maz2FF 1

1 2c 1 2c

4000
48

120

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+

=
⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ ×26
120

124. l=2 0× 1600 bll
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 Braking 169

For braking forces,

F F

F F

xFF

xFF

1 1FzFF

2 2FzFF

0 8 2400 1920

0 8 1600

=F 1F × =2400

=F 2F × =1600

lb

128011 lb

The total load on axle 1 is

F F FzFF1 1FF x
2

1
2 2 2

1920 2400 3073+F 1FxFF2 = ( ) + ( ) = . l5 bll

The total load on axle 2 is

F F FzFF2 2FF x
2

2
2 2 2

1280 1600 2049+F 2FxFF2 = ( ) + ( ) = . l0 bll
 

The total braking force is

FxFF = + =1920 1280 3200 lb

PROBLEM 7.8

Consider a midsize sedan that weighs 1600 kg under a certain load and is moving 
uphill at a 5° slope at 88 km/hr. The front area of the vehicle is 2.0 m2, and the coeffi -
cient of drag is 0.4. The aerodynamic resistance is acting on the center of gravity (CG). 
The wheelbase of the vehicle is at 2.8 m, and the center of gravity is at 1.2 m, from the 
front axle, and at 0.5 m above the ground. Determine the load on each axle if the brake 
is under no acceleration, decelerating at 5 m/s2. The density of air is 1.225 kg/m3.

Solution to Problem 7.8

The velocity is

 V
m

hr
m

km
hr

iVV = × × =88 1000
3600

24 44
kmm

m/s
s

.
 

First, the aerodynamic resistance is calculated as

 
R C A V

N

a DC F rVV

= × × × ( ) =

ρ
2
1 225

2
0 4 2 0 24 44 292 8

2

2.
. .×4 2 . .)44 292
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170 Road Vehicle Dynamics

The forces on the axles (when going uphill and with no acceleration) are

F
c c

Mgc h h h gz aFF Mgc a1
1 2c

1

1
2 8

1

=
+ ( )

=

i θh R hMa hMga a sh R hMa hMgah ah R − in

60066 9 81 1 6 5 0 5 2928 0 0× 9 81 ( ) − ×0 5 − 0 −0. .81 181 .5 0) − 0 . (5 1600×5 × ) 0 500 1600 9 81 5

1
2 8

25 018 1464 0

. .5 1600 9 i

,

× ×16001600 ( )( )

−25 018= − ( ) −−( )
=

684

8168 N

F
c c

Mgc h h h gz aFF Mgc a2
1 2c

1

1
2 8

1

=
+ ( )

=

i θh R hM hMga ah R + shMa hMgah ah Rah + in

60066 9 81 1 2 5 0 5 2928 0 0× 9 81 ( ) + ×0 5 + 0 +0. .81 181 .5 0) + 0 . (5 1600×5 × ) 0 500 1600 9 81 5

1
2 8

18 764 1464 0

. .5 1600 9 i

,

× ×16001600 ( )( )

+18 764= , + ( ) ++( )
=

684

7468 N

The forces on the axles (when going uphill and with deceleration at 5 m/s2) are

F
c c

Mgc h h h gz aFF Mgc a1
1 2c

1

1
2 8

1

=
+ ( )

=

i θh R hMa hMga a sh R hMa hMgah ah R − in

60066 9 81 1 6 5 0 5 2928 0 5 1600 5× 9 81 ( ) − ×0 5 − ×0 5 × −( ). .81 181 .5 0) − 0 − ×−− × ( )( )

=

0 5 1600 9 81 5× (
1

2 8
25

. .× ×5 1600 9 i

, 0− +018 1464 400000 684

9596

−( )
= N

F
c c

Mgc h h h gz aFF Mgc a2
1 2c

1

1
2 8

1

=
+ ( )

=

i θh R hM hMga ah R + shMa hMgah ah Rah + in

60066 9 81 1 2 5 0 5 2928 0 5 1600 5× 9 81 ( ) + ×0 5 + ×0 5 × −( ). .81 181 .5 0) + 0 + ×++ × ( )( )

=

0 5 1600 9 81 5× (
1

2 8
18

. .× ×5 1600 9 i

, 0+ −764 1464 400000 684

6040

+( )
= N

PROBLEM 7.9

For the situation problem described in Problem 7.8, what would be the loads on each 
axle under no acceleration and at 5 m/s2 acceleration, if the vehicle were traveling 
down a hill at a 5° slope?
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 Braking 171

Solution to Problem 7.9

The forces on the axles (when going downhill and with no acceleration) are

F
c c

Mgc h h h gz aFF Mgc a1
1 2c

1

1

2 8
1

=
+

( )

=

i θh R hM hMga a sh R hMa hMgah ah R − in

60066 9 81 1 6 5 0 5 2928 0 5 1600 0× 9 81 ( ) − ×0 5 − ×0 5 × ( ). .81 181 .05) − 0 − ×−− × ( )( )
= − −

0 5 1600 9 8 5−(1 ×

1

2 8
25 018 1464 0

. .× ×5 1600 9 i

, (( ) +( )
=

=
+

684

8656

1
2

1 2

N

F
c c+1 +

Mgc h+1 R h+ Maaz2 1FF Mg h+c1 a ++( )

= × ( ) + ×

hMgsin

. ) +

θ

1

2 8.
1600 9 8. 1 1×× 2 5× (cos −( 0 5. 2992899 0 5 1600 0 0 5 1600 9 81 51+ ×0 5 × ( ) ×0 5 × 9 81 ( )( )

=

.00.5 1600×5 × ( 0 . s8181 i

11

2 8
18 764 1464 0 684

6980

, + 1464 ( ) −( )
= N

The forces on the axles (when going downhill and with acceleration at 5 m/s2) are

F
c c

Mgc h h h gz aFF Mgc a1
1 2c

1

1
2 8

1

=
+ ( )

=

i θh R hM hMga a sh R hMa hMgah ah R − in

60066 9 81 1 6 5 0 5 2928 0 5 1600 5× 9 81 ( ) − ×0 5 − ×0 5 × ( ). .81 181 .05) − 0 − ×−− × ( )( )
= − −

0 5 1600 9 8 5−(1 ×

1
2 8

25018 1464 40

. .× ×5 1600 9 i

0000 684

7228

1
2

1 2

+( )
=

=
+

N

F
c c1 +

Mgc h1 + R h+ Maz a2 1+
FF Mgc h1 + a ++( )

= × ( ) + ×

hMgsin

. ) +

θ

1
2 8.

1600 9 8. 1 1×× 2 5× (cos −( 0 5. 2992899 0 5 1600 5 0 5 1600 9 81 5+ ×0 5 × +( ) ×0 5 × 9 81 ( )( )
=

. .5 1600 5 0×5 × +( 0 . s8181 i

11
2 8

18 764 1464 4000 684

8409

, + +1464 −( )
= N

PROBLEM 7.10

A 13,344.7-N (3000-lb) compact passenger car has a 2.5908-m (102-in.) wheelbase 
and a CG at 1.016 m (40 in.) behind the front axle and 0.4572 m (18 in.) above ground. 
The car is moving on a horizontal plane. Determine which tires will lock up fi rst if the 
car is moving on a surface with a coeffi cient of friction of 0.9, if the front brake force 
distribution factors are 0.4, 0.6, and 0.8. Ignore drag and rolling resistance.
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172 Road Vehicle Dynamics

Solution to Problem 7.10

 M = 4800 lb = 93.17 slugs

 c1 + c2 = 102 in.

 c1 = 40 in.

 c2 = 62 in.

 μ = 0.9

 h = 18

 θ = 0

 Ra = 0

 Rr = 0

For the fi rst distribution factor of Kf = 0.4,

 Acceleration under front lock-up is

 

a

c
c c

K
K

h
c c

F

f

f= −
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

+

μ

μhh

2

1 2c

1 2c

1
1

1
1 −−⎛

⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

= −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+

K
K

g
f

f

1

0 9
62

102
1

0 600
0 4

0 9 18
102

1
0 6
0 4

1
. .9 18

1
0

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− × +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎠⎟
⎞⎞
⎠⎠⎠⎠

= −

= −

g

g

g

1 368
0 6029

2− 268

.
.

.  
 Acceleration under rear lock-up is

a

c
c c

K
K

h
c c

K
R

f

f

f

= −
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+

μ

μhh

1

1 2c

1 2c

1
1

1
11

1

0 9
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1

0

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

= −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+

K

g

f

..4
0 6.

0 9. 18
102

1
0 4.
0 6.

1

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

× +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

gg

g

g

= −

= −

0 5882
1 265

0 4650

.
.

.

 Because a aF Ra> , the rear tires will lock up fi rst.

SIBK002_Ch07_p159-188.indd   172SIBK002_Ch07_p159-188.indd   172 3/8/10   9:32:02 AM3/8/10   9:32:02 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Braking 173

For the fi rst distribution factor of Kf = 0.6,

 Acceleration under front lock-up is

aF = −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ×

0 9
62

102
1

0 4
0 6

0 9 18
102

1 ++
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

= −

0 4
0 6

1

0 9118
1 265
.
.

g

g

= −== 0 7210. g7210

 Acceleration under rear lock-up is

aR = −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

× +

0 9
40

102
1

0 6
0 4

0 9 18
102

1
0 600
0 4

1

0 8824
1 3971
.
.

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

= −

g

g

= −== 0 6316. g6316  

 Because a aF Ra> , the rear tires will lock up fi rst.

For the fi rst distribution factor of Kf = 0.8,

 Acceleration under front lock-up is

aF = −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− ×
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1

0 2
0 8

0 9 18
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1 ++
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

= −

0 2
0 8

1

0 6838
1 1985

.

.

g

g

= −0 5705. g5705

 Acceleration under rear lock-up is

aR = −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

× +

0 9
40

102
1

0 8
0 2

0 9 18
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1
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0 2

1
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1 7941
.
.

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

= −

g

g

= −== 0 9836. g9836  

 Because a aF Ra< , the front tires will lock up fi rst.
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174 Road Vehicle Dynamics

PROBLEM 7.11

Consider a vehicle with a 1500-kg mass when lightly loaded (driver only), with a CG 
at 1.0 m behind the front axle and 0.45 m above the road. The mass is 2200 kg when 
loaded with a CG at 1.25 m behind the front axle and 0.5 m above the road. The wheel-
base is 2.7 m. The vehicle is to achieve maximum possible braking force and front 
lock-up under the following severe conditions:

Case 1: Vehicle is loaded, on a dry surface of μ = 0.9

Case 2: Vehicle is loaded, on a slippery surface of μ = 0.2

Case 3: Vehicle is lightly loaded, on a dry surface of μ = 0.9

Case 4: Vehicle is lightly loaded, on a slippery road of μ = 0.2

Determine the value of the front brake force distribution factor Kf that is to be recom-
mended, given that the brake system your company installs has a constant value (no 
feedback control system). Determine the axle loads and the maximum braking force.

Solution to Problem 7.11

For a lightly loaded vehicle,

M = 1500 kg

c1 + c2 = 2.7 m

c1 = 1.0 m

c2 = 1.7 m

h = 0.45 m

For a loaded vehicle,

M = 2200 kg

c1 + c2 = 2.7 m

c1 = 1.25 m

c2 = 1.45 m

h = 0.45 m

For Case 1: Vehicle is loaded, on a dry surface of μ = 0.9,

 The optimal force distribution factor is

 K
c h

c c
f max

. . .
.=

( )
+( ) = . =2

1 2c

1 4. 5 0+ 9 0× 5
2 7.

0 7037
μhh

 

For Case 2: Vehicle is loaded, on a slippery surface of μ = 0.2,

 The optimal force distribution factor is

 K
c h

c c
f max

. . .
.=

( )
+( ) = . =2

1 2c

1 4. 5 0+ 2 0× 5
2 7.

0 5741
μhh
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 Braking 175

For Case 3: Vehicle is lightly loaded, on a dry surface of μ = 0.9,

 The optimal force distribution factor is

K
c h

c c
f max .=

( )
+( ) = + × =2

1 2c

1 7. 0 9.0 9. 0 4. 5
2 7.

0 7796
μhh

For Case 4: Vehicle is lightly loaded, on a slippery surface of μ = 0.2,

 The optimal force distribution factor is

K
c h

c c
f max .=

( )
+( ) = + × =2

1 2c

1 7. 0.0 2. 0 4. 5
2 7.

0 6630
μhh

To ensure front lock-up, a distribution factor of 0.8 is selected.

For Case 1: Vehicle is loaded, on a dry surface of μ = 0.9,

 Acceleration under front lock-up is

a

c
c c

K
K

h
c c

F

f
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⎞
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⎞
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⎞⎞
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K
K

g
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⎞
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⎛
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⎞
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+
⎛

⎝
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1
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⎞
⎠⎟
⎞⎞
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= −

= −

g

g

g
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.

.

.  

 Acceleration under rear lock-up is

a

c
c c

K
K

h
c c

K
R

f

f

f
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1
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1
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−
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⎞
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⎛
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⎞
⎠⎠⎟
⎞⎞
⎠⎠⎠⎠
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= −

g

g

g
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.

.

.
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176 Road Vehicle Dynamics

 Because a aF Ra< , a front lock-up is confi rmed to occur fi rst. The vertical 
load on each axis is

F
c c

Mgc hMaFhMgczFF Ma1
1 2c

1

1
2 7

21582 1 45 0

=
+ ( )

= ×21582 . .45 0 55 21582 0 7632

14 640

1
2

1 2

× ×21582 −( )( )
=

=
+

.

, N640

F
c c1 +zFF MgMM c hMaF1

1
2 7

21582 1 25 0 5 21582

( )

= ×21582 ×0 5 ×. .25 00 −−( )( )
=

0 7632

6942

.

N

The braking force on each axle is

F F N

F
K

K
F

xFF

xFF f

f
xFF

1 1FzFF

2

0 9 14 640 13 176

1

= − × =14 640 −

= −

FFFF . ,9 14× 14 ,

11
0 2
0 8

13 176 3294= − × 13, N176 3294=176 −

 The total braking force is

F F F Nx xFF +FxFF 1 2FxFF+ 13 1 6 3294 16 470, ,76 3 9 6

Similar calculations are performed for all remaining cases. The following table is gen-
erated:

Case c1 c2 h � Mg Kf aF/g Fz1 Fz2 Fx1 Fx2 Fx aR/g

1 1.25 1.45 0.5 0.9 21582 0.8 −0.763 14640 6942 −13176 −3294 −16470 −1.1364

2 1.25 1.45 0.5 0.2 21582 0.8 −0.141 12153 9429 −2431 −608 −3038 −0.3906

3 1 1.7 0.45 0.9 14715 0.8 −0.872 11403 3312 −10263 −2566 −12828 −0.9524

4 1 1.7 0.45 0.2 14715 0.8 −0.164 9668 5047 −1934 −483 −2417 −0.3175

PROBLEM 7.12

The vehicle described in Problem 7.11 has an anti-lock braking system (ABS) that 
allows control of each wheel force distribution. Determine the maximum braking force 
achieved under the four conditions described in Problem 7.11.

Solution to Problem 7.12

With ABS, each axle can reach lock-up condition. This means that the vehicle can 
achieve its maximum braking force.
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 Braking 177

For Case 1: Vehicle is loaded, on a dry surface of μ = 0.9,

F F Nx zF FF F = × ×FFF 0 9 2200 9 81 1= − 9 423. .× ×9 2200 9 ,

For Case 2: Vehicle is loaded, on a slippery surface of μ = 0.2,

F F Nx zF FF F = × × = −FFF 0 2 2200 9 81 4316. .× ×2 2200 9  

For Case 3: Vehicle is lightly loaded, on a dry surface of μ = 0.9,

F F Nx zF FF F = × ×FFF 0 9 1500 9 81 1= − 3 243. .× ×9 1500 9 ,  

For Case 4: Vehicle is lightly loaded, on a slippery surface of μ = 0.2,

F F Nx zF FF F = × × = −FFF 0 2 1500 9 81 2943. .× ×2 1500 9

PROBLEM 7.13

For the vehicle described in Problem 7.11, determine the maximum braking force that 
can be achieved if the vehicle is moving on a split-mue surface with the right wheels 
on a 0.2 coeffi cient of friction surface and with the left wheels on a 0.8 surface.

Solution to Problem 7.13

Assume total symmetry for the right and left wheels. We will use the two loading con-
ditions, with a load distribution factor of 0.8.

Note that for a split-mue condition, under front lock-up,

F
F F

Fx LFF zFF
R

L R
zFF1

1 1FzFF
12 2R 2

= z1 = +⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

μL 2
+L

z1 μ μL +

Thus, the effective friction is

μ μ μ= +⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=L Rμ
2

0 5

For Case 1: Vehicle is loaded, 

 Acceleration under front lock-up is

a

c
c c

K
K

h
c c

F

f

f= −
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

+

μ

μhh

2

1 2c

1 2c

1
1

1
1 −−⎛

⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

= −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

K
K

g
f

f

1

0 5
1 45
2 7

1
. ++

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− × +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝

0 2
0 8

0 5 0 5
2 7

1
0 2
0 8

1
. .×5 0

⎜⎜
⎛⎛⎛⎛

⎝⎝⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

= −

g

g0 3796.
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178 Road Vehicle Dynamics

 Acceleration under rear lock-up (for confi rmation of front lock-up) is

a

c
c c

K
K

h
c c

K
R

f

f

f

= −
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+

μ

μhh

1

1 2c

1 2c

1
1

1
11

1

0 5
1 25
2 7

1

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

= −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

K

g

f

. ++
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

× +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

0 8
0 2

0 5 0 5
2 7

1
0 8
0 2

1
. .×5 0 ⎞⎞

⎠⎟
⎞⎞⎞⎞
⎠⎠

= −

=
+ ( )

g

g

F
c c+

Mgc h− Maz F=
+ (FF Mgc hMa

0 7911

1
1

1 2c+

.

= ×== × −( )( )1
2 7

21 582 1 45 0− 5 2× 1 582 0 3796, .×582 1 . ,5 2× 1 .

=

=
+ ( )

=

13 107

1

1
2 7

2

2
1 2

, N

F
c c+1 +

Mgc h+1 Maz F=
+ (2 1FF Mg h+c1 Ma

11 582 1 25 0 5 21 582 0 3796

847

, .582 . ,5 21 .× 1 25.1 ×21 582,21 −( )( )
= 5 N55  

 The maximum braking force is

F F N

F
K

K
F

xFF

xFF f

f

1 1FzFF

2 1K
FxFF

0 5 13 107 6554

1

= − × =13 107 −

= − =

FFFF . ,5 13× 13

0 200
0 8

1638

6554 1631 2

( )6554× ( = −

+1 = − −

N

F F= Fx xF FF 88 8192= − N  

For Case 2: Vehicle is lightly loaded,

 Acceleration under front lock-up is

a

c
c c

K
K

h
c c

F

f

f= −
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

+

μ

μhh

2

1 2c

1 2c

1
1

1
1 −−⎛

⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

= −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

K
K

g
f

f

1

0 5
1 7
2 7

1 ++
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− × +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

0 2
0 8

0 5 0 45
2 7

1
0 2
0 8

1
. .×5 0

⎝⎝⎜
⎛⎛

⎝⎝⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

= −

g

g0 4393.
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 Braking 179

 Acceleration under rear lock-up (for confi rmation of front lock-up) is

a

c
c c

K
K

h
c c

K
K

R

f

f

f

f

= −
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+

−

μ

μhh

1

1 2c

1 2c

1
1

1
1

⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

= −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+

1

0 5
1 00
2 7

1
0 8
0 2

g

⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

× +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

0 5 0 45
2 7

1
0 8
0 2

1
. .×5 0

g

−−

=
+ ( )

= ×

0 6536

1

1
2 7

14 715 1

1
1 2

.

,

g

F
c c+1 +

Mgc h−2 Maz F=
+ (1 2FF Mgc h2 Ma

.. . , .

,

7 0 45 14 715 0 4393

10 342

1
2

1

×.0 45 × −( )( )
=

=

N

F
czFF

++ ( )

= × + × ×

c
Mgc h+ MaF

2
1

1
2 7

14 715 1 0 0 5 14 715, .×715 1 . ,×5 14 −−( )( )
=

0 4393

4373

.

N  

 The maximum braking force is

F F N

F
K

F

xFF

xFF f

f

1 1FzFF

2 1K
FxFF

0 5 10342 5171

1 0K
Ff 2

0

= − × =10342 −

= =

FFFFF

.

.88
1293

5171 1293 64641 2

× = −

+1

( )5171− N

F F= F N5171 1293 64642 = − − =1293 −x xF FF

PROBLEM 7.14

For Problem 7.13, an ABS is used in the braking action. Control of the braking force 
on each wheel is possible under this system. Determine the maximum braking force 
that can be achieved.

Solution to Problem 7.14

For Case 1: Vehicle is loaded,

F F Nx zF FF F = × ×FFF 0 5 2200 9 81 1= − 0 791. .× ×5 2200 9 ,  

For Case 2: Vehicle is lightly loaded,

F F Nx zF FF F = × × = −FFF 0 5 1500 9 81 7358. .× ×5 1500 9
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180 Road Vehicle Dynamics

PROBLEM 7.15

Perform the necessary manipulation of Eqs. 7.3 and 7.4 to establish Eq. 7.5.

Solution to Problem 7.15

M eF e N e NPivot BN∑ eF =e NBN2 1NB eee 0μNNN  (7.3)

F NB BF NF NNN  (7.4)

Equation 7.4 can be rewritten as

N
F

B
BFF=

μ

Substituting this into Eq. 7.3 gives

eF e F e
FBFF+ −e F =2 1eBFBFF 0
μ  

Multiplying the above equation by μ F gives

μ μeμ F
F

e
F
F

B BFF
e

FF+ −μeμ B =2 1F
e 0

or

F
F

eBFF μ μe e2 1e( )
 

Multiplying by −1 and rearranging the above equation yields

F
F

e
e e

BFF = μ
μ1 2eμ

 (7.5)

PROBLEM 7.16

Consider a vehicle with a 2000-kg mass when lightly loaded (driver only), with a CG 
at 1.2 m behind the front axle and 0.5 m above the road. The wheelbase is 3.0 m. The 
vehicle is to achieve maximum possible braking force and front lock-up under the fol-
lowing severe conditions:

a. The front wheels are on a dry surface of μ = 0.9, and the rear wheels are on a wet 
road of μ = 0.2.

b. The rear wheels are on a dry surface of μ = 0.9, and the front wheels are on a wet 
road of μ = 0.2.

Determine the value of the front brake force distribution factor Kf that you recom-
mend, given that the brake system your company installs has a constant value (no 
feedback control system). Determine the axle loads and the maximum braking 
force.
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 Braking 181

Solution to Problem 7.16

For a lightly loaded vehicle,

M = 2000 kg

c1 + c2 = 3.0 m

c1 = 1.2 m

c2 = 1.8 m

h = 0.5 m

Calculate Kfmax for this.

The maximum braking force occurs when both Fx1 and Fx2 approach their lock-up (or 
maximum values) simultaneously. This can be achieved only if we set Fx1 = −μfFz1 and 
Fx2 = −μrFz2. The total friction force is 

F Fx xFF 1 xFF 2+FxFF 1 μF −f rz1 μFzFF 1 zFz2

We will ignore aerodynamic forces, rolling resistance, and grade.

Recall that

F
c c

Mgc hMaz1FF
1 2c 2

1=
+ ( )

F
c c

Mgc hMaz2FF
1 2c 1

1=
+ ( )

The maximum deceleration is

a
F F

M
F

M
xFF f r zFF= = −1 2FxFF 2μ−μf F

 

  
Ma

c c
M hM

c c
Mgc hf r= −

+ (( ))⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠ +

μMgc hMaMgc hMaμf ( )⎛
⎜
⎛⎛ ⎞

⎟
⎞⎞

−1 1
M hM( )⎞

1 2c 1 2c 1 MaMM( )⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠  

or

a c c h c ha

a h h

f

f r

1 2c 1gcr+( ) (( )) gcgc(( )
h= a (( ) −

gc hagc hahaμf ( )
μ μhf h−f g cgg r2 1fμ μcf cf c+( )  

or

a c c h g cf r r1 2c 2 1f+ cc ( )( ) = − +( )μ μf − μ μcf cf c+
 

a
g

c

c h
r

f r

=
+c−( )

+ −c ( )
2 1f

1 2cc

μcc+f c

μ μf −
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182 Road Vehicle Dynamics

The only way front and rear brakes would lock up at the same time is if the front brake 
distribution factor is equal to the ratio of the front axle load to the total load, or

K
F
F

Mgc hMa

M hM Mgc
f

xFF

xFF
f

f r
maxaa = =

( )
( ) +

1 2

1Mgcr

μ
μ μMgc hMaMgc hMaf ( ) +hMa ++( )hMa

 

Rearranging gives

K
F
F

c h
a
g

h
a
g

f
xFF

xFF

f

f r

maxaa = =

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

+

1
2μ

μμ c hc hf

⎛
⎜
⎛⎛ ⎞

⎟
⎞⎞

+ c hcc
a
g1

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

For Case 1: Front wheels are on a dry surface of μ = 0.9, and the rear wheels are on a 
wet road of μ = 0.2,

                    

a
g

c

c h
r

f r

=
+c−( )

+ −c ( )

=
− × +

2 1f

1 2cc

1 8 0 9 1

μcc+f c

μ μf −

. .×8 0 .2 022 2

3 0 0 5 0 9 0 2

1 86
2 65

0 7

( )
− ×0 5 −( )

= −

=

.

. .0 00 . .9 0

. 0701900  

K
F
F

c h
a
g

h
a
g

f
xFF

xFF

f

f r

maxaa =

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

+

1

2μ

μc hc hμf

⎛
⎜
⎛⎛ ⎞

⎟
⎞⎞

+ c hcc
a
g1

0 9 1 8 0 5 0 7019

0 9 1 8

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
− ×0 5 −( )( )

×

.1.9( .0.5 ×5 (
.1.9 × − ×−− −( )( ) + + × −( )( )

=

0 5 0 7019 0 2 1 2 0 5 0 7019

1

. .× (5 0 . .( . .× (5 0

.935999
1 9359 0 1698

0 9194
. .9359 0

.
+

=
 

For Case 2: The rear wheels are on a dry surface of μ = 0.9, and the front wheels are on 
a wet road of μ = 0.2,

 
a
g

=
− × + ×( )

− × −( ) = −
1 8 0 2 1 2 0 9

3 0 0 5 0 2 0 9
0 4

. .×8 0 . .× 0

. .0 0 . .2 0
. 2429922

 

Kf max

.

.
=

− × −( )( )
× − × −

0 2. 1 8. 0 5.. 0 4299

0 2. 1 8.. 0 5. 0 429944 0 9 1 2 0 5 0 4299
0 3125( )( ) +1 2+ 0 9 × −( )( ) =

.1.99( . .5 0× ( .

 

To ensure front wheel lock-up all the time, choose Kfmax = 0.92.
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For Case 1,

 Acceleration under front lock-up is

a

c
c c

K
K

h
c c

F

f

f= −
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

+

μ

μhh

2

1 2c

1 2c

1
1

1
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⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠
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⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+

K
K

g
f

f

1

0 9
1 8
3 0

1
0 000 8
0 92

0 9 0 5
3 0

1
0 08
0 92

. .9 0

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− × +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ 11

0 7013

⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

= −

g

g.  

 Acceleration under rear lock-up is

a

c
c c

K
K

h
c c

K
K

R

f

f

f

f

= −
+

⎛
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+
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+
+

−

μ
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⎞
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⎞
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⎛
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⎛⎛
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⎞
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+

1
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1
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g
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⎝⎜
⎛⎛⎛⎛
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⎞
⎠⎟
⎞⎞
⎠⎠
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⎛
⎝⎜
⎛⎛
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⎞
⎠⎟
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+
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⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=
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1
0 92
0 08

1
. .×2 0

g

−−0 7059. g7059

 Because a aF Ra< , front lock-up is confi rmed to occur fi rst. The vertical load 
on each axis is

F
c c

Mgc hMaFhMgczFF Ma1
1 2c

1

1
3 0

19 620 1 8 0

=
+ ( )

= ×19 620 −, .620 1×620 .5 155 9 620 0 7013

14 06

1
2

1

×19 620 −( )( )
=

=
+

, .620 0×620 (
, N065

F
c c1 +zFF

22
1

1
3 0

19 620 1 2 0 5 19 62

Mgc h1 MaF( )

19= ×620 + ×0 5, .620 1×620 . ,5 19×5 0 000 7013

5555

0(( )( )
=

.

N  

 The braking force on each axle is

F F N

F
K

K
F

xFF

xFF f

f
xFF

1 1FzFF

2

0 9 14 065 12 659

1

= − × =14 065 −

= −

FFFFF . ,9 14× 14 ,

11
0 08
0 92

12 6 9 1101= − × 12, N659 1101=659 −
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184 Road Vehicle Dynamics

 The total braking force is

F F Fx xFF +FxFF = − − = −1 2FxFF+ 12 659 1101 13 760, ,659 1101 13

Similar calculations are performed for Case 2. The following table is generated:

Case c1 c2 h � Mg Kf aF/g Fz1 Fz2 Fx1 Fx2 Fx aR/g

1 1.2 1.8 0.5 0.9 19620 0.92 −0.7013 14065 5555 −12659 −110 −13759   −0.7059

2 1.2 1.8 0.5 0.2 19620 0.92 −0.1353 12265 7405   −2443 −212   −2655 −0.70588

Note that very little friction force is available to ensure front lock-up when the front 
wheels are on a slippery surface.

PROBLEM 7.17

Repeat Problem 7.16 with the vehicle loaded. The mass is 2500 kg when loaded with a 
CG at 1.4 m behind the front axle and 0.6 m above the road.

Solution to Problem 7.17

Similar calculations are made. For Kfmax, the following spreadsheet is obtained:

Case    c1 c2 h � front � rear Mg a/g Kfmax

1 1.4 1.6 0.6    0.9  0.2 24525 −0.6667 0.9000

2 1.4 1.6 0.6    0.2  0.9 24525 −0.462 0.2709

Subsequently, a distribution ratio of 0.9 is selected. This yields the following table:

Case c1 c2 h � Mg Kf aF/g Fz1 Fz2 Fx1 Fx2 Fx aR/g

1 1.4 1.6 0.6 0.9 24525 0.9 −0.6667 16350   8175 −14715 −1635 −16350   −0.6667

2 1.4 1.6 0.6 0.2 24525 0.9 −0.1240 13688 10837   −2738   −304   −3042 −0.66667

PROBLEM 7.18

Verify that Eq. 7.47 reduces to Eq. 7.48 when aerodynamic drag, grade, and rolling 
resistance are ignored.

Solution to Problem 7.18

Equation 7.45 is

−
+

+( )⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+μ θ
+ (⎛

⎝⎜
⎛⎛
⎝⎝

θ1
1

1 2
1c c+1 +

h+θ R h+ M Mga a R s+h+θ h+ Ma Mga a R in
KK

K

R R Mg Ma

f

f

a rR R

1 −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− R − =Mgsin( )θ  
Ignoring aerodynamic drag means 

Ra = 0
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 Braking 185

Ignoring grade means

θ = 0

Finally, ignoring rolling resistance means

Rr = 0

Substituting the above equations into Eq. 7.47 yields

−
+ ( )⎛

⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=μ 1
1

11 2
1c c+1 +

Mgc h+1 Ma
K

K
MaR

f

f
R

Dividing both sides by M and rearranging for aR yieldsR

−
+ ( )⎛

⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= +μ μ1
1

11 2
1

1c c+1 +
gc

K
K

a
haμμ

c
f

f
R

R

++
+

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠c

K
K
f

f2

1
1

or

−
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
+

μ μc
c c+

K
K

g a= hμ
c c+

f

f
R

1

1 2c+ 1 2c+
1

1
1 1+ μhμμ ++

−
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛

⎝

⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠
K

K
f

f1

Further rearranging of terms yields

a

c
c c

K
K

h
c c

K
R

f

f

f

= −
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+

μ

μhh

1

1 2c

1 2c

1
1

1
11

1
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠K

g

f

 (7.48)

PROBLEM 7.19

A passenger-carrying vehicle with a capacity of fewer than 10 passengers (including 
the driver) is built on a passenger vehicle chassis system. The gross weight of the 
vehicle is 4000 lb. Determine the minimum braking force required (use Table 7.1), the 
minimum deceleration required, and the maximum stopping distance obtained without 
emergency braking. Compare the minimum deceleration required found directly from 
Table 7.1 with that obtained from the stopping distance requirements.

Solution to Problem 7.19

Assume a speed of 20 mph, or

V
mi

hr
ft

mi
hr

iVV = × × =20 5280
3600

29 33 ft/sff
s

.

from Table 7.1.
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186 Road Vehicle Dynamics

The minimum braking force is

FxFF = ( )0. l) × =652 4000 2608 bll
 

The acceleration is

a F
2608 32.2

4000
21.0=F

× =M − −22= ft/stt 2

The time needed to stop is

t
21.0

1.397 sf= = =V Vf −
a

iVV 0 2− 9 03
−22

The traveled distance is

xf ii V ai taa= +xxi

= − ×

1
2

0 2+ 9 03 1× 397
1
2

21 0 1×

2

. .03 1× .1.0 × 39733

20

2( )
= ft

which is the same as that obtained from Table 7.1.

Deceleration is

a = −21− ft/sff 2

The minimum distance traveled is

xf = 20 ft  

PROBLEM 7.20

Repeat Problem 7.19 for a property-carrying vehicle weighing 35,544 N (8000 lb). 
Assume a speed of 20 mph.

Solution to Problem 7.20

V
mi

hr
ft

mi
hr

iVV = × × =20 5280
3600

29 33 ft/sff
s

.

from Table 7.1.

The minimum braking force is

FxFF = −( )0. l) × =528 8000 4244 bll

The acceleration is 

a F
4 32.2

000
17.00 ft/sff 2=F − × = −M

224
8
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 Braking 187

The time needed to stop is

t
21.0

1.397 sf= = =V Vf −
a

iVV 0 2− 9 03
−22

The traveled distance is

xf ii V ai taa= +xxi

= − ×

1
2

0 2+ 9 03 1× 397
1
2

17 0 1×

2

. .03 1× . .0 1× 39733

23 97

2( )
= ft.  

which is the same as that obtained from Table 7.1 for acceleration (−17 ft/s2) and 
slightly less than the distance requirement of 25 ft.
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Chapter 8

Acceleration

PROBLEM 8.1

An 18,683-N (4200-lb) vehicle is to achieve a maximum speed of 104.6 km/hr (65 mph) 
in 6 s. If a constant engine torque is assumed, determine the traction force needed 
between the tires and the road to achieve this speed. Also, fi nd the distance it takes to 
reach such a speed from an idle condition.

Solution to Problem 8.1

The fi nal velocity can be written as

V
km

hr
m

km
hr

fVV = × × =104 6 1000
3600

29 06
.

s
. m/s

The acceleration can be found from

a
V V

t
f iV VV V= = − =29 06 0

6
4 84 2.

m/s

The mass of the vehicle is

M = =18 683 9 81 1904, .683 9 kg

The force needed to achieve this acceleration is

F M a×M = × = =2000 9260 92232 29260kg 4.63 m/s kg m/s N

The distance needed to reach the maximum speed is

X
V V

ab
f iV VV V

=
( )

×
=

( ) −

( ) =
2 2V

2

2

29 06 0

2 4× ( 63
91 20

.

.
. m20
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190 Road Vehicle Dynamics

PROBLEM 8.2

Consider a midsize sedan that has a mass of 1500 kg. The wheelbase of the vehicle is 
2.1 m and the center of gravity (CG) is 1.0 m from the front axle and 0.5 m above the 
ground. Determine the load on each axle if the vehicle is under no acceleration, accel-
erating at 0.6 m/s2, and accelerating at 1.5 m/s2.

Solution to Problem 8.2

Given in the problem are the following:

M = 1500 kg

c1 + c2 = 2.1 m

h = 0.5 m

c1 = 1.0 m

First, we will fi nd c2 as

2 2 1 1 0 1 1= − =2 1 1 0. .1 1 . m1

The axle loading under no acceleration (i.e., a = 0) is

F Mg
c

c c
h

c c
Maz1FF 2

1 2c 1 2c

1500 9 81
1 1
2

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

= ×1500
.
.11

0 5
2 1

1500 0

7708

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− × ×

=
.

N

F Mg
c

c c
h

c c
Maz2FF 1

1 2c 1 2c

1500 9 81
1 0
2

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+

= ×1500
.. .1

0 5.
2 1.

1500 0

7007

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ × ×

= N

Similarly, for a = 2 ft/s2,

F Mg
c

c c
h

c c
Maz1FF 2

1 2c 1 2c

1500 9 81
1 1
2

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

= ×1500
.
.. .1

0 5.
2 1.

1500 2

6994

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− × ×

= N

F Mg
c

c c
h

c c
Maz2FF 1

1 2c 1 2c

1500 9 81
1 0
2

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+

= ×1500
.. .1

0 5.
2 1.

1500 2

7721

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ × ×

= N
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 Acceleration 191

For a = 6 ft/s2,

F Mg
c

c c
h

c c
Maz1FF 2

1 2c 1 2c

1500 9 81
1 1
2

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

= ×1500
.
.11

0 5
2 1

1500 6

5566

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− × ×

=

.

N

F Mg
c

c c
h

c c
Maz2FF 1

1 2c 1 2c

1500 9 81
1 0
2

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+

= ×1500
.. .1

0 5.
2 1.

1500 6

9149

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ × ×

= N

PROBLEM 8.3

A midsize sedan that has a mass of 1500 kg is traveling at 100 km/hr. The front area of 
the vehicle is 2.0 m2, and the coeffi cient of drag is 0.42. The aerodynamic resistance is 
acting on the CG. The wheelbase of the vehicle is at 2.1 m, and the center of gravity 
is at 1.0 m from the front axle and at 0.5 m above the ground. The density of air is 
1.2256 kg/m3. What would be the loads if the vehicle were accelerating at 0.6 m/s2 on 
a horizontal plane? What would be the axle load when the vehicle goes uphill and 
downhill at a 6° slope at the same speed?

Solution to Problem 8.3

First, the aerodynamic resistance is calculated as

R C A Va DC F rVV

= × × ×

ρ
2

1 2256
2

0 42 2× 0 100
1000
3600

2

.
. .42 2×

⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=

2

397 2. N2

The forces on the axles (when traveling on a horizontal road) are

F
c c

Mgc h h h g

c c
Mgc

z aFF Mgc a1
1 2c

1 2c

1

1

=
+ ( )

=
+

i θh R hMa hMga a sh R hMa hMgah ah R − in

22

1
2 1

1500 9 81 1 1 0 5 397 2 0 1

− −( )

= ×1500 1 1 × 397 2

h R hMaa aR

.
. .81 11 . .5 397× 397 . 55 150055 0 6

7399

×( )
= N
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192 Road Vehicle Dynamics

F
c c

Mgc h h h g

c c
Mgc

z aFF Mgc a2
1 2c

1 2c

1

1

=
+ ( )

=
+

i θh R hMa hMga ah R + shMa hMgah ah Rah + in

11

1
2 1

1500 9 81 1 0 0 5 397 2 0 1

+ +( )

= ×1500 1 0 × 397 2

h R hMaa a

.
. .81 × 1 . .5 397× 397 . 55 150055 0 6

7316

×( )
= N

The forces on the axles (when traveling uphill) are

F
c c

Mgc h h h gz aFF Mgc a1
1 2c

1

1
2 1

1500

=
+ ( )

= ×1500

i

.

θh R hMa hMga a sh R hMa hMgah ah R − in

9 899 1 1 1 6 0 5 397 2 0 5

1500 0

. .81 1 .6 0 . .2 0

.

1 1.1 ( ) − ×0 50(
× ×1500 6 066 5 1500 9 81 6

6991

×0 5 × 9 81 ( ))
=

. .5 1500 9×5 × 9 i

N

F
c c

Mgc h h h gz aFF Mgc a2
1 2c

1

1
2 1

1500

=
+ ( )

= ×1500

i

.

θh R hMa hMga ah R + shMa hMgah ah Rah + in

9 899 1 1 0 6 0 5 397 2

0 5 1500 0

. .81 1 .6 0 .1 0.1 ( ) + ×0 50 +(
× ×1500 .. . i6 0 5 1500 9 8. 1 6sin

7644

×.0 5 × 9 8. 1 ( ))
= N

When the vehicle travels downhill, the forces are

F
c c

Mgc h h h gz aFF Mgc a1
1 2c

1

1
2 1

1500

=
+ ( )

= ×1500

i

.

θh R hM hMga a sh R hMa hMgah ah R − in

9 899 1 1 1 6 0 5 397 2 0 5 1500

0

. .81 1 .6 0 . .2 0

.

1 1.1 ( ) − ×0 50 ×0 5.0(
× 6 066 5 1500 9 81 6

7723

×0 5 × 9 81 ( ))
=

. .5 1500 9×5 × 9 i

N

F
c c

Mgc h h h gz aFF Mgc a2
1 2c

1

1
2 1

1500

=
+ ( )

= ×1500

i

.

θh R hM hMga ah R + shMa hMgah ah Rah + in

9 899 1 1 0 6 0 5 397 2 0 5

1500

. .81 1 .6 0 . .2 01 0.1 ( ) + ×0 50(
× ×1500 0 600 0 5 1500 9 81 6

6911

. .6 0 . s81 i− ×0 50 × 9 8181 ( ))
= N

PROBLEM 8.4

A 22,215-N (5000-lb) passenger car has a 2743.2-mm (108-in.) wheelbase and a CG at 
1066.8 mm (42 in.) behind the front axle and at 457.2 mm (18 in.) above the ground. 
The tractive effort distribution gives the front axle 90% of the total tractive force. The 
car is moving on a horizontal plane. Determine which tires will skid fi rst if the car is 
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 Acceleration 193

moving on a surface with fi rst, a coeffi cient of friction of 0.85 and, second, a coeffi cient 
of friction of 0.15. Ignore drag and rolling resistance.

Solution to Problem 8.4

M = =5000 32 2 155 28. .2 155 slugs

c1 + c2 = 108 in.

c1 = 42 in.

c2 = 66 in.

Kf = 0.9

h = 18

θ = 0

Ra = 0

Rr = 0

For the fi rst surface where μ = 0.85,

Acceleration under the front skid is

a

c
c c

K
K

h
c c

K
K

F

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+ −⎛

μ

μhh

2

1 2c

1 2c

1
1

1
1

⎝⎝⎜
⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1

0 85
66

108
1

0 1
0 9

0

g

.8588 18
108

1
0 1
0 9

1

0 5772
1 1575

× +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

=

.

.

g

g

00 4987. g4987

Acceleration under the rear skid is

a

c
c c

K
K

h
c c

K
K

R

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

+
−

μ

μhh

1

1 2c

1 2c

1
1

1
1

⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−

1

0 85
42

108
1

0 9
0 1

g

0 800 5 18
108

1
0 9
0 1

1

3 3056
0 416

.
1

0.85 18

.
.

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=
−

g

77

7 9334

g

g= − .
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194 Road Vehicle Dynamics

Note here that the negative sign indicates that under the given conditions, the rear 
tires will never skid with positive acceleration. Thus, the front tires will skid fi rst.

For the second surface where μ = 0.15,

Acceleration under the front skid is

aF =

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+

0 15
66

108
1

0 1
0 9

0 15 1× 8
108

1
0 1. .15 1× 8

1
0
0 900

1

0 09910
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

g g0 09910.=

Acceleration under the rear skid is

aR =

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− +

0 15
42

108
1

0 9
0 1

0 15 1× 8
108

1
0. .15 1× 8

1
0 99
0 1

1

0 7778
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

g g0 7778.=

Because aF < aR, the front tires will skid fi rst.

PROBLEM 8.5

Consider the previous problem. The car is moving on a horizontal plane, and drag and 
rolling resistance are negligible. Determine the maximum tractive force, the maximum 
acceleration, and the distribution factor needed to achieve them. The coeffi cient of fric-
tion is 0.25.

Solution to Problem 8.5

M = =5000 32 2 155 28. .2 155 slugs

c1 + c2 = 108 in.

c1 = 42 in.

c2 = 66 in.

Kf = 0.9

H = 18

θ = 0

Ra = 0

Rr = 0

The front brake distribution factor needed to achieve the maximum braking force is

K
c h

c c
f =

( )
+( ) = − =2

1 2c

66 0 25 1× 8
108

0 5694
μhh

.
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 Acceleration 195

The maximum braking force Fx is

FxFF ( ) = × =μ θMMg ( ) =θ( 0 2. 5 5000 1250 lb

The maximum acceleration is

a
R R Mg

M
ga r=

( ) ( )
=g=

μ θMgM ( θ
μggμgg

sR R Mga rR) − R −θ( in
8 0. 5 2ft/sff

PROBLEM 8.6

Consider Problem 8.5. A vehicle strategy requires a front axle skid on a dry surface, 
and the front torque distribution factor is chosen at 0.7. The vehicle is traveling on a 
low-friction surface with a coeffi cient of friction of 0.25. Determine the maximum 
tractive force, and identify which axle would skid fi rst.

Solution to Problem 8.6

Acceleration under the front skid is

a

c
c c

K
K

h
c c

K
K

F

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+ −⎛

μ

μhh

2

1 2c

1 2c

1
1

1
1

⎝⎝⎜
⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1

0 25
66

108
1

0 3
0 7

0

g

.2522 18
108

1
0 3
0 7

1

0 2060

× +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

= .

g

g

Acceleration under the rear skid is

a

c
c c

K
K

h
c c

K
K

R

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

+
−

μ

μhh

1

1 2c

1 2c

1
1

1
1

⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−

1

0 25
42

108
1

0 7
0 3

g

0 200 5 18
108

1
0 7
0 3

1

0 3763

.
1

0.25 18

.

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

g

g
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196 Road Vehicle Dynamics

Because aF < aR, the front skid occurs fi rst. The normal forces are

F
c c

Mgc hMa

Mg
c c

c h
a
g

z FFF Mgc hMa

F

1
1 2c

1 2c 2

1

5000

=
+ ( )

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
10811

66 18 0 1859

2884

− ×18 ( )( )
=

.

lb

F
c c

Mgc hMa

Mg
c c

c h
a
g

z FFF Mgc hMa

F

2
1 2c

1 2c 1

1

5000

=
+ ( )

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
10811

42 18 0 1859

2116

+ ×18 ( )( )
=

.

lb

Note that

F F lbzFF 1 2z 5000=F 2FzFF

F F lbxFF 1 1FzFF 0 25 2883 721 0=F 1F × =2883FFFFFFF . .25 2883 721× 2883

F
K

F lbllxFF f

f
2 1K

FxFF
1 1K

Ff 0 7
0 7

7 0= − ( ) .309.0)

The total friction force is

F F F lbllx xFF +FxFF 1 2FxFF+ 1030

PROBLEM 8.7

A vehicle has a mass of 1600 kg when lightly loaded (driver only), with a CG at 0.8 m 
behind the front axle and at 0.45 m above the road. When loaded, the vehicle has a mass 
of 2000 kg, with a CG at 1.2 m behind the front axle and at 0.5 in. above the road. The 
wheelbase is 2.6 m. The vehicle is to achieve maximum possible tractive force and 
front skid under the following severe conditions:

Vehicle is loaded, on a dry surface of μ = 0.85

Vehicle is loaded, on a wet surface of μ = 0.15

Vehicle is lightly loaded, on a dry surface of μ = 0.85

Vehicle is lightly loaded, on a wet road of μ = 0.15

Determine the value of Kf that you recommend, given that the drive system your com-
pany installs has a constant torque distribution value (no feedback control system). 
Determine the axle loads and the maximum tractive force.
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 Acceleration 197

Solution to Problem 8.7

For Case 1: Vehicle is lightly loaded, on a dry surface of μ = 0.85,

The optimal force distribution factor is

K
c h

c c
f max

.
.=

( )
+( ) = − =2

1 2c

1 8. 0 8.0 8. 5 0× 45
2 6.

0 5452
μhh

For Case 2: Vehicle is lightly loaded, on a slippery surface of μ = 0.15,

The optimal force distribution factor is

K
c h

c c
f max

.
.=

( )
+( ) = − =2

1 2c

1 8. 0 1.0 1. 5 0× 45
2 6.

0 6663
μhh

For Case 3: Vehicle is loaded, on a dry surface of μ = 0.85,

The optimal force distribution factor is

K
c h

c c
f max

. .
.=

( )
+( ) = − =2

1 2c

1 4. 0 1.0 1. 5 0× 5
2 6.

0 375
μhh

For Case 4: Vehicle is loaded, on a slippery surface of μ = 0.15,

The optimal force distribution factor is

K
c h

c c
f max

. .
.=

( )
+( ) = − =2

1 2c

1 4. 0 1.0 1. 5 0× 5
2 6.

0 5096
μhh

To ensure front lock-up, a distribution factor of 0.7 is selected.

For Case 1: Vehicle is loaded, on a dry surface of μ = 0.85,

a

c
c c

K
K

h
c c

K
K

F

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+ −⎛

μ

μhh

2

1 2c

1 2c

1
1

1
1

⎝⎝⎜
⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1

0 85
1 8
2 6

1
0 3
0 7

0

g

..

.

85 0 5.
2 6.

1
0 3.
0 7.

1

0 6947

× +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

g

g

SIBK002_Ch08_p189-218.indd   197SIBK002_Ch08_p189-218.indd   197 3/8/10   2:08:34 PM3/8/10   2:08:34 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



198 Road Vehicle Dynamics

Acceleration under the rear skid is

a

c
c c

K
K

h
c c

K
K

R

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+

−
⎛

μ

μhh

1

1 2c

1 2c

1
1

1
1⎝⎝⎜

⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−

1

0 85
0 8
2 6

1
0 7
0 3

g

0 800 5 0 5
2 6

1
0 7
0 3

1

1 7107

. .85 0

.

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

g

g

Because aF < aR, the front skid occurs fi rst. The normal forces are

F
c c

Mgc hMa

Mg
c c

c h
a
g

z FFF Mgc hMa

F

1
1 2c

1 2c 2

1

15 6

=
+ ( )

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= , 9699
2 6

1 8 0 5 0 6947

8770

. .8 0 .− ×0 50 ( )( )
= N

F
c c

Mgc hMa

Mg
c c

c h
a
g

z FFF Mgc hMa

F

2
1 2c

1 2c 1

1

15 6

=
+ ( )

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= , 9699
2 6

0 8 0 5 0 6947

6926

. .8 0 .+ ×0 50 ( )( )
= N

Note that

F FzFF 1 2z 15 696=F 2FzFF , N696

Because the front tires skid fi rst,

F F NxFF 1 1FzFF 0 85 8979 7632=F 1F × =8979FFFFFFF

F
K

F NxFF f

f
2 1K

FxFF
1 1K

Ff 0 7
0 7

7632 3271= − ( )

The total friction force is

F F F Nx xFF +FxFF 1 2FxFF+ 10 903,

SIBK002_Ch08_p189-218.indd   198SIBK002_Ch08_p189-218.indd   198 3/8/10   2:08:36 PM3/8/10   2:08:36 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Acceleration 199

Similar calculations are performed for all remaining cases. For all other cases, the fol-
lowing table is generated:

Case c1 c2 h µ Mg Kf aF/g Fz1 Fz2 Fx1 Fx2 Fx aR/g

1 0.8 1.8 0.45 0.85 15696 0.7 0.6947 8979   6717 7632 3271 10903 1.7107

2 0.8 1.8 0.45 0.15 15696 0.7 0.1430 10478   5218 1572   674   2245 0.1684

3 1.2 1.4 0.5 0.85 19620 0.7 0.5301 8565 11055 7280 3120 10400 2.8732

4 1.2 1.4 0.5 0.15 19620 0.7 0.1108 10146   9474 1522   652   2174 0.2553

PROBLEM 8.8

A V-6 gasoline engine is putting a maximum of 300 hp of gross power at 5000 rpm. Air 
induction losses are found to be 2.8% at that engine speed. The hot and cold end exhaust 
losses are found to be 8%. In addition, losses due to air conditioning, power steering, 
the alternator, and other accessories add up to 15 hp under specifi c driving conditions. 
The ambient temperature is 35°C, and dry pressure is 105 kPa. Determine the power 
available to the transmission.

Solution to Problem 8.8

Total losses of the induction and exhaust systems are

2 8 10. %8 . %8+ 8

The power available to the accessories and transmission is 

89 300 267 6. %2 .hp hp× =300 hp

The power available to the transmission under standard conditions is

267 6 15 252 6. .6 15 252=15 hp

The power ratio under the given conditions is

P
P

B
ToPP

d

=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛

⎝
⎜
⎛⎛

⎜⎝⎝
⎜⎜

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
⎟⎟ −

1

1 18
99 273

298
0 1

1 2

. .
⎝⎝⎝ ⎠⎠⎠ ⎝⎝⎝ ⎠⎠⎠

⎜⎜ ⎟⎟18 0 88

1

1 18
99

105
35 273

298
0

1 2
=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛

⎝
⎜
⎛⎛

⎜⎝⎝
⎜⎜

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
⎟⎟ − .0

⎝⎝⎝ ⎠⎠⎠ ⎝⎝⎝ ⎠⎠⎠
.18⎜⎜ ⎟⎟ 1811

1 0514= .

The horsepower available to the transmission is

1 0514 252 6 265 6. .0514 252 .× =252 6.252 hp hp
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200 Road Vehicle Dynamics

PROBLEM 8.9

An engine delivers 325 N ⋅ m (240 ft ⋅ lb) torque at 2500 rpm engine speed. It is cou-
pled to a torque converter and an automatic speed transmission. Determine the output 
speed and the output torque of the converter of the characteristics given in Figure 8.22. 
Determine the effi ciency of the torque converter.

Solution to Problem 8.9

The engine speed and torque are

Te = 325 N ⋅ m

ne = 2500 rpm

The capacity factor of the torque converter is the same as that of the engine.

K K
T

rpm

Nm
tc e

e

eTT
=K = =ω 2500

325
138 7.

Use a graph similar to Figure 8.22 to determine the speed and torque ratio.

The speed ratio is 0.78, and the torque ratio is 1.18. Therefore,

ntc = ×0 78 2500 1950. r× =78 2500 1950 pmrr

  TtcTT = 1 18 300 354. N× =18 300 354 m

With the use of Eq. 8.49, the effi ciency is

η ω
ωtc

out

in

tcout tcout

tcin tcin

Po

Pi

Tt

Tt

= = = ×
5

1950 354
2 0000 300×

= 0 92

0.00

0.50

1.00

1.50

2.00

0.2 0.4 0.6 0.8 1
Speed Ratio

Efficiency 

Torque Ratio

Ktc /100Figure 8.9 Effi ciency and 
torque ratios as functions 
of speed ratio for a torque 
converter.
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 Acceleration 201

PROBLEM 8.10

A vehicle (including wheels) weighs 30,000 N. Each wheel weighs 300 N, and the roll-
ing radius of the wheels is 0.35 m; the radius of gyration is 0.28 m. The engine is driven 
at 3000 rpm and is delivering 400 N ⋅ m. The total drivetrain effi ciency is 84%, and the 
transmission is in fourth gear with a ratio of 3.8 to 1. The components rotating at 
engine speed have an inertia of 1.0 kg ⋅ m2. Assume a slip of the running gear at 3% and 
a coeffi cient of rolling resistance of 2.5%. The front area of the vehicle is 2.2 m2, the 
aerodynamic drag coeffi cient is 0.38, and the speed of the wind is zero. Determine the 
acceleration at that point.

Solution to Problem 8.10

Given

 M = 30 000 9 8 3058, .000 9 = kg

 mw = 300 9 81 30 58. .81 30 kg

 r = 0.35 m

 rg = 0.28 m

 ne = 3000 rpm

 Te = 400 N⋅m

 η = 0.84

 ξt = 3.8

 ∑I = 1.0 kg⋅m2

 i = 0.03

 μr = 0.025

 CD = 0.38

 AF = 2.2 m2

1. Calculate the mass factor (γm).

I m rw wm grr( ) = ( )2 230 58 0 28 2) =
2

. .(58 0 . k397 g m⋅

γ m
Mr

{ }ξ ξn nξ+ξ

= +

w ξI ξ1

1
1

3058

2
ξξ ξξ ξ

×× ( ) { }+ × =
0 35

× 1 0641
2

+ .} 1

2. Calculate the tractive force (Eq. 8.47).

F
T

r
NxFF e oTT t= = × × =ξ ηo 400 3 8 0 86

0 35
3735

. .×8 0
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202 Road Vehicle Dynamics

3. Calculate the vehicle speed (Eq. 8.48).

V
n r ie

o

=
−( )

=
× ( ) × ( )

=

1

3000 2 0) × 35 1 0− 03

3 8
1684

ξ
π . .× (35 1 0

m/min/m/m

km/hr= 101 044.

Because the wind is at zero speed,

V VrVV =V =101 044 28 07.28.044 km/hkk r m/s

4. Calculate the rolling resistance force (Eq. 7.26).

Rf r= = × =μ mg N0 025 30 000 750. ,×025 30

5. Calculate the aerodynamic drag force (Eq. 7.27). Assume that the density of air is
1.2256 kg/m3.

R C A Va DC F rVV =C A VDC V × ( ) =ρ
2 2D F r 0 38 2× 2 2× ( 8 07 403 72 21.2256

N. .38 2× . .)07 403

Note the unit conversion factors.

6. Calculate the acceleration (Eq. 8.53).

a
F F R

m
neFF t

m m

= = = − −
×

=∑
γ γmmm

3735 750 404
1 0641 3058

0
.

. 279322 2m/s

PROBLEM 8.11

Consider Problem 8.10. Assume that the engine torque remained constant during take-
off acceleration. Also, acceleration is occurring while the transmission is engaged in 
the same gear as that found in Problem 8.10. Determine how long it would take the 
vehicle to reach a constant speed of 100 km/hr. Assume a wind speed of 20 km/hr 
against the vehicle direction.

Solution to Problem 8.11

1. Unit conversion is

V
km
hr

m
sfVV == × =100 100

1000
3600

27 78 m/s.

2. Determine the drag (Eq. 7.27).

R C A V V Va DC F rVV rVVrVV=C A VDC V × ( )ρ
2 2D F r 0 38 2× 2 0VVV× ( ) 1232 2 21.2256

. .38 2×
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 Acceleration 203

3. Determine Fnet.

F F R V VneFF t rF R V rVV−FF =VV −∑ 3 3 0 0 123 2985 0 51232 2V2985 0 5123.rVV 2985 0

4. Determine the time (Eq. 8.57).

t m
dV
F

dV

V
m

neFF t
V

V

rVViVV

fVV
=m × ×

−∫V∫γ 1 0641 3058
2985 0 5123 20

2
.

.

7 777 8
31 7.∫0

= s

PROBLEM 8.12

Consider a light truck that weighs 20,000 N under a certain load. The wheelbase of the 
vehicle is at 3.0 m, and the CG is at 1.3 m from the front axle and at 0.75 m above the 
ground. Determine the load on each axle under the maximum traction limited accel-
eration with a coeffi cient of friction of 0.8.

Solution to Problem 8.12

The optimal distribution factor is

K
c h

c c
f max .=

( )
+( ) = − × =2

1 2c

1 7. 0 8.0 8. 0 7. 5
3 0.

0 3667
μhh

Acceleration under the front skid is

a

c
c c

K
K

h
c c

K
K

F

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+ −⎛

μ

μhh

2

1 2c

1 2c

1
1

1
1

⎝⎝⎜
⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

1

0 80
1 7
3 0

1
0 6333
0 3667

g

.

.⎝⎝⎜
⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

0 80 0× 75
3 0

1
0 6333
0 3667

1
. .80 0× .

.

g

== 0 8000. g8000

Acceleration under the rear skid is

a

c
c c

K
K

h
c c

K
K

R

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

+
−

μ

μhh

1

1 2c

1 2c

1
1

1
1

⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+

1

0 80
1 3
3 0

1
0 3667
0 6333

g

.

.

⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠

0 80 0× 75
3 0

1
0 3667
0 6333

1
. .80 0× .

. ⎟⎟
⎞⎞⎞⎞
⎠⎠⎠⎠

=

g

g0 8000.

SIBK002_Ch08_p189-218.indd   203SIBK002_Ch08_p189-218.indd   203 3/8/10   2:08:46 PM3/8/10   2:08:46 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



204 Road Vehicle Dynamics

Because aF = aR, all wheels skid at the same time. The normal forces are

F
c c

Mgc hMa

Mg
c c

c h
a
g

z FFF Mgc hMa

F

1
1 2c

1 2c 2

1

20 0

=
+ ( )

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= , 0000
3 0

1 7 0 5 0 8

8667

. .7 0− ×0 50 ( )( )
= N

F
c c

Mgc hMa

Mg
c c

c h
a
g

z FFF Mgc hMa

F

2
1 2c

1 2c 1

1

2000

=
+ ( )

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= 00
3 0

1 3 0 5 0 8

11333

. .3 0+ ×0 50 ( )( )
= N

Note that 

F F NzFF 1 2z 20 000=F 2FzFF ,

In addition,

F F NxFF 1 1FzFF 0 80 8667 6933=F 1F × =8667FFFFFFF

F
K

F NxFF f

f
2 1K

FxFF
1 1K

Ff 0 3667
0 3667

6933 11975= − ( ).
.

The total friction force is

F F F Nx xFF +FxFF 1 2FxFF+ 18907

PROBLEM 8.13

A 1300-kg compact passenger car has a 2.0-m wheelbase and a CG at 0.96 m behind 
the front axle and at 0.6 m above the ground. The car is traveling on a horizontal 
plane. Determine which tires will skid fi rst if the car is moving on a surface with a 
coeffi cient of friction of 0.9, and if the front axle force distribution factors are 0.4, 
0.6, and 0.8.

Solution to Problem 8.13

For Case 1: Kf = 0.4,
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 Acceleration 205

Acceleration under the front skid is

a

c
c c

K
K

h
c c

K
K

F

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+ −⎛

μ

μhh

2

1 2c

1 2c

1
1

1
1

⎝⎝⎜
⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1

0 90
1 04
2 0

1
0 6
0 4

g

0 900 0 0 6
2 0

1
0 6
0 4

1

0 6985

. .90 0

.

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

g

g

Acceleration under the rear skid is

a

c
c c

K
K

h
c c

K
K

R

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

+
−

μ

μhh

1

1 2c

1 2c

1
1

1
1

⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠

1

0 90
0 96
2 0

1
0 4
0 6

g

⎟⎟
⎞⎞⎞⎞
⎠⎠⎠⎠

− +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

0 90 0× 6
2 0

1
0 4
0 6

1

1 3091

. .90 0×

.

g

g

Because aF < aR, the front tires will skid fi rst.

For Case 2: Kf = 0.6,

Acceleration under the front skid is

a

c
c c

K
K

h
c c

K
K

F

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+ −⎛

μ

μhh

2

1 2c

1 2c

1
1

1
1

⎝⎝⎜
⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1

0 90
1 04
2 0

1
0 4
0 6

g

0 900 0 0 6
2 0

1
0 4
0 6

1

0 5379

. .90 0

.

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

g

g
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206 Road Vehicle Dynamics

Acceleration under the rear skid is

a

c
c c

K
K

h
c c

K
K

R

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

+
−

μ

μhh

1

1 2c

1 2c

1
1

1
1

⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

=

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠

1

0 90
0 96
2 0

1
0 6
0 4

g

⎟⎟
⎞⎞⎞⎞
⎠⎠⎠⎠

− +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=

0 90 0× 6
2 0

1
0 6
0 4

1

3 3231

. .90 0×

.

g

g

Because aF < aR, the front tires will skid fi rst.

For Case 3: Kf = 0.8,

Acceleration under the front skid is

a

c
c c

K
K

h
c c

K
K

F

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+ −⎛

μ

μhh
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1 2c
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1
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1
1
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+
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=

⎛
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+
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1
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g

0 900 0 0 6
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1
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1
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. .90 0
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⎛
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=

g

g

Acceleration under the rear skid is

a

c
c c

K
K

h
c c

K
K

R

f

f

f

f

=
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
−

⎛
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⎞
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−
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+
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1
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1
1
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⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
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⎛

⎝⎜
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⎝⎝

⎞
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⎛
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1
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⎞⎞⎞⎞
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⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
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+
⎛
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⎞
⎠⎟
⎞⎞
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= −

0 90 0× 6
2 0

1
0 8
0 2

1

6 1714

. .90 0×

.

g

g

Note here that the negative sign indicates that under the given conditions, the rear tires 
will never skid with positive acceleration. Thus, the front tires will skid fi rst.
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 Acceleration 207

PROBLEM 8.14

Consider a vehicle with a 1500-kg mass when lightly loaded (driver only), with a CG 
at 1.0 m behind the front axle and at 0.45 m above the road. The mass is 2200 kg when 
loaded with a CG at 1.25 m behind the front axle and at 0.5 m above the road. The 
wheelbase is 2.7 m. The vehicle is to achieve the maximum possible tractive force and 
front skid under the following severe conditions:

Vehicle is loaded, on a dry surface of μ = 0.9

Vehicle is loaded, on a slippery surface of μ = 0.2

Vehicle is lightly loaded, on a dry surface of μ = 0.9

Vehicle is lightly loaded, on a slippery road of μ = 0.2

Determine the value of the front force distribution factor Kf  that you recommend, given 
that the force system has a constant value. Determine the axle loads and the maximum 
tractive force.

Solution to Problem 8.14

For Case 1: Vehicle is loaded, dry surface of μ = 0.9,

The optimal force distribution factor is

K
c h

c c
f max

. . .
.=

( )
+( ) = . =2

1 2c

1 4. 5 0− 9 0× 5
2 7.

0 3704
μhh

For Case 2: Vehicle is loaded, on a slippery surface of μ = 0.2,

The optimal force distribution factor is

K
c h

c c
f max

. . .
.=

( )
+( ) = . =2

1 2c

1 4. 5 0− 2 0× 5
2 7.

0 5000
μhh

For Case 3: Vehicle is lightly loaded, on a dry surface of μ = 0.9,

The optimal force distribution factor is

K
c h

c c
f max .=

( )
+( ) = − × =2

1 2c

1 7. 0 9.0 9. 0 4. 5
2 7.

0 4796
μhh

For Case 4: Vehicle is lightly loaded, on a slippery road of μ = 0.2,

The optimal force distribution factor is

K
c h

c cf max .=
( )

+( ) = − × =2

1 2c

1 8. 0 2.0 2. 0 4. 5
2 7.

0 6333
μhh

To ensure front lock-up, a distribution factor of 0.6 is selected.
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208 Road Vehicle Dynamics

For Case 1: Vehicle is loaded, on a dry surface of μ = 0.9,

Acceleration under the front skid is
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Acceleration under the rear skid is
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Because aF < aR, the front skid occurs fi rst. The normal forces are

F
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Mgc hMa
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c c
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 Acceleration 209

Because the front tires skid fi rst, 

F FxFF 1 1FzFF 0 90 9061 81=F 1FFFFFFFF . N90 9061 8155× =9061

F
K

FxFF f

f
2 1K

FxFF
1 1K

Ff 0 6
0 6

9061 6041= = − × ( ) = N

The total friction force is

F F Fx xFF +FxFF =1 2FxFF+ 14196 N

Similar calculations are performed for all remaining cases. For all other cases, the fol-
lowing table is generated:

Case c1 c2 h µ Mg Kf aF/g Fz1 Fz2 Fx1 Fx2 Fx aR/g

1 1.25 1.45 0.5 0.9 21560 0.6 0.6304   9061 12499 8155 5437 13592 1.7857

2 1.25 1.45 0.5 0.2 21560 0.6 0.1686 10905 10655 2181 1454   3635 0.2551

3 1 1.7 0.45 0.9 14700 0.6 0.7556   7404   7296 6664 4443 11107 1.3333

4 1 1.7 0.45 0.2 14700 0.6 0.1988   8768   5932 1754 1169   2923 0.2020

PROBLEM 8.15

The vehicle described in Problem 8.14 has a traction control system that allows control 
of each wheel force distribution. Determine the maximum tractive force achieved under 
the following conditions:

Vehicle is loaded, on a dry surface of μ = 0.9

Vehicle is loaded, on a slippery surface of μ = 0.2

Vehicle is lightly loaded, on a dry surface of μ = 0.9

Vehicle is lightly loaded, on a slippery road of μ = 0.2

Solution to Problem 8.15

For Case 1: Vehicle is loaded, on a dry surface of μ = 0.9,

Acceleration under the front skid is
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210 Road Vehicle Dynamics

Acceleration under the rear skid is
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 Because aF = aR, all wheels will skid at the same time. The normal forces 
are
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Because the front tires skid fi rst, 

F FxFF 1 1FzFF 0 90 7985 7187=F 1FFFFFFFF . N90 7985 7187× =7985

F
K

FxFF f

f
2 1K

FxFF
1 1K

Ff 0 0 3704
0 3704

7187 12 217= = × ( ) =. .0 0
.

, N217

The total friction force is

F F Fx xFF +FxFF =1 2FxFF+ 19 404, N404
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 Acceleration 211

Similar calculations are performed for all remaining cases. For all other cases, the fol-
lowing table is generated:

Case c1 c2 h µ Mg Kf aF/g Fz1 Fz2 Fx1 Fx2 Fx aR/g

1 1.25 1.45 0.5 0.9 21560 0.3704 0.9000   7985 13575 7187 12217 19404 0.9000

2 1.25 1.45 0.5 0.2 21560 0.5 0.2000 10780 10780 2156 2156   4312 0.2000

3 1 1.7 0.45 0.9 14700 0.4796 0.9000   7051   7649 6346 6885 13230 0.9000

4 1 1.7 0.45 0.2 14700 0.5963 0.2000   8766   5934 1753 1187   2940 0.2000

PROBLEM 8.16

For the vehicle in Problems 8.14 and 8.15, determine the maximum tractive force if the 
vehicle is moving on a split-mue surface with the right wheels on a 0.2 coeffi cient of 
friction surface and the left wheels on a 0.8 coeffi cient of friction surface.

Solution to Problem 8.16

Assume total symmetry for the right and left wheels. We will use the two loading con-
ditions (loaded and lightly loaded), with a load distribution factor of 0.6.

Note that for a split-mue condition, under front lock-up,

F
F F

Fx LFF zFF
R

L R
zFF1

1 1FzFF
12 2R 2
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μL 2
+L

z1 μ μL +

Thus, the effective friction is

μ μ μ= +⎛
⎝⎜
⎛⎛
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=L Rμ
2

0 5

For Case 1: Vehicle is loaded, on a dry surface of μ = 0.9,

Acceleration under the front skid is
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212 Road Vehicle Dynamics

Acceleration under the rear skid is
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Because aF < aR, the front skid occurs fi rst. The normal forces are
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Because the front tires skid fi rst, 

F FxFF 1 1FzFF 0 50 10031 01=F 1FFFFFFFF . N50 10031 5015× =10031

F
K

FxFF f

f
2 1K

FxFF
1 1K

Ff 0 6
0 6

5015 3344= = − × ( ) = N

The total friction force is

F F Fx xFF +FxFF =1 2FxFF+ 8359 N
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 Acceleration 213

Similar calculations are performed for all other cases. The following table is generated:

Case c1 c2 h µ Mg Kf aF/g Fz1 Fz2 Fx1 Fx2 Fx aR/g

1 1.25 1.45 0.5 0.5 21560 0.6 0.3877 10031 11529 5015 3344 8359 0.7530

2 1 1.7 0.45 0.5 14700 0.6 0.4607   8127   6573 4063 2709 6772 0.5848

PROBLEM 8.17

For Problem 8.16, assume that control of the tractive force on each wheel is possible 
under an advanced traction control system. Determine the maximum tractive force that 
can be applied.

Solution to Problem 8.17

For Case 1: Vehicle is loaded,

F F Nx zF FF F =F × =FFFFFF 0 5 21560 10 780. ,×5 21560 10

For Case 2: Vehicle is lightly loaded,

F F Nx zF FF F =F × = −FFFFFF 0 5 1470 735

PROBLEM 8.18

Derive Eq. 8.17.

Solution to Problem 8.18

The maximum tractive force applied in a rear-wheel-drive system is Fx2 = M × aR. 
When the grade, rolling resistance, and aerodynamic drag are considered, Eq. 8.15, 
F FxFF 2 2FzFFFFFFF  is substituted into Eq. 8.9. This yields the maximum tractive forces as

F
c c

Mgc h F Rx xFF Mgc h r2
1 2c

=
+

FxFFhh (( )( )μ

Note that Fx = Fx2 for rear-wheel-drive vehicles. Substituting (Rr = µr Mg) into the pre-
ceding equation and rewriting it for Fx gives

F
h

c c
F

Mg
c c

c hxFFxFF r2
1 2c 2

1 2c 1−
+

=
+ ( )μ μhh

F
MM θ μh

Rearranging the terms yields

F

Mg
c c

c h

h
c c

xFF
r

2
1 2c 1

1 2c
1

= + ( )
−

+

μMM θ μh

μhh

 

(8.17)
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214 Road Vehicle Dynamics

PROBLEM 8.19

Equations 8.40 and 8.41 give the maximum angle that a rear-wheel-drive vehicle or a 
front-wheel-drive vehicle can climb at a constant speed. Derive a similar equation for 
an all-wheel-drive vehicle.

Solution to Problem 8.19

Equation 8.7 can be rewritten as

F R R Ma Mgx fFF a+RfR + Ma sin θ

Also,

F F Fx xFF +FxFF 1 2FxFF+

Under front skid condition, we have

F FxFF 1 1FzFFFFFFF

F
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F
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f

f

f
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FxFF 1
1 1K

Ff= = − × μFF
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1
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1

Equation 8.13 yields
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Rearranging the preceding equation yields
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μ
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 Acceleration 215

Multiplying by the sum c1 + c2 yields

F
Mgc hR

c hzFF r
1

2

1 2c
=

+ +c2c
θ

μ

Substituting for Fx yields

F F
K

K
F

K
gc hR
c

x zFF f

f

f

f

r

+F
− ×

= +
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

μFz
f+FFzFFF ×

θ

1 1K
FzFFμ

K
FF+ ×

2

1

1
Mgc1 Kf− ⎞

1 211 + c h2 +2 μ

Setting a = 0, Ra = 0, and Rr = μrMg in Eq. 8.7 and equating it to the preceding equation 
yields

R Ma Mgx rFF a+RrR + Ma sin θ

μ θ
θ μ

r
f

f

rK
K

Mgc( ) = + −⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

( )
i

cos
maxaa

maxaa
1

1 2 hMhh g

c h1 2c+ +c2c μ

or

sin maxaa
maxaaθ

θ μmaxaa

μ( ) = + −⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

( ))
+ +

1
1 2

1 2

K
K

hc cos θmaxaa( )2

c +1 + h
f

f

r − μ−− r

A similar derivation can be made with a rear skid assumption.

PROBLEM 8.20

Consider a vehicle with a CG at 1.000 m behind the front axle and at 0.460 m above the 
road. The rolling resistance is 0.02, and the wheelbase is 2.750 m. Find the maximum 
angle that can be withstood without losing traction for both front-wheel drive and rear-
wheel drive when the coeffi cient of friction is 1.0.

Solution to Problem 8.20

The following are given:

c1 + c2 = 2.750 m

 c1 = 1.000 m

 μr = 0.02

 h = 0.46 m

 μ = 1.0
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216 Road Vehicle Dynamics

For rear-wheel-drive vehicles,

First trial, θmax = 0

sin maxaa

maxaa

θ

μ θ μmaxaa

μ
μ( ) = + ( )

−
+

−

=

c c+
c hcosθmaxaa

hμμ
c c+

r

r
1 2c+ 2

1 2c+
1

1 0.
2 722 5

1 75 0 0 46 0 02

1
1 0 0 46

2 75

0 02
. c75 . .46 0

. .0 0

( ) − 0 4646( )
− ×

−

== 0 74

Second trial,
 
θmaxaa sin= ( )−1 0 7. 4 d r.) 0) = 83 adrr

sin
. .

maxaaθ( ) =
( ) −( )1 0.

2 7. 5
1 7. 5 0cos× ( 83 0 4.0 4. 6 0× 02

1

rad

−− ×
−

1 0 0 46
2 75

0 02 0= 49
. .×0 0

. .02 0

Third trial, θmaxaa sin= ( )−1 0 4. 9 d r.) 0) = 51 adrr

sin
. .

maxaaθ( ) =
( ) −( )1 0.

2 7. 5
1 7. 5 0cos× ( 51 0 4.0 4. 6 0× 02rad

11
1 0 0 46

2 75

0 02 0 56
− ×

− 0 02
. .0 0×

. .02 0

Fourth trial, θmaxaa sin= ( )−1 0 5. 6 d r.) 0) = 60 adrr

After more trials, θmax = 0.63 rad = 36°

For front-wheel-drive vehicles,

First trial, θmax = 0

sin maxaa

maxaa

θ

μ θ μmaxaa

μ
μ( ) = + ( )

+
+

+

=

c c+
c hcosθmaxaa

hμμ
c c+

r

r
1 2c+ 2

1 2c+
1

1 0.
2 722 5

1 75 0 0 46 0 02

1
1 0 0 46

2 75

0 02
. c75 . .6 0

. .0 0

( ) + 0 4646( )
+ ×

+

== 0 57
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 Acceleration 217

Second trial, θmaxaa sin= ( )−1 0 5. 7 d r.) 0) = 60 adrr

sin
. .

maxaaθ( ) =
( ) +( )1 0.

2 7. 5
1 7. 5 0cos× ( 60 0.0 4. 6 0× 02

1

rad

++ ×
+

=

1 0 0 46
2 75

0 02

0 47

. .×0 0

Third trial, θmaxaa sin= ( )−1 0 4. 7 d r.) 0) = 49 adrr

sin
. .

maxaaθ( ) =
( ) +( )1 0.

2 7. 5
1 7. 5 0cos× ( 49 0 4.0 4. 6 0× 02rad

11
1 0 0 46

2 75

0 02

0 50

+ ×
+

=

. .0 0×

Fourth trial, θmaxaa sin= ( )−1 0 5. 0 d r.) 0) = 53 adrr

After more trials, θmax = 0.52 rad = 30°

Note that for higher friction, rear-wheel-drive vehicles have better capability 
of climbing slopes.
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Chapter 9

Total Vehicle 

Dynamics

PROBLEM 9.1

Consider a vehicle 20,000 N under a certain load. The wheelbase of the vehicle is at 
3.00 m, and the center of gravity is at 1.20 m from the front axle and at 0.6 m above the 
ground. The speed of the vehicle is 100 km/hr, the turning radius is 180 m, the wheel 
tread is 1.25 m, Kφ = 10,000 N · m, the roll center height is 0.45 m, and the roll angle is 
5°. Determine the load on each wheel (Fz1i, Fz1o, Fz2i, Fz2o) if the vehicle is under no 
acceleration and is decelerating at 3.00 m/s2.

Solution to Problem 9.1

The following are given:

W = 20,000 N (thus, M kg20 8 2040, .000 9 )

c1 + c2 = 3.0 m

h = 0.6 m

c1 = 1.20 m (thus, c2 = 3.0 – 1.20 = 1.8 m)

V = 100 km/hr (27.78 m/s)

R = 180 m

t = 1.25 m

Kφ = 10,000 N · m

hr = 0.45 m

φ = 5° (0.08727 radians)
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220 Road Vehicle Dynamics

Under no acceleration (i.e., where a = 0),
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Similarly, for the rear axle,
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For the case where a = –3 m/s2,
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222 Road Vehicle Dynamics

Similarly, for the rear axle,

F mg
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c c
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PROBLEM 9.2

Find the wheel forces for Problem 9.1 if the vehicle accelerates at a rate of 1.00 m/s2.

Solution to Problem 9.2

F mg
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c c
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c c
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PROBLEM 9.3

A 2500-kg sports car has a 2.5-m wheel base with a CG at 1.0 m behind the front axle 
and at 0.35 m above the ground. The braking effort distribution gives the front axle 
60% of the total braking force. The car is moving on a horizontal plane, and drag and 
rolling resistance are ignored. The car is going around a turning radius of 150 m at 
120 km/hr. The wheel tread is 1.40 m, Kφ = 12,000 N · m, the roll center height is 0.4 m, 
and the roll angle is 8°. Determine which tires will lock up fi rst if the car is moving on 
a surface with fi rst, a coeffi cient of friction of 0.8, and second, a coeffi cient of friction 
of 0.2.

Solution to Problem 9.3

For the fi rst surface, where μ = 0.8,

Acceleration under front lock-up is
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Because a aF Ra> , the rear tires will lock up fi rst.

For the second surface, where μ = 0.2,

Acceleration under front lock-up is
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Because a aF Ra> , the rear tires will lock up fi rst.

PROBLEM 9.4

Consider the vehicle in Problem 9.3. The torque distribution gives the front axle 60% 
of the total torque delivered to the front wheels. Determine which tires will skid fi rst if 
the car is moving on a surface with fi rst, a coeffi cient of friction of 0.8, and second, a 
coeffi cient of friction of 0.2.

Solution to Problem 9.4

For the fi rst surface, where μ = 0.80,

Acceleration under the front skid is
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226 Road Vehicle Dynamics

Acceleration under the rear skid is

aR =

×⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−2 0× 8
0 4

2500 9 81 1× 0
2 5

1
2

33. . .81 1× ( .33 )22 0 4
2 150 9 81 1 4

12 000 0 1396
1 4

×
× ×150

⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

− ×
. .81 1

, .000 0×
.

⎡⎡

⎣
⎢
⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

− ×
×

−2500 1
0 8 0 35
0 4 2 5

1
33 2. .×8 0

. .×4 2
( .33 ) .× 02 44

150 9 81 1 4

0 5538

× 9 81

⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

=

. .81 181

. g5538

Because a aF Ra< , the front tires will skid fi rst.

For the second surface, where μ = 0.2,

Acceleration under the front skid is
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Acceleration under the rear skid is
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Because a aF Ra> , the rear tires will skid fi rst.

PROBLEM 9.5

Derive the acceleration and tractive force expressions for the skid of front-wheel-drive 
(FWD) systems going around a corner.

Solution to Problem 9.5

For a front-wheel-drive vehicle, Kf = 1.0. Thus, Eq. 9.18 becomes
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The maximum tractive force applied in front-wheel-drive systems is Fx1 = M × aF . (Note 
that Fx2 = 0.)
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 Total Vehicle Dynamics 227

PROBLEM 9.6

Derive the acceleration and tractive force expressions for skid of rear-wheel-drive sys-
tems going around a corner.

Solution to Problem 9.6

For a rear-wheel-drive vehicle, Kf = 0. Thus, Eq. 9.22 becomes
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The maximum tractive force applied in rear-wheel-drive systems is Fx2 = M × aR. (Note 
that Fx1 = 0.)

PROBLEM 9.7

Derive an expression for the brake force distribution factor, so that lock-up occurs 
simultaneously at both front and rear wheels.

Solution to Problem 9.7

One can follow the method presented for deriving Eq. 7.53 in Chapter 7 of Road Vehi-
cle Dynamics (see Road Vehicle Dynamics, by Dukkipati et al., SAE International, 
Warrendale, PA, ISBN 978-0-7680-1643-7). Alternatively, one can fi nd the optimal 
distribution factor by making the acceleration derived for front lock-up and that derived 
for rear lock-up equal. We will ignore grade, aerodynamic factors, and other resistance. 
Thus, we will make Eq. 9.11 equal to Eq. 9.15:
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228 Road Vehicle Dynamics

Multiplying the above equation by −M 2μ yields
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Further manipulation yields
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Multiplying the whole equation by 1 – Kf gives
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The equation can be simplifi ed further.
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230 Road Vehicle Dynamics

PROBLEM 9.8

Derive an expression for the torque distribution factor, so that skid occurs simultane-
ously at both front and rear wheels in all-wheel-drive systems.

Solution to Problem 9.8

We will follow an approach similar to that used in Problem 9.7. We will ignore 
grade, aerodynamic forces, and other resistance. Thus, we will make Eq. 9.19 equal 
to Eq. 9.23 as
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Let

K
V h

Rgt

K
K

t
c c c

r
1

2

2

1 2c

2
=

=

= +c1

ϕϕ

 

The previous equation becomes

Mgc

c
K K

h

K cf

2
1 2K

1

2
1

1
1

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
−

−( )
μ

−−( )
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

=
−

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ −

⎛
⎝

K

K

K

Mgc

c
Kf

f

1

1
11

1

2⎜⎜
⎛⎛⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠
−( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
K

h

K c
K

f
2 1
⎠⎟⎠⎠

(
⎣
⎢
⎣⎣ K

K1 1+ (h
+

μ

 

or

Mgc

c
K K

h

K cf

2
1 2K

1

2
1

1
1

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
−

−( )
μ

−−( )
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

=
−

+ −( )⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

K

K
K

h

c
K

M

f
f

1

1
1

1
1

μ gcgg

c
K K1

1 2K
1

2

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

Multiplying the whole equation by 1 – Kf gives
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Expanding the terms gives
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232 Road Vehicle Dynamics

Gathering any terms with Kf gives
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PROBLEM 9.9

Consider the vehicle in Problem 9.1. The vehicle is traveling 100 km/hr up a hill that has 
a 6° slope. The front area of the vehicle is 2.0 m2, and the coeffi cient of drag is 0.42. The 
aerodynamic resistance is acting on the CG, and the density of air is 1.2256 kg/m3. 
Determine the load on each axle if the vehicle is under no acceleration. What would be 
the loads if the vehicle is accelerating at 0.6 m/s2? What would be these forces when the 
vehicle is traveling at the same speed but down a hill that has a 6° slope?

Solution to Problem 9.9

The following are given in the problem:

W = 20,000 N (thus, M = =20 000 9 8 2040, .000 9 kg)

c1 + c2 = 3.0 m

h = 0.6 m

c1 = 1.20 m (thus, c2 = 3.0 – 1.20 = 1.8 m)

V = 100 km/hr (27.78 m/s)

R = 180 m

t = 1.25 m

Kφ = 10,000 N · m

hr = 0.45 m
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 Total Vehicle Dynamics 233

φ = 5° (0.08727 radians)

θ = 6°

AF = 2.0 m2

CD = 0.42

ρ = 1.2256 kg/m3

First, the aerodynamic resistance is calculated as

R C A Va DC F rVV

= × × ×
⎛

ρ
2

1 2256

2
0 42 2× 0 100

1000

3600

2

.
. .42 2×
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⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
2

397 2. N2
 

The vehicle travels up a hill that has a 6° slope.

For Condition 1: Under no acceleration,

The forces on the axles (when going uphill) are

F
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234 Road Vehicle Dynamics
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For Condition 2: If the vehicle is accelerating at 0.6 m/s2,

The forces on the axles (when traveling uphill) are
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 Total Vehicle Dynamics 235
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The vehicle goes down a hill that has a 6° slope.

For Condition 3: Under no acceleration,

The forces on the axles (when traveling uphill) are
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236 Road Vehicle Dynamics

For Condition 4: The vehicle is accelerating at 0.6 m/s2,

The forces on the axles (when traveling uphill) are
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 Total Vehicle Dynamics 237

PROBLEM 9.10

Repeat Problem 9.9 when the vehicle is decelerating at 3.0 m/s2 under braking effort.

Solution to Problem 9.10

For Condition 1: If the vehicle is traveling uphill and is decelerating at 3.0 m/s2,
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.  

                        
F Nz iFF

7230
2

1267 2348

                        
F Nz oFF

7230
2

1267 4882
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238 Road Vehicle Dynamics

For Condition 2: If the vehicle is traveling downhill and is decelerating at 3.0 m/s2,

  

Fz1FF
1

3 0
20 000 1 8 6 0 6 397 2 0 6= ×20 000 × −( ) ×0 6( , .000 1×000 co .06−s( 0 . .2 0

× × × × −( )
=

2039 0 5 20000 6

13

( .−3 ) .− 0 sin

,,496 N  

  
F Ny1FF

2

13 496
27 78

2 180 9 81
2949

( )
× ×180

,
.

 

                       
ΔF Nz1FF

2949 0 45 10 000 0 08727
1 25

1760
× 0 45 ×,1045 .

.  

                        
F Nz iFF

13 496
2

1760 4370
,

 

                        
F Nz oFF

13 496
2

1760 8508
,

 

  

Fz2FF
1

3 0
20 000 1 2 6 0 6 397 2 0 6= ×20 000 × −( ) ×0 6( , .000 1×000 co .06−s( 0 . .2 0

× × × × −( ))
=

2039 0+ 6 20000 6

6394

( )−3 . s× ×6 20000 in

N  

F Ny2FF

2

6394
27 78

2 180 9 8
1397

( )
× ×180

.

                      
ΔF Nz2FF

1397 0 45 10 000 0 08727
1 25

1201
× 0 45 ×,1045 .

.  

                        
F Nz iFF

6394
2

1316 1996

                        
F Nz oFF

6394
2

1316 4398
 

PROBLEM 9.11

Consider a vehicle with a 1500-kg mass when lightly loaded (driver only), with a CG 
at 1.0 m behind the front axle and at 0.45 m above the road. The mass is 2200 kg when 
loaded with a CG at 1.25 m behind the front axle and at 0.5 m above the road. The car 
is moving on a horizontal plane, and drag and rolling resistance are ignored. The car is 
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 Total Vehicle Dynamics 239

going around a turning radius of 150 m at 120 km/hr. The wheelbase is 2.70 m, the 
wheel tread is 1.40 m, Kφ = 9000 N · m, the roll center height is 0.4 m, and the roll angle 
is 5°. The vehicle is to achieve maximum possible braking force and front lock-up 
under the following conditions:

a. Vehicle is loaded, on a dry surface of μ = 0.9

b. Vehicle is loaded, on a slippery surface of μ = 0.2

c. Vehicle is lightly loaded, on a dry surface of μ = 0.9

d. Vehicle is lightly loaded, on a slippery road of μ = 0.2

Determine the value of the front brake force distribution factor Kf that is to be 
recommended, given that the brake system your company installs is conventional 
(no feedback control system). Determine the axle loads and the maximum braking 
force.

Solution to Problem 9.11

For each of the preceding cases, we could use the expression derived in Problem 9.7. 
With the availability of spreadsheets, we can fi nd the optimal factor for each of the 
preceding cases.

Graphically, the aF and aR as a function of kf
 
 are shown in Figure 9.11.

Finding Optimal Kf

−2.00

−1.80

−1.60

−1.40

−1.20

−1.00

−0.80

−0.60

−0.40

−0.20

0.00

0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Kf

aF
 a

n
d

 a
R

aF/g

aR/g

Optimal Kf

The results of Figure 9.11 are summarized as follows:

Case c1 c2 h µ Mg Kfmax

1 1.25 1.45   0.5 0.9 21582 0.6734

2 1.25 1.45   0.5 0.2 21582 0.5718

3   1   1.7 0.45 0.9 14715 0.7785

4   1   1.7 0.45 0.2 14715 0.6871

It is interesting to compare these results with those of Problem 7.11.

Figure 9.11 aF and aR as a 
function of kf.
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240 Road Vehicle Dynamics

A distribution factor of 0.8 is recommended to ensure front lock-up. This is used to fi nd 
the axle loads for each of the preceding conditions. The following data are generated:

Case c1 c2 h µ Mg Kf aF/g Fz1 Fz2 Fz Fx1 Fx2 Fx aR/g

1 1.25 1.45    0.5 0.9 21582 0.8 −0.496 13574 8008 21582 −12217 −3054 −15271 −0.847

2 1.25 1.45    0.5 0.2 21582 0.8 −0.096 11973 9609 21582   −2395   −599   −2993 −0.272

3    1    1.7 0.45 0.9 14715 0.8 −0.551 10616 4099 14715   −9554 −2389  −11943 −0.607

4    1    1.7 0.45 0.2 14715 0.8 −0.108   9530 5185 14715   −1906   −476   −2382 −0.189

PROBLEM 9.12

For Problem 9.12, determine the maximum braking force if an anti-lock braking sys-
tem (ABS) is installed instead of a conventional braking system.

Solution to Problem 9.12

In the case of ABS, the distribution factor is optimized for each case and for each 
wheel. This gives us the maximum friction force that is obtainable, which is the coef-
fi cient of friction multiplied by the normal Wight force. Thus, the braking force for 
each case is given as

Case c1 c2 h µ Mg Fx

1 1.25 1.45 0.5 0.9 21582 19424

2 1.25 1.45 0.5 0.2 21582 4316

3      1      1.7 0.45 0.9 14715 13244

4      1      1.7 0.45 0.2 14715 2943

PROBLEM 9.13

Prove Eq. (9.26).

Solution to Problem 9.13

Forces normal to the road surface are summed to give the normal force

 
F Mg

MV

RzFF ( ) +
( )

cos
sin

θ
θ2

 (9.24)

The angle θ is the embankment angle and not the grade. The maximum friction force is

F
MV

R
MgfFF =

( )
− ( )

2 cos
sin

θ
θ  (9.25)

Because Ff = μFz at the critical speed, Eq. 9.24 becomes

F
MV

RfFF
c=

( )
+ ( )μ

θ
μ θMg (

2 sin
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 Total Vehicle Dynamics 241

Using the previous equation and Eq. 9.25, eliminating the mass M, collecting terms, 
and further manipulation, yields

V

Rg

cVV 2 1 − ( )( )
= ( )μ θ(

θ μ) +tanaa
 

Isolating Vc yields

V
gR

cVV =
( )
−

μ θ+

μ θ1

PROBLEM 9.14

Derive an expression of critical speed similar to Eq. 9.26, taking into consideration 
braking and weight transfer.

Solution to Problem 9.14

During braking, weight transfers from the rear wheels to the front wheels. This will not 
impact the fundamental derivation of the equations.

SIBK002_Ch09_p219-242.indd   241SIBK002_Ch09_p219-242.indd   241 3/8/10   11:23:18 AM3/8/10   11:23:18 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



SIBK002_Ch09_p219-242.indd   242SIBK002_Ch09_p219-242.indd   242 3/8/10   11:23:18 AM3/8/10   11:23:18 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



Chapter 10

Accident 

Reconstruction

PROBLEM 10.1

A vehicle accelerates from a stop over a distance of 24.38 m (80 ft) in 7 s. Determine 
the following:

a. The speed of the vehicle after 9 s of acceleration from a stop if the acceleration is 
uniform over the entire 9 s

b. The distance traveled in the fi rst 9 s

c. The speed of the vehicle after the fi rst 4 s of acceleration

d. The time required to accelerate over the fi rst 12.19 m (40 ft)

Solution to Problem 10.1

Here,

vi = 0 ft/s

 d = 80 ft (24.38 m)

 t = 7 s

From Table 10.1,

a
d v t

t
i= =

( ) ( )( )
= =2 2 8( 0 2) − 0 7)(

82
160
642

2 5 ft/sff (0.762 m/s2 )
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244 Road Vehicle Dynamics

a. Now,

 a = 2.5 ft/s2 (0.76 m/s2)

vi = 0 ft/s

  t = 9 s

From Table 10.1,

v ate iv= +viv = ( )( ) =0 2+ ( 5 9)( 22 5. .)5 9)( 22 ft/sff (6.86 m/s)

b. Here,

vi = 0 ft/s

 a = 2.5 ft/s2

 t = 9 s

 From Table 10.1,

d v t ataaiv ti = ( ) + ( )( ) =1
2

0 9( 1
2

2 5 9 101 252 2( ) + ( )(0 9( 1
2 5 9. .)( )5 9 101 ft (30.86 m)m)m)

c. For this case,

vi = 0 ft/s

 a = 2.5 ft/s2

 t = 4 s

 From Table 10.1,

at3 1v 0 2 5 4 10 6 80= +v1v = 0 ( )( ) = =10 .6.5 4 10) ft/sff mph (10.94 km/hkk r/h/h )r

d. In this case,

 d = 40 ft

vi = 0 ft/s

 a = 2.5 ft/s2

 From Table 10.1,

t
v v

a
e iv=

and

v ade iv= +viv

= ( )( )
=

2

2

2

0 2+2 2 5 40

.14 14 ft/sff 4.31 m/sss( )
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 Accident Reconstruction 245

Therefore,

t
v v

a
e iv= = − =14 14 0

2 5
5 66

.
. s66

PROBLEM 10.2

A vehicle skids for 45.72 m (150 ft) and hits a pedestrian. The vehicle continues to skid 
another 30.48 m (100 ft) before coming to a stop. The drag factor of the vehicle during 
skidding was 0.8. The pedestrian walked from the pavement edge northbound a dis-
tance of 4.57 m (15 ft) and then was struck by the vehicle. The pedestrian’s working 
speed was 1.524 m/s (5 ft/s). Determine the following:

a. The initial speed of the vehicle

b. The velocity of the vehicle when the pedestrian was struck

c. The distance the vehicle is from its fi rst contact position when the pedestrian fi rst 
steps onto the pavement

Solution to Problem 10.2

a. For the initial speed of the vehicle,

ve = 0

 a = fg = −0.8(32.2) = −25.76 ft/s2 (−7.85 m/s2) 

 d = 150 + 100 = 250 ft (76.2 m)

From Table G.1,

vi ev= +vev − ( )( ) = =2 2d+ 2 0ad =ad 2 2−( 5 76 250 0. .)( )76 250 .113 49 ft/sff 77 2 m0 mpmm h (124 21 km/hkk r).

b. For the vehicle velocity when the passenger was struck,

ve = 0 ft/s

 a = −25.76 ft/s2

 d = 100 ft (30.48 m)

From Table G.1,

vi ev= +vev − ( )( ) = =2 2d+ 2 0ad =ad 2 2−( 5 76 100. .)( )76 100 .7178 ft/sff 48 83 mphmpmp (78.57 km/hkk r)

c. The time the pedestrian walks to the collision point is the same time that the vehicle 
takes to move toward the collision point. Hence, we fi rst calculate the time for the 
pedestrian to walk to the collision point for a constant speed of 5 ft/s and a distance 
of 15 ft, where 

d = 15 ft

v = 5 ft/s
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246 Road Vehicle Dynamics

From Table G.1,

t d v =d v 15 5 3= s

Now, we determine where the vehicle was 3 s before the collision. We will 
compute the time it took for the vehicle to skid 150 ft before the collision. 
Now,

 vi = 113.49 ft/s

ve = 71.78 ft/s

 a = −25.76 ft/s2 (−7.85 m/s2)

From Table 10.1,

t
v v

a
e iv= = −

−
=71 78 113 49

25− 76
1 62

. .78 113
.

. s62

Hence, of the 3 s that the pedestrian takes to walk toward the colli-
sion, the vehicle is skidding for 1.62 s. Hence, for the remaining time 
(3 − 1.62 = 1.38 s), the vehicle travels at the speed calculated at the 
beginning of the skid (113.49 ft/s). Hence, the distance traveled for 1.38 s 
is 

d vt =vt ( )( ) =113 49 1 38 156. .)(49 1 . f62 t (ff 47.74(( m)

The distance the vehicle is from its fi rst contact position, when the pedestrian fi rst 
steps onto the pavement, is given by the sum of 156.62 ft plus 150 ft (i.e., the dis-
tance skidded before impact).

Hence, the total distance is

156 62 150 306 32. .62 50 306+ =150150 ft (93.46 m)

PROBLEM 10.3

The height of the center of mass of a vehicle is 0.64 m (2.1 ft) and is located 1.31 m 
(4.3 ft) behind the front axle. The wheelbase of the car is 2.74 m (9.5 ft). Assume 
that no braking occurs on the front axle, resulting in a drag factor due to rolling 
resistance of 0.01. Also, the rear wheels are locked by brakes and slide on a pave-
ment with a coeffi cient of friction of 0.70. Determine the drag factor for the whole 
vehicle.

Solution to Problem 10.3

The drag for the whole vehicle can be obtained from Eq. G.5:

f
f x f f

z f f
Rff

f ff xf f rf ff f

f rff ff
=

fx ( )
−f− z(( )1

(10.1)
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 Accident Reconstruction 247

Here,

z

x

f

f

f

fff

rff

= =

= =

=
=

2 1
9 5

0 221

4 3
9 5

0 453

0 1

0 70

.
.

.

When the above values are substituted in Eq. 10.1, we have

fRff =
( )

( ) =
0 01 0− 453 0 01 0− 70

1 0− 221 0 01 0− 70

. .01 0 . .01 0

. .(221 0 .

00 323
1 152

0 28
.
.

=

PROBLEM 10.4

The measured values of chord and middle ordinate from a test of a sudden maneuver 
of a passenger road vehicle are 14.63 m (48 ft) and 0.46 m (1.5 ft). Assume an average 
frictional drag coeffi cient of 0.75. The test site has a zero grade and zero super eleva-
tion. Determine the following:

a. The speed over the measured arc of the yaw marks

b. The frictional drag coeffi cient that gives a speed of 96.54 km/hr (60 mph)

Solution to Problem 10.4

a. From Eq. 10.44, the radius of the circular arc is

R
c M= + = ( ) + =

2 2M
8 2M

48

8 1( 5

1 5
2.

.192 75 ft (58 7. 5 m)mm

The speed of the vehicle is given by Eq. 10.49 as

V RfcrVV =Rf ( )( ) =15 15 192 75 0 75. .)(75 0 46.57 mph 74.93 kmm/hkmkm r( )
b. From Eq. 10.49,

f
V

R
crVV= = ( ) =
2 2

15
48

15 192 75
0 797

.
.

PROBLEM 10.5

Determine the highest speed of a road vehicle that can travel with a circular path on a 
level unbanked road with a 335.28-m (1100-ft) radius under icy conditions, with 
f = 0.08.
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248 Road Vehicle Dynamics

Solution to Problem 10.5

From Eq. 10.50 with e = −tanaa γ 0 ,

V gRfcrVV =gRf ( )( ) =32 2 1100 0 08. .( )(2 1100 0 53.23 ft/sff (85.65 km/hkk r)rr

PROBLEM 10.6

A four-wheeled vehicle had brakes on only its front wheels. When the brakes were 
applied, this caused the vehicle to skid to a stop.

a. Determine the speed of the vehicle from the following information:

 Skid distance = 33.53 m (110 ft) on level surface

 Drag factor = 0.80 (level surface)

 Weight on front wheels during braking = 65% of total vehicle weight

b. If the vehicle is traveling on a downhill grade of 5% and the drag factor is 0.82, 
calculate the speed of the vehicle.

Solution to Problem 10.6

a. To determine the speed of the vehicle (English),

S Df n

 To determine the speed of the vehicle (S.I. units),

S Df n

= ( )( )( )
= ( )

30 110 0 80 0)( 65

254 33 53 0 80

. .80 0)(
.0. )53 (( )( )

=

0 65

41 43. m43 phmm (66.55 km/hkk r)

b. To calculate the downhill speed (English),

S D m±nD( )μ

 To calculate the downhill speed (S.I. units),

S D m±nD( )
= ( ) ( )( ) −⎡⎣⎡⎡ ⎤⎦⎤⎤

=

30 110 0 80 0)( 65 0 05

2

μ

. .80 0)(

5455 33 53 0 80 0 65 0 05

39 38

. .53 0 . .65 0

.

( ) ( )( ) −⎡⎣⎡⎡ ⎤⎦⎤⎤

= mph (63.2766 km/hkk r)
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 Accident Reconstruction 249

PROBLEM 10.7

A vehicle with braking on all four wheels was towing a trailer that was not equipped 
with brakes. In an attempt to avoid a collision with another vehicle, the driver applied 
the brakes of the vehicle. Determine the speed of the vehicle and trailer at the begin-
ning of the skid marks from the vehicle by using the following information:

Vehicle weight = 1587.60 kg (3500 lb)

Trailer weight = 680.40 kg (1500 lb)

Skid distance = 19.81 m (65 ft)

Drag factor = 0.65

Solution to Problem 10.7

In English units,

S Df n

In S.I. units,

S Df n

= ( )( )( )
= ( )( )

30 65 0 65 0)( 7

254 19 81 0 65

. .65 0)(
. .)(81 0 0 700

29 79.

( )
= mph (47.85(( km/hkk r)

where n = =3500
5000

0 7.

PROBLEM 10.8

The operator of a motorcycle applied only the rear wheel brake and caused the motor-
cycle to skid to a stop. Determine the speed of the motorcycle at the beginning of its 
skid mark by using the following information:

Weight of motorcycle and rider = 358.56 kg (850 lb)

Weight on front wheel of motorcycle = 158.76 kg (350 lb)

Weight on rear wheel of motorcycle = 226.80 kg (500 lb)

20% forward shift during braking = 49.90 kg (110 lb)

Total weight on rear wheel during braking action = 50 − 110 = 176.90 kg 
(390 lb)

Skid distance = 19.81 m (65 ft)

Drag factor = 0.65
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250 Road Vehicle Dynamics

Solution to Problem 10.8

n = = =390
850

176 90
385 56

0 46
.
.

In English,

S Df n

In S.I. units, 

S Df n

= ( )( )( )
= ( )(

30 65 0 65 0)( 46

254 19 81 0 65

. .65 0)(
. .)(81 0 ))( )

=

0 46

24 15. m15 phmm (38.78 km/hkk r)

PROBLEM 10.9

The driver of a vehicle applied the brakes of the vehicle to avoid an accident and caused 
the vehicle to skid to a stop. The left wheels of the vehicle were on an asphalt surface, 
and the right wheels were on a gravel surface during the entire skid. Determine the speed 
of the vehicle at the beginning of the skid marks by using the following information:

Skid distance = 30.48 m (100 ft)

Drag factor for asphalt surface = 0.70

Drag factor for gravel surface = 0.45

Solution to Problem 10.9

In English units,

S ff f D+f(( )1 2ff+ff

In S.I. units,

S ff f D+f(( )
= ( )( )
= +

15 0 70 0+ 45 100

127 0 7 0 4

1 2f ff+ff

. .70 0+

. .+7 0 5 355 0 48

41 53

( )( )
= . m53 phmm (66.72 km/hkk r)

PROBLEM 10.10

A vehicle traveling on a curve sideslipped, leaving a yaw mark 100.58 m (330 ft) in 
length. The fi rst one-third (33.53 m; 110 ft) of the yaw mark was used, and a chord 
of 21.34 m (70 ft) and a middle ordinate of 1.07 m (3.5 ft) were measured. The drag 
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 Accident Reconstruction 251

factor is known to be 0.80. The curve had a super elevation of +06%. Determine the 
following:

a. The radius of the yaw mark

b. The critical vehicle curve speed from the yaw mark

Solution to Problem 10.10

a. The radius of the yaw mark is

R
C M= +

= ( ) +

= ( ) +

=

2

2

2

8 2M
70

8 3( 5

3 5
2

21 34

8 1( 07

1 07
2

17

.

.

.

666. f75 t (ff 53.74 m)

b. The critical vehicle curve speed (English units) is

S R f efR ( )
 The critical vehicle curve speed (S.I. units) is

S R f efR ( )
= ( )
=

3 86 176 75 0 80 0+ 06

11 27 53

. .86 176 . .80 0+

. .. .

.

75 0 8. 0 0 06

47 59

( )
= mph (76.62 km/hkk r)

PROBLEM 10.11

A road vehicle was traveling on a level asphalt road when it struck a utility pole 
head-on. At the time of impact, a carton in the roof rack was projected forward and 
landed on the road in front of the vehicle. The base of the pole was assumed to be at 
road level. The height of the carton at the point of takeoff was 1.83 m (6 ft). The hori-
zontal distance the carton was projected at was 9.14 m (30 ft). All measurements were 
taken from center of mass to center of mass. Determine the speed of the vehicle.

Solution to Problem 10.11

In English units,

S
D

h
= 2 73

In S.I. units,

S
D

h
= =

( )
=

( )
=7 97 2 73 3( 0

6

7 97 9( 14

1 83
33 44

. .)73 3( 0 7 .
. m44 phmm (53.85 km/hkk r)
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252 Road Vehicle Dynamics

PROBLEM 10.12

Upon striking an unforeseen object with its front end, a vehicle vaulted through the air 
and landed on its roof on a lawn. The takeoff angle was assumed as 45°, and the center 
of mass at landing was at the same level as at takeoff. The distance between the two 
center-of-mass positions was 15.24 m (50 ft). Determine the speed at takeoff.

Solution to Problem 10.12

In English units,

S D

In S.I. units,

S D =D ( ) = ( ) =15 50 127 15 24 27 39. .)24 27 mph (43.99(( kmm/hkmkm r)

PROBLEM 10.13

A vehicle was traveling on a highway, and upon approaching a dip in the road, the vehicle 
momentarily became airborne and landed on the roadway at some distance. Determine 
the speed of the vehicle at the point of takeoff with the following information:

Horizontal distance = 27.43 m (90 ft)

Vertical distance (lower) = 0.91 m (3 ft)

Angle of departure = 5°

Solution to Problem 10.13

In English units,

S
D

D h
= 2 73

2s cosθ θcos θ

In S.I. units,

.

S
D

D h
=

=
( )

( )

7 97

2 73 9( 0

90 0 087 0

2s cos

.0. )087

θ θcos θ

99699 3 0 996

7 97 27 43

27 43 0 087 0 9

2( ) + ( )
=

( )
( )

.

.27.97

.0.43( 9699 0 91 0 996

74 86

2( ) + ( )( )
=

.0.91

. m86 phmm (120.72 km/hkk r)rr

where

cos θ = cos 5º = 0.996

sin θ = sin 5º = 0.087
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 Accident Reconstruction 253

PROBLEM 10.14

A four-wheeled vehicle entered into a T intersection, braked, skidded on an asphalt 
surface, and then went into a fall from the highway. Determine the following:

a. The speed from skid marks

b. The fall speed

c. The combined speed

The following are given:

 Skid distance on asphalt surface = 24.38 m (80 ft)

 Drag factor = 0.65

 Grade at takeoff point = 0°

 Horizontal distance of fall = 27.43 m (90 ft)

 Vertical distance of fall = 10.67 m (35 ft)

Solution to Problem 10.14

a. The speed from the skid marks (English units) is

S D f1

The speed from the skid marks (S.I. units) is

S D f1

30 80 0 65

254 24 38 0 65

39

= ( )( )
= ( )( )
=

.0.38)(
. 949 m99 phmm (63.44 km/hkk r)

b. The fall speed (English units) is

S
D

h
2

2 73=

 The fall speed (S.I. units) is

S
D

h
2

797

2 73 80

35

7 97 24 38

10 67
36 92

=

=
( )

=
( )

=

.24.97

.
. m92 mpmm h (59.49 km/hkk r)
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254 Road Vehicle Dynamics

c. The combined speed (English units) is

S S Sc +S1
2

2
2

 The combined speed (S.I. units) is

S S Sc +S

= +

= +

=

1
2

2
2

2 2+

2 2+

39 49 36 92

63 44 59 49

54

. .+49 36

. .+ 59

. 606 m66 phmm (86.97 km/hkk r)

PROBLEM 10.15

Two vehicles, Vehicles 1 and 2, were traveling in side-by-side lines at 40.23 km/hr 
(25 mph). After passing through an intersection traffi c light, Vehicle 2 accelerated 
sharply, and at a distance of 106.68 m (350 ft) from the traffi c light, Vehicle 2 struck a 
pedestrian who was in a crosswalk. Determine the following:

a. The speed of Vehicle 2 when it struck the pedestrian

b. The time it took for Vehicle 1 to accelerate from its initial and fi nal speeds

Assume that the maximum acceleration rate is 3.66 m/s2 (12 ft/s2).

Solution to Problem 10.15

a. In English units,

( )1 466.

V S( ) = ( ) = ( ) =0 278 25 1 466 40 23 0 278 36. .) (278 25 1 . .(23 0 . f65 t/sff ss 11.18 m/s=

 The speed of Vehicle 2 when it struck the pedestrian is

V V a DfVV +V

= + ( )( )
= + ( )

0VVVV2

2

2

2

36 65 2 1( 2 350

11 18 2 3( 66

.

. .+18 2 3( 10611 68

98 75

.

.

( )
= ft/sff (30.09 m/s)

 or

VfVV = =98 71
1 466

67 33
.

.
. m33 pgmm (108.27 km/hkk r)

b. The time it took Vehicle 1 to travel 350 ft (106.68 m) under acceleration (English 
units) is given by

t
V V

a
fVV= = − = − =0VV 98 71 36 65

12
30 09 11 18

3 66
5 17

. .71 36 . .09 11
. s17
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 Accident Reconstruction 255

PROBLEM 10.16

A vehicle traveling at 80.45 km/hr (50 mph) skidded a distance of 30.48 m (100 ft) to 
a stop on a roadway with a drag factor of 0.80. Determine the time it took the vehicle 
to skid the 100-ft distance.

Solution to Problem 10.16

The time it took the vehicle to skid 30.48 m (100 ft) (English units) is given by 

t f0 45 0D f =D f 249 100 0 80 0= 45 30 48 0 80 2= 78. .5 0D f . .80 0 . .48 0 . s78

PROBLEM 10.17

Determine the impact speeds of Vehicles 1 and 2 from the following:

 Weight of Vehicle 1 = 2041.20 kg (4500 lb)

 Weight of Vehicle 2 = 1451.52 kg (3200 lb)

 Approach angle of Vehicle 1 = 0°

 Approach angle of Vehicle 2 = 150°

 Departure angle of Vehicle 1 = 30°

 Departure angle of Vehicle 2 = 12°

 Post-impact speed of Vehicle 1 = 46.66 km/hr (29 mph)

 Post-impact speed of Vehicle 2 = 43.44 km/hr (27 mph)

Figure 10.17 shows the free body diagram for this scenario. 

Solution to Problem 10.17

In English units,

 Vehicle 1: W1 = 2041.20 kg (4500 lb)

 Vehicle 2: W2 = 1451.52 kg (3200 lb)

Figure 10.17 Free body 
diagram.

1

2

22

1

–X +X

–Y

+Y

W1S1

W2S2

WW2S2

W1S33

W2S4θ

ψ

φφ
α

Approach path
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256 Road Vehicle Dynamics

The approach angles are

 Vehicle 1:  α = 0° sin = 0 cos = 1

 Vehicle 2: ψ = 150° sin = 0.5 cos = −0.866

The departure angles are

 Vehicle 1: θ = 30° sin = 0.5          cos = 0.866

 Vehicle 2: φ = 12° sin = 0.2079        cos = 0.978

The post-impact speeds are

 Vehicle 1: S3 = 46.66 km/hr (29 mph) 

 Vehicle 2: S4 = 43.44 km/hr (27 mph)

The impact speed of Vehicle 2 (in English units) is given by

S
W S
W

S
2

1 3W SW

2WW
4

4500 29 0 5

3

= +1 3

=
( )( )

sin
sin

sin
sin

θ
ψ

φ
ψ

20022 0 5

27 0 2079

0 5

2041 20 46 66 0 5

.

. .20 46

( ) +
( )

=
( )( )(( )

( ) +
( )

=

1451 52 0 5

43 44 0 2079

0 5

83

. .(52 0

. .(44 0

. k68 m/hkk r (rr 52 mph)mm

The impact speed of Vehicle 1 (in English units) is

S S
W S

W
S
W1 3S 2 4W SW

1WW 2WW

29 866
3

+S3S −

= +29 866

cos
cos

( .0(00 )

θ φ ψW S2 2W S cW S2W SW os

20022 27 0 978

4500

3200 52 0 866

4500
75

( )( )
−

( ) −( )

=

.0523200.978) ( )(

.91.. mph

The impact speed of Vehicle 1 (in S.I. units) is

S S
W S

W
S
W1 3S 2 4W SW

1WW 2WW

46 66 0 86

+S3S −

= ( )

cos
cos

. .66 0)

θ φ ψW S2 2W S cW S2W SW os

66
1451 52 43 44 0 978

2041 20

1451 52 83( ) +
( )( )

−
.43.52( .

.

. .. .

.
.

68 0 866

2041 20
122 15

( ) −( )

= km/hkk r

PROBLEM 10.18

Determine the impact speeds of Vehicles 1 and 2 from the following information:

 Weight of Vehicle 1 = 1587.60 kg (3500 lb)

 Weight of Vehicle 2 = 1134 kg (2500 lb)
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 Accident Reconstruction 257

 Approach angle of Vehicle 1 = 0°

 Approach angle of Vehicle 2 = 250°

 Departure angle of Vehicle 1 = 300°

 Departure angle of Vehicle 2 = 330°

 Post-impact speed of Vehicle 1 = 51.49 km/hr (32 mph)

 Post-impact speed of Vehicle 2 = 43.44 km/hr (27 mph)

Solution to Problem 10.18

– +

–

+

W1S1

W2S2

W1S33

W2S4

θ

ψ φW1S33

The vehicle weights are

 Vehicle 1: W1 = 1587.60 kg (3500 lb)

 Vehicle 2: W2 = 1134 kg (2500 lb)

The approach angles are

 Vehicle 1: α = 0° sin = 0 cos = 1.0

 Vehicle 2: ψ = 250° sin = −0.9396 cos = −0.3420

The departure angles are

 Vehicle 1: θ = 300° sin = −0.8660 cos = 0.5

 Vehicle 2: φ = 330° sin = −0.5 cos = 0.8660

The post-impact speeds are

 Vehicle 1: S3 = 51.49 km/hr (32 mph)

 Vehicle 2: S4 = 43.44 km/hr (27 mph)

The impact speed of Vehicle 2 (English units) is

S
W S
W

S
2

1 3W SW

2WW
4= +1 3 sin

sin
sin

sin
θ

ψ
φ

ψ

Figure 10.18 Free body 
diagram.
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258 Road Vehicle Dynamics

The impact speed of Vehicle 2 (S.I. units) is

S
W S
W

S
2

1 3W SW

2WW
4

3500 32 0 866

25

= +1 3

=
( ) −( )

sin
sin

sin
sin

.

θ
ψ

φ
ψ

0000 0 9396

27 0 5

0 9396

1587 60 51 49 0

−( ) +
−( )

−( )

=
( ) −

. .

.51.60( ..

.

.

.

866

1134 0 9396

43 44 0 5.

0 9396

52

( )
−( ) +

−( )
−( )

= mph (hh 89.56 km/hkk r)

The impact speed of Vehicle 1 (English units) is

S S
W S

W
S
W1 3S 2 4W SW

1WW 2WW

32 5
2500 27

+S3S −

+5= 32
(

cos
cos

( .0(00 )

θ φ ψW S2 2W S cW S2W SW os

))( )
−

( ) −( )

=

0 866

3500

2500 55 66 0 342

3500

46 30

. .) (866 2500 55 .

. m30 phmm

The impact speed of Vehicle 1 (S.I. units) is

S S
W S

W
S
W1 3S 2 4W SW

1WW 2WW

51 49 0 5

+S3S −

= ( ) +

cos
cos

. .49 0(

θ φ ψW S2 2W S cW S2W SW os

113411 43 44 0 866

1587 60

1134 89 56 0( )( )( )
−

( ) −.0.44)(
.

.0.56) 34233

1587 60

74

( )

=
.

. k49 m/hkk r

PROBLEM 10.19

Determine the impact speeds of Vehicles 1 and 2 from the following information:

 Weight of Vehicle 1 = 1360.80 kg (3000 lb)

 Weight of Vehicle 2 = 2358.72 kg (5200 lb)

 Approach angle of Vehicle 1 = 0°

 Approach angle of Vehicle 2 = 90°

 Departure angle of Vehicle 1 = 77°

 Departure angle of Vehicle 2 = 40°

 Post-impact speed of Vehicle 1 = 56.32 km/hr (35 mph)

 Post-impact speed of Vehicle 2 = 61.14 km/hr (38 mph)
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 Accident Reconstruction 259

Solution to Problem 10.19

1

2

–X +X

–Y

+Y

W1S1

W2S2

W1S3

W2S4

θ

φα

1

2

The vehicle weights are

 Vehicle 1: W1 = 1360.80 kg (3000 lb)

 Vehicle 2: W2 = 2358.72 kg (5200 lb)

The approach angles are

 Vehicle 1: α = 0° sin = 0 cos = 1.0

 Vehicle 2: ψ = 90° sin = 1.0 cos = 0

The departure angles are

 Vehicle 1: θ = 77° sin = 0.9743 cos = 0.2249

 Vehicle 2: φ = 40° sin = 0.6427 cos = 0.7660

The post-impact speeds are

 Vehicle 1: S3 = 56.32 km/hr (35 mph)

 Vehicle 2: S4 = 61.14 km/hr (38 mph)

The impact speed of Vehicle 2 (90° collision) is

S
W S

W
S2

1 3W SW

2WW 4

3000 35 0 9743

5200
3

= +1 3

=
( )( )

+

sin
sin

.

θ φ

8 088 6427

1360 80 56 32 0 9743

2358 72
61

.

. .80 56 .

.

( )

=
( )( )

+ .. .

.

14 0 6427

70 94

( )
= km/hkk r (44.09(( mph)mm

Figure 10.19 Free body 
diagram.
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260 Road Vehicle Dynamics

The impact speed of Vehicle 1 is

S S
W S

W1 3S 2 4W SW

1WW

35 0 2249
5200 38 0 766

+S3S

= ( ) +
( )( )

cos
cos

.
.

θ φ

300033

58 33= . m33 phmm

or

S S
W S

W1 3S 2 4W SW

1WW

56 32 0 2249
2358 72 61 14

+S3S

= ( ) +

cos
cos

.0.32( .61.72

θ φ

(( )( )

=

0 766

1360 80

73

.

.

. k85 m/hkk r

PROBLEM 10.20

Vehicles 1 and 2 were traveling along a roadway. Vehicle 1 overtook Vehicle 2 and 
struck the rear of that vehicle while both vehicles were moving. Determine the fol-
lowing:

a. The departure speed of Vehicle 1 based on its skid distance

b. The departure speed of Vehicle 2 based on its skid distance

c. The impact speed of Vehicle 1 in an in-line rear-end collision

Given are the following:

 Weight of Vehicle 1 = 1769.04 kg (3900 lb)

 Weight of Vehicle 2 = 2041.20 kg (4500 lb)

 Post-impact skid distance of Vehicle 1 = 19.75 m (32 ft)

 Post-impact skid distance of Vehicle 2 = 12.80 m (42 ft)

 Drag factor = 0.80

 Braking effi ciency for both vehicles = 100%

 Assume that the speed of Vehicle 2 (S2) at the time of impact = 20 mph (32 km/hr)

Solution to Problem 10.20

1 2 1 2

W1S1

Moving
W2S2

Moving
W1S3 W2S4

+X–X

Figure 10.20 Free body 
diagram.
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 Accident Reconstruction 261

The vehicle weights are

 Vehicle 1: W1 = 1769.04 kg (3900 lb)

 Vehicle 2: W2 = 2041.20 kg (4500 lb)

The post-impact skid distances are

 Vehicle 1: D3 = 9.75 m (32 ft) 

 Vehicle 2: D4 = 12.80 m (42 ft)

 Drag factor = 0.80

 Braking effi ciency = 100% for both vehicles

a. The departure speed (S3) of Vehicle 1 (English units) based on its skid distance (D3) is

S D f3 3D

 The departure speed (S3) of Vehicle 1 (S.I. units) based on its skid distance (D3) is

S D f3 3D

30 32 0 80

254 9 75 0 80

27 71

= ( )( )
= ( )( )
=

.0.75

. m71 phmm h (hh 44.51(( km/hkk r)

b. The departure speed (S4) of Vehicle 2 (English units) based on its skid distance (D4) is

S D f4 4D

The departure speed (S4) of Vehicle 2 (S.I. units) based on its skid distance (D4) is

S D f4 4D

30 42 0 80

254 12 80 0 8

31 75

= ( )( )
= ( )( )
=

.0.80)(
. m75 phmm h (hh 49.38(( km/hkk r)

c. The impact speed (S1) of Vehicle 1 in an in-line rear-end collision is

S S
W
W

S
W
W

S1 3S 2WW

1WW 4
2WW

1WW 2

27 71
4500
3900

31 75
4500
3

+S3S −

= +27 71 ( ) −. .7 31+71 (
90099

20

44 51
2041 20
1769 04

49 38
2041 20
176

( )

= +44 51 ( ) −.
.
.

.
.

9 099 4
32

41 27.

( )
= mph (66.40 km/hkk r)
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262 Road Vehicle Dynamics

PROBLEM 10.21

Vehicle 1 was traveling along a roadway and collided with the rear end of Vehicle 2, 
which was parked on the roadway. Determine the following:

a. The pre-impact (lead-in) speed loss of Vehicle 1 based on its pre-impact skid distance

b. The post-impact speed loss of vehicle 1 based on its post-impact skid distance

c. The post-impact speed of Vehicle 2 based on its post-impact skid distance

d. The impact speed of Vehicle 1

e. The speed of Vehicle 1 at the beginning of its lead-in (pre-impact) skid mark

Given are the following:

 Weight of Vehicle 1 = 1587.60 kg (3500 lb)

 Weight of Vehicle 2 = 907.20 kg (2000 lb)

 Pre-impact skid distance of Vehicle 1 = 9.45 m (31 ft)

 Pre-impact skid distance of Vehicle 2 = 6.71 m (22 ft)

 Drag factor = 0.85

Solution to Problem 10.21

1 2

W1S1

Moving
W2S2

Stopped
W1S3 W2S4

+X−X 1 2

S10

The vehicle weights are

 Vehicle 1: W1 = 1587.60 kg (3500 lb)

 Vehicle 2: W2 = 907.20 kg (2000 lb)

The pre-impact skid distances are

 Vehicle 1: D1 = 9.45 m (31 ft)

 Vehicle 2: D2 = 6.71 m (22 ft)

The post-impact skid distances are

 Vehicle 1: D3 = 4.88 m (16 ft)

 Vehicle 2: D4 = 6.71 m (22 ft)

 Drag factor = 0.85

a. The pre-impact (lead-in) speed loss (S1p) of Vehicle 1 (English units) based on pre-
impact skid distance (D1) is

S D fp 11 Dp

Figure 10.21 Free body 
diagram.
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 Accident Reconstruction 263

 The pre-impact (lead-in) speed loss (S1p) of Vehicle 1 (S.I. units) based on pre-
impact skid distance (D1) is

S D fp 11 Dp

30 31 0 85

254 9 45 0 85

28 12

= ( )( )
= ( )( )
=

.0.45

. m12 phppmmmm (45.17(( km/hkk r)

b. The post-impact speed (S3) of Vehicle 2 (English units) based on its post-impact 
skid distance (D3) is

S D f3 3D

 The post-impact speed (S3) of Vehicle 2 (S.I. units) based on its post-impact skid 
distance (D3) is

S D f3 3D

30 16 0 85

254 4 88 0 85

20 20

= ( )( )
= ( )( )
=

.0.88

. m20 phmm h (hh 32.50 km/hkk r)

c. The post-impact speed (S4) of Vehicle 2 (English units) based on its post-impact 
skid distance (D4) is

S D f4 4D

 The post-impact speed (S4) of Vehicle 2 (S.I. units) based on its post-impact skid 
distance (D4) is

S D f4 4D

30 22 0 85

254 6 71 0 85

23

= ( )( )
= ( )( )
=

.0.71

. 969 m99 phmm (38.11 km/hkk r)

d. The impact speed (S1) of Vehicle 1 is

S S
W
W

S1 3S 2WW

1WW 4

20 20
2000
3500

23 69

32 50
907 20

+S3S

= +20 20 ( )

= +32 50

.23.20 +20 (

.
.

158711 60
38 11

33 74

.
.

.

( )
= mph (54.28 km/hkk r)
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264 Road Vehicle Dynamics

PROBLEM 10.22

Vehicles 1 and 2 traveling on a highway collided head-on. The drivers of both vehicles 
applied their brakes, and the vehicles skidded to the point of impact. The vehicles had 
very little rotation after impact. Vehicle 1 continued a short distance in its original 
direction of travel, and Vehicle 2 was forced back a short distance along its original 
path of travel. The following information is known:

 Weight of Vehicle 1 = 1587.60 kg (3500 lb)

 Weight of Vehicle 2 = 907.20 kg (2000 lb)

 Pre-impact skid distance of Vehicle 1 = 9.75 m (32 ft)

 Pre-impact skid distance of Vehicle 2 = 14.33 m (47 ft)

 Post-impact skid distance of Vehicle 1 = 4.88 m (16 ft)

 Post-impact skid distance of Vehicle 2 = 4.88 m (16 ft)

 Drag factor = 0.85

Determine the following:

a. Pre-impact (lead-in) speed loss based on pre-impact skid distance of Vehicle 1

b. Pre-impact (lead-in) speed loss based on pre-impact skid distance of Vehicle 2

c. Post-impact speed of Vehicle 1 based on its post-impact skid distance

d. Post-impact speed of Vehicle 2

e. Impact speed of Vehicle 1

f. Impact speed of Vehicle 2

g. Speed of Vehicle 1 at the beginning of its lead-in (pre-impact) skid marks

h. Speed of Vehicle 2 at the beginning of its lead-in (pre-impact) skid marks

Solution to Problem 10.22

1

Moving

W2S2

W2S4

+X−XX 212
W1S1

–Y

+Y
W1S3

Moving

The vehicle weights are

 Vehicle 1: W1 = 1587.60 kg (3500 lb)

 Vehicle 2: W2 = 907.20 kg (2000 lb)

Figure 10.22 Free body 
diagram.
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 Accident Reconstruction 265

The pre-impact skid distances are

 Vehicle 1: D1p = 9.75 m (32 ft)

 Vehicle 2:  D1 = 14.33 m (47 ft)

The post-impact skid distances are

 Vehicle 1: D3 = 4.88 m (16 ft)

 Vehicle 2: D4 = 4.88 m (16 ft)

 Drag factor = 0.85

a. Pre-impact (lead-in) speed loss (S1p) (English units) based on pre-impact skid dis-
tance (D1):

S D fp 11 Dp

 Pre-impact (lead-in) speed loss (S1p) (S.I. units) based on pre-impact skid distance 
(D1):

S D fp 11 Dp

30 32 0 85

254 9 75 0 85

28 57

= ( )( )
= ( )( )
=

.0.75

. m57 phppmmmm (45.88(( km/hkk r)

b. Pre-impact (lead-in) speed loss (S2p) (English units) based on pre-impact skid dis-
tance (D2):

S D fp 22 Dp

 Pre-impact (lead-in) speed loss (S2p) (S.I. units) based on pre-impact skid distance 
(D2):

S D fp 22 Dp

30 47 0 85

254 14 33 0 85

34 62

= ( )( )
= ( )( )
=

.0.33)(
. m62 mpmm h (55.70 km/hkk r)

c. The post-impact speed (S3) of Vehicle 1 (English units) based on its post-impact 
skid distance is

S D f3 3D
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266 Road Vehicle Dynamics

 The post-impact speed (S3) of Vehicle 1 (SI units) based on its post-impact skid 
distance is

S D f3 3D

30 16 0 85

254 4 88 0 85

20

= ( )( )
= ( )( )
=

.0.88

. 020 m00 phmm (32.46 km/hkk r)

d. To determine the post-impact speed (S4) of Vehicle 2, consider that both vehicles 
skidded the same post-impact distance. Thus, the post-impact speed of Vehicle 2 
will be the same as that of Vehicle 1. Hence, S1 = 32.46 km/hr (40 mph).

e. For the impact speed of Vehicle 1, we may assume from a reliable eyewitness that the 
impact speed of Vehicle 1 was 64 km/hr (40 mph). Hence, S1 = 64 km/hr (40 mph).

f. The impact speed of Vehicle 2 is

S
W
W

S S
W
W

S2
1WW

2WW 3 4S 1WW

2WW 1

3500
2000

20 20 20 20
3

= S1 +

= ( ) + −20 20.20.20) + 20
50055

2000
40

14 45

( )
= − . m45 phmm

 or

         

S
W
W

S S
W
W

S2
1WW

2WW 3 4S 1WW

2WW 1

1587 60
907 20

32 46 32 46

= S1 +

= ( ) + −32 46
.
.

. .46 3) + 32
158711 60
907 20

64

23 25

.
.

.

( )
= −22 km/hkk r

g. The speed of Vehicle 1 at the beginning of its lead-in (pre-impact) skid marks is

S S Sp10 1
2

1
2

2 2

2 2

28 57 40

45 88 64

49 16

+S p1
2

= +228 57

= +245 88

=

.

.

. m16 phmm h (hh 79.09 km/hkk r)

h. The speed of Vehicle 2 at the beginning of its lead-in (pre-impact) skid marks is

 

S S Sp20 2
2

2
2

2 2

2

34 62 14 45

55 70 23 25

+S p2
2

= +234 62 −( )
+255 70= −

. .6 14+62 (
.23.70 +70 (( )

=

2

37 51. m51 phmm (60.36 km/hkk r)

SIBK002_Ch10_p243-312.indd   266SIBK002_Ch10_p243-312.indd   266 3/8/10   1:50:45 PM3/8/10   1:50:45 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Accident Reconstruction 267

PROBLEM 10.23

A vehicle skids 28.04 m (92 ft) before running off a bridge. The drag factor is 0.63 with 
85% braking effi ciency. It is found that the center of mass of the vehicle falls 2.74 m 
(9 ft) vertically and has traveled 19.20 m (63 ft) horizontally. The takeoff angle of the 
vehicle was determined to be 12°. Determine the speed of the vehicle at the start of the 
skid and at the start of the vault.

Solution to Problem 10.23

When REC-TEC software is used, the speed of the vault is determined fi rst as shown in 
Figure 10.23.

The program displays information based on the skid, including the time and distance if 
this had been a skid to a stop.

 Vault speed = 37.2374 mph

 Speed at start of skid = 53.4934 mph

PROBLEM 10.24

Determine the yaw speed with a chord of 16.76 m (55 ft) and a middle ordinate of 
0.54 m (21 in.). The drag factor is 0.62, the super elevation is +0.1, and the track width 
of the vehicle is 1.52 m (60 in.).

Solution to Problem 10.24

With the use of REC-TEC software, the yaw speed is 48.0753 mph, as shown in 
Figure 10.24.

Figure 10.23 Results 
obtained with REC-TEC 
software.
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268 Road Vehicle Dynamics

PROBLEM 10.25

Vehicle 1 travels from West to East and collides with Vehicle 2, which is traveling from 
South to North. The weights of Vehicles 1 and 2 are 1020.60 kg (2250 lb) and 1587.60 kg 
(3500 lb), respectively. After impact, Vehicle 1 travels 30° East of North for a distance 
of 18.288 m (60 ft) on a surface with a drag factor of 0.60. Vehicle 2 travels 60° East 
of North for a distance of 13.716 m (45 ft) on a surface with a drag factor of 0.70. 
Determine the speeds of the vehicles at impact.

Solution to Problem 10.25

With the use of REC-TEC software, the results obtained are shown in Figure 10.25.

Figure 10.24 Results 
obtained with REC-TEC 
software.

Figure 10.25 Results 
obtained with REC-TEC 
software.
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 Accident Reconstruction 269

 Impact speed of Vehicle 1 = 57.7844 mph

 Impact speed of Vehicle 2 = 33.6316 mph

PROBLEM 10.26

Vehicle 2 was traveling at 96.54 km/hr (60 mph) when it was struck head-on by Vehicle 1. 
Neither vehicle moved appreciably after impact. Determine the ΔV for each of the two 
vehicles and the impact speed of Vehicle 1. The weight of Vehicle 1 is 1451.52 kg 
(3200 lb), and the weight of  Vehicle 2 is 997.92 kg (2200 lb).

Solution to Problem 10.26

Because Vehicle 2 went from 96.54 km/hr (60 mph) at impact and was stopped instantly, 
its ΔV is equal to 96.54 km/hr (60 mph). We can determine ΔV for Vehicle 1 using the 
weight/ΔV relationship as

                                                        

Δ
Δ

VΔΔ
VΔΔ

w
w

1VV

2VV
2

1

=

ΔVΔΔ 1VV
96 54

997 92
1451 52.

.
.

=

Hence, ΔV1 = 66.3 km/hr (41.25 mph).

Because the ΔV of Vehicle 1 was 66.37 km/hr (41.25 mph) and the vehicle was stopped 
instantly by the impact, its impact speed must be 66.37 km/hr (41.25 mph).

PROBLEM 10.27

Vehicle 2 was slowing for a red traffi c signal when it was struck squarely in the rear by 
Vehicle 1. After impact, both vehicles were traveling 64.36 km/hr (40 mph). Vehicle 2 
received a ΔV of 32.18 km/hr (20 mph). Vehicle 2 received a ΔV of 27.35 km/hr 
(17 mph). Determine the impact speeds of the two vehicles.

 Weight of Vehicle 1 = 2268 kg (5000 lb)

 Weight of Vehicle 2 = 1587.60 kg (3500 lb)

Solution to Problem 10.27

Because Vehicle 2 was moving at 64.36 km/hr (40 mph) after impact and received a 
speed gain of 27.35 km/hr (17 mph) from the rear impact, its impact speed was

S2 27 35 64 36+ =27 35. .35 6435

or
S2 37= . k01 m/hkk r (16.79 mph)mm

Here, we use the fact that the ΔV for each vehicle will be inversely proportional to the 
mass of the vehicles. Hence, the ΔV for Vehicle 1 was

Δ
Δ

VΔΔ
VΔΔ

of Vehicle 1
of Vehicle 2

weight of Ve= hihh cle 2
weight of Vehicle 1

ΔV oΔΔ f Vehicle 1
27 35

1587 60
2268

0 70
.

.= =
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270 Road Vehicle Dynamics

or

Δ ( )V oΔΔ f Vehicle 1 k= ( ) m/hkk r (110 ( 35 1)) = 9. .70 2(( 7 . km/hk r (1115 .90.. mph)mm

We now solve for the impact speed of Vehicle 1. Because the vehicle was moving at 
64.36 km/hr (40 mph) after impact and lost 19.15 km/hr (11.90 mph), its impact speed 
was

S2 19 15 64 36− =19 15. .15 64

or

S2 83= . k51 m/hkk r (51.90 mph)mm

PROBLEM 10.28

Vehicle 1 is traveling westbound at 56.32 km/hr (35 mph), and Vehicle 2 is traveling south-
bound at 45.05 km/hr (28 mph). The two vehicles collide at an intersection. After impact, 
Vehicle 1 is traveling W 20° S at 43.44 km/hr (27 mph). After impact, Vehicle 2 is traveling 
W 55° S at 32.18 km/hr (20 mph). Determine the ΔV of each of the vehicles.

 Weight of Vehicle 1 = 1587.60 kg (3500 lb)

 Weight of Vehicle 2 = 1270.08 kg (2800 lb)

Solution to Problem 10.28

β2 = 55°

β1 = 20°

α1 = W 0°E = 180°

N = 270°

α2 = S 90°

 Speed/direction of Vehicle 1 at impact: West @ 56.32 km/hr

 Speed/direction of Vehicle 1 after impact: W 20º S @ 43.44 km/hr

 Breaking post-impact movements into components gives

 West component: 43.44 cos 20° = 40.82

 South component: 43.44 sin 20° = 14.86

ΔV West: 56.32 − 40.82 = 15.5 km/hr (speed loss)

Figure 10.28 Vehicle 
directions.
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 Accident Reconstruction 271

ΔV South: 0 + 14.86 = 14.86 km/hr (speed gain)

 Vehicle 1 ΔV: 15 5 86 21 472 214 86. .5 14 .14 8614 8614 km/hkk r (13.35 mph)mm

 Speed/direction of Vehicle 2 at impact: South @ 45.05 km/hr

 Speed/direction of Vehicle 2 after impact: W 55° S @ 32.18 km/hr

Breaking post-impact movements into components gives

 West component: 32.18 cos 55° = 18.46

 South component: 32.18 sin 55° = 26.36

ΔV West: 0 + 18.46 = 18.46 km/hr (11.47 mph) speed gain

ΔV South: 45.05 − 26.36 = 18.69 km/hr (11.62 mph) speed loss

 Vehicle 2 ΔV: 18 46 69 26 272 218 69. .46 8 .+ =18 69218 69.18 km/hkk r (16.33 mph)mm

Vehicle 1 V
Vehicle 2 V

ΔVV
ΔVV

= =21 47
26 27

0 8173
.
.

.

w
w

2

1

1270 08
1587 60

0 80= =.
.

PROBLEM 10.29

The following information is given for an accident involving two vehicles:

          Vehicle 1           Vehicle 1

Curb weight 2086.56 kg (4600 lb) 1451.52 kg (3200 lb)

Driver weight 99.79 kg (220 lb) 90.72 kg (200 lb)

Cargo weight 22.68 kg (50 lb) 18.14 kg (40 lb)

Travel direction at impact West South

Travel direction after impact W 18° S W 40° S

Post-impact travel distance 13.716 m (45 ft) 10.668 m (35 ft)

Post-impact drag factor 0.35 0.40

Determine the following:

a. The impact speed of Vehicle 1

b. The impact speed of Vehicle 2

c. The ΔV of Vehicle 1

d. The ΔV of Vehicle 2
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272 Road Vehicle Dynamics

Solution to Problem 10.29

We will begin by considering that West is our 0° line. All angles measured counter-
clockwise will be considered positive.

Direction � sin � cos �

α1 West   0 0 1

α2 South 90° 1 0

β1 W 18º S 18° 0.309 0.951

β2 W 40º S 40° 0.643 0.766

To determine the weight ratios, let w1 = 1. Then,

w2
1560 38
2209 03

0 7064= =.
.

.

where

 w1 = weight of Vehicle 1 = 2086.56 + 99.79 + 22.68 = 2209.03 kg

 w2 = weight of Vehicle 2 = 1451.52 + 90.72 + 18.14 = 1560.38 kg

The post-impact speed of Vehicle 1 is

s d f1 1d 1ff

254 13 716 0 35

34

= ( )( )
=

.0.716)(
. k92 m/hkk r (mp(( ph)mpmp

The post-impact speed of Vehicle 2 is

s d f2 2d 2ff

254 10 668 0 40

32

= ( )( )
=

.0.668)(
. k92 m/hkk r (m(( ph)mpmp

The law of conservation of momentum along the East-West axis is

S w S s w1 1w 1 2 2 2 1 1w 1 2 2 2cos cosα w1 2S 2w1 S 2 β β1 2 2 cs w1 2s 2 os+ =S 2αS cS wS 2 os

S 1 1 3 951 32 92 7 641 ( )( ) ( )( ) + ( )0 34 92 01)( 0 07 0.0192( )( . .92(0 .76677( )
S 33 21 33 2.22 . )2 km/hkk r (31.71 mph09 17 813 519 =.9 179 .

The law of conservation of momentum along the North-South axis is

S w S s w1 1w 1 2 2 2 1 1w 1 2 2 2sin i sinα w1 2S 2w1 S 2 β β1 2 2 ss w1 2s 2 in+ =S 2i αS sS wS 2 in

0 0 0 0 0( )( ) (( )( )S 70( 30 7 60 42 07 .3 90 .(( )( )0 0) =) 1 70.0 9 1+ 4 9. 5
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 Accident Reconstruction 273

or

S2 36= . k44 m/hkk r (22.65 mph)mm

The ΔV calculation gives

 Speed/direction of Vehicle 1 at impact: West @ 51.02 km/hr

 Speed/direction of Vehicle 1 after impact: W 18° S @ 34.92 km/hr

Breaking the post-impact moment into components gives

 West component: 34.92 cos 18° = 33.21

 South component: 34.92 sin 18° = 10.79

ΔV West: 51.02 − 33.21 = 17.81 km/hr (11.07 mph)

ΔV South: 0 + 10.79 = 10.79 km/hr (6.71 mph)

 Vehicle 1 ΔV: 17 81 79 20 822 210 79. .81 0 .+ =10 79210 79.10 km/hkk r (12.94 mph)mm

 Speed/direction of Vehicle 2 at impact: South @ 36.44 km/hr

 Speed/direction of Vehicle 2 after impact: W 40° S @ 32.92 km/hr

Breaking the post-impact moment into components gives

 West component: 32.92 cos 40° = 25.22

 South component: 32.92 sin 40° = 21.16

ΔV West: 0 + 25.22 = 25.22 km/hr (mph)

ΔV South: 36.44 − 21.16 = 15.28 km/hr (mph)

 Vehicle 2 ΔV: 22 22 28 29 472 215 28. .22 15 .+ =15 28215 28.15 km/hkk r (18.32 mph)mm

Check: The ΔV values should be in inverse proportion to the weights.

Hence,

Vehicle 1
Vehicle 2

Δ
Δ

=VΔΔ
VΔΔ

w
w

2

1

w
w

2

1

1560 38
2209 03

0 7064= =.
.

.

Vehicle 1
Vehicle 2

Δ
Δ

= =VΔΔ
VΔΔ

20 82
29 47

0 7064
.
.

.

With REC-TEC software, the results obtained are shown in Figure 10.29.
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274 Road Vehicle Dynamics

PROBLEM 10.30

The following information is known about an accident involving two vehicles (see 
Figure 10.30):

 Weight of the Ford vehicle: 1587.60 kg (3500 lb)

 Weight of the Chevrolet vehicle: 1360.80 kg (3000 lb)

 The Ford skids 21.336 m (70 ft) after impact at a drag factor of f = 0.44.

 The Chevrolet skids 23.4696 m (77 ft) after impact at a drag factor of f = 0.44.

 The maximum acceleration of the Chevrolet is 16 ft/s2 (4.88 m/s2).

 The distance from the stop line to the point of impact is 9.754 m (32 ft).

Determine the following:

a. The impact speed of the Ford

b. The impact speed of the Chevrolet

c. Could the Chevrolet have stopped at the Stop sign?

ChevroletFordd

Ford

Chevrolet

Stop

44°36°

90°

Figure 10.29 Results 
obtained with REC-TEC 
software.

Figure 10.30 Driving 
directions.
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 Accident Reconstruction 275

Solution to Problem 10.30

We will begin setting by assuming that the impact direction of Vehicle 1 is our 0° line 
and will call that direction East. All angles measured counterclockwise will be consid-
ered positive.

Direction   �  sin �  cos �

α1 East   0 0 1

α2 North 90° 1 0

β1 E 44° N 44° 0.695 0.719

β2 E 36° N 36° 0.588 0.809

To determine the weight ratios, let w1 = 1. Then, 

w2
1360 80
1587 60

0 857= =.
.

.

The post-impact speed of Vehicle 1 is

s d f1 1d 1ff

254 21 336 0 44

48

= ( )( )
=

.0.336)(
. k83 m/hkk r (30.35 mph)mm

The post-impact speed of Vehicle 2 is

s d f2 2d 2ff

254 23 4696 0 45

51

= ( )( )
=

.0.4696)(
. k79 m/hkk r (32.199 m99 ph)mm

a. Applying the law of conservation along the East-West axis gives

S w S s w1 1w 1 2 2 2 1 1w 1 2 2 2cos cosα1 2S 2w1 S 2 β β1 2 2 cs w1 2s 2 os+ =S 2αS cS wS 2 os

S 1 1 4 719 51791 ( )( ) ( )( ) + ( )0 48 83 01)( 0 0857).0183 )( . .79(0 . 080900( )
S 35 1 7 71 2 km/hkk r (44.14(( mph)mm1 35 1.1 .0 09 35 99 .9 359 0

b. Applying the law of conservation of momentum along the North-South axis gives

S w S s w1 1w 1 2 2 2 1 1w 1 2 2 2sin i sinα1 2S 2w1 S 2 β β1 2 2 ss w1 2s 2 in+ =S 2i αS sS wS 2 in

0 0 1 0 0( )( ) ( )( ) + ( )S 857 695 51792 . 1)(857 . .) +695 51 . 0)857 0.00

.

588

33 937

( )
+.= 33 937 +++ 26 6 35. =098 698 6

 or

S2 70= . k05 m/hkk r (43.54(( mph)mm
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276 Road Vehicle Dynamics

c. Let us check the maximum acceleration of the Chevrolet (a = 4.88 m/s2) against 
the distance from the stop line to impact (d = 9.754 m), and see whether the vehicle 
could have reached impact speed at that distance.

d vt ataavt
1
2

2

9 754 0
1
2

4 88 2..754 0= 00 (( ) t4 884t + ( )

or

t = 2 s

The fastest the Chevrolet could have been going if it stopped would have been

V at 4aa 88 2 9 76 m/s 35 1 km/hkkata ( ) =9 76 m/s. .88 2 9( . 01

Hence, the answer is No.

With REC-TEC software, the results obtained are shown in Figure 10.30(a).

PROBLEM 10.31

Vehicle 2 weighed 4250 lb (1928 kg) and was stopped at a traffi c signal when it was 
struck in the rear by a 3330-lb (1510-kg) Eastbound Vehicle 1. After impact, Vehicle 1 
traveled approximately East 53 ft (16 m) at an average drag factor of 0.38. After impact, 
Vehicle 2 traveled East 58 ft (17.5 m) at an average drag factor of 0.38. Calculate the 
impact speed of Vehicle 1.

Figure 10.30 (a) Results 
obtained with REC-TEC 
software.
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 Accident Reconstruction 277

Solution to Problem 10.31

The solution to this problem can be reached in two steps. First, we will calculate the 
equivalent barrier speed for the damage on each vehicle. Then, we will use the dissipa-
tion of energy equation to solve for the impact speed of Vehicle 1. In addition to the 
previous data, we will use the following variables:

 CAVG1 = Average crush depth to the front of Vehicle 1 = 15 in.

 CAVG2 = Average crush depth to the rear of Vehicle 2 = 25 in.

   ebs1 = Equivalent barrier speed of Vehicle 1

   ebs2 = Equivalent barrier speed of Vehicle 2

The equivalent barrier speed of Vehicle 1 is

ebs 14 C 7 1 13 7 25 21 AVG1 +C1 AVG1 131 =.4 *44 . *44 .

The equivalent barrier speed of Vehicle 2 is

ebs 1 C 5 1 25 5 33 72 AVG2C1 = 1 25 =. 5 *1515 . *1515 .

Substituting and solving the dissipation of energy equation gives

S W W s W W ebs W

ebs
1
2

1 2WW S2
2 1W s2

1 2WW s2
2 1W ebs2

1WW

2
2

* *W S2 * W *2 *+ =S WS 2WWS + +s Ws 2WWs

+ * *** * .

. . * .

W S l2 1W SW 2 2* l
2 2*

0 1*2 27

24 6 ** 25 7 1* 27

+
= +.24 1** . *

. * .

+
+

25 1*

33 7 1* 27

2

2

S 6 5 839 635 1442 35211
2 +56 + +635 =0

      S1 3521 59 34= =3521 . o34 r 59 mphmm (95 km/hkk r)

PROBLEM 10.32

For the collision in Problem 10.31, recalculate the impact speed of Vehicle 1 using dissipa-
tion of energy. Vehicle 1 has an average of 13 in. (33 cm) of crush on its front. Vehicle 2 has 
an average of 25 in. (63 cm) of crush on its rear. Use the following Campbell equations:

 S in mph, CAVG in in.: Vehicle 1 front: ebs = 1.40*CMAX + 7

   Vehicle 2 rear: ebs = 1.15*CMAX + 5

 S in kph, CAVG in cm: Vehicle 1 front: ebs = 0.89*CMAX + 11

   Vehicle 2 rear: ebs = 0.73*CMAX + 8

Solution to Problem 10.32

This is a simple application of the in-line (one-dimensional) conservation of momen-
tum formula. The variables are as follows:

 S1 = Speed of Vehicle 1 at impact

 S2 = Speed of Vehicle 2 at impact = 0 mph
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278 Road Vehicle Dynamics

   s1 = Speed of Vehicle 1 after impact

   s2 = Speed of Vehicle 2 after impact

   d1 = Post-impact skid distance of Vehicle 1 = 53 ft

   d2 = Post-impact skid distance of Vehicle 1 = 58 ft

   f1 = Drag factor of Vehicle 1 = 0.38

   f2 = Drag factor of Vehicle 2 = 0.38

 W1 = Weight of Vehicle 1 = 3330 lb

 W2 = Weight of Vehicle 2 = 4250 lb

The weight ratios are

If W W1 2W WW W1 4250 3330 1 27=W2WW = .2WW 4250 3330 1

To determine the speeds after impact, we use the post-impact skid distance and the 
basic skid formula. For Vehicle 1,

s d f1 1d 1f 30 53 0 38 24 6=d f1d 1ff*dd * *53 . .38 24 mph

The speed after impact of Vehicle 2 is

s d f2 2d 2ff 30 58 0 38 25 7=d f2d 2ff*dd * *58 . .38 25 mph

The conservation of momentum formula gives

S W S W s W s W1 1WW 2 2W 1 1WW 2 2WW* *W S * *W s+ =S W2WWS +

S l 127 24 6 7 271 *l . .7 24 * .1 25 * .1+ 127* .270

S 24 6 32 71 +24 6. .6 32+6

S 57 3 ph km/hr1 ( )9.3 or 57 mph (

PROBLEM 10.33

A 2006 Ford F-250 pickup (Vehicle 1) collides head-on with a 2002 Ford Focus 
(Vehicle 2). Neither vehicle moves signifi cantly after impact. The weights are 6408 lb 
(2907 kg) for the F-250 and 3425 lb (1554 kg) for the Focus. Use the averages of the 
following front crush data (various heights), as well as the following Campbell equa-
tions:

 Vehicle l Average Crush Depth:

   Hood: 0 in. (0 cm)

   Top Bumper: 4.3 in. (10.9 cm)

   Bottom Bumper:  7.2 in. (18.3 cm)
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 Accident Reconstruction 279

 Vehicle 2 Average Crush Depth:

   Hood: 41.9 in. (106.4 cm)

   Top Bumper: 20.9 in. (53.1 cm)

   Bottom Bumper:  17.3 in. (43.9 cm)

 S in mph, CAVG in in.: Vehicle l front: ebs = 1.54*CMAX + 7

  Vehicle 2 front: ebs = 1.68*CMAX + 7

 S in km/hr, CAVG in cm: Vehicle l front: ebs = 0.97*CMAX + 11

  Vehicle 2 front: ebs = l.06*CMAX + 11

Calculate the impact speeds of both vehicles.

Solution to Problem 10.33

We will ultimately solve this problem using conservation of momentum and dissipa-
tion of energy. The parameters are as follows:

       S1 = Speed of Vehicle 1 at impact

       s1 = Speed of Vehicle 1 after impact = 0 mph

       S2 = Speed of Vehicle 2 at impact

       s2 = Speed of Vehicle 2 after impact = 0 mph

     W1 = Weight of Vehicle l = 6408 lb

     W2 = Weight of Vehicle 2 = 3425 lb

 CAVG1 = Average crush depth to Vehicle l = 0 3( ) = 3 8 in. .8 in

 CAVG2 = Average crush depth to Vehicle 2 = 41.9 20.9 17.3 in+ +20.9( ) 3 2= 6 7. .in7

   ebs1 = Equivalent barrier speed of Vehicle l

   ebs2 = Equivalent barrier speed of Vehicle 2

The weight ratios are 

If W W1 2W WW W1 3425 6408 0 534=W2WW = .2WW 3425 6408 0

The equivalent barrier speed of Vehicle 1 crush is

ebs 1 C 7 1 3 8 7 12 9 mphmm1 11 C AVGCC11 3 8= 1 =54 *545454 .54 *5454 . .8 7 128

The equivalent barrier speed of Vehicle 2 crush is

ebs2 = + =1 8 C 7 1= 26 7 7+ 519 mphmm2AVG. *68 . *68 . .7 7+ 51

We now substitute into the in-line conservation of momentum formula. Note that the 
term for the impact momentum of Vehicle 2 is negative because that vehicle is heading 
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280 Road Vehicle Dynamics

in the opposite direction of Vehicle 1.

S W S W s W s W1 1WW 2 2W l 1WW 2 2WW* *W S * *W s+ =S W2WWS +

S l S 5341 2l S–l * . * *1 .0 0534. 0 0*+1* 10

S S1 2S– *S 0 0534.

S S 5341 2S * .

Substituting and solving the dissipation of energy equation gives

* * * * *S W* W* s W* W* ebs W* ebs1
2

1 2WW S2
2 1W s2

1 2WW s2
2 1W ebs2

1 2WW ebs2+ =S W*S 2WW + +s W*s 2WW + * W** 2WW

S l S 1 53 12 1 511
2

2
2 2 2 2534 12l S2 *2 . . *929 .+ S2 *S2 +534534.+ +0 0.53534.534534 0 0022 * 99 5342 * .

S S 41
2

2
2S2
2 * .0 0534 166 1438 16=534 + =1438.

Substituting S2*0.534 for S1 gives

0 0* * .0S S 534 16 42

2

2
2( ) =.0 534

0 0* * .0 * .0S S 534 S 42
2

2
2

2
2=.0 534

S2 1958 44 25= =1958 . o25 r 44 mphmm (71 km/hkk r)

Substituting this into the momentum equation gives

S S 534 23 63 or 24 mph (39 km/mm1 2S– *S * . .0 0534 44 25. .534 44 * =53444 25 * hrhh//// )r

This scenario was National Highway Traffi c Safety Administration (NHTSA) Crash 
Test #5683. The actual impact speeds were 24.0 mph for Vehicle l and 43.9 mph for 
Vehicle 2. The preceding Campbell equations were derived from the actual barrier tests 
for these years, makes, and models of vehicles. The approach of averaging crush depths, 
measured at the top and bottom of the bumper plus the hood, yielded much more accu-
rate results for the partial underride impact than the two approaches evaluated.

PROBLEM 10.34

A 2006 Ford F-250 pickup (Vehicle1) collides head-on with a 2002 Ford Focus (Vehi-
cle 2). Neither vehicle moves signifi cantly after impact. The F-250 has an average of 
4.3 in. (11 cm) of crush on the top of its front bumper. Vehicle 2 has an average of 20.9 in. 
(53 cm) of crush on the top of its front bumper. The weights are 6408 lb (2907 kg) for the 
F-250 and 3425 lb (1554 kg) for the Focus. Use the following Campbell equations:

 S in mph, CAVG in in.: Vehicle l front: ebs = 1.53*CMAX + 7

  Vehicle 2 front: ebs = 1.68*CMAX + 7

 S in km/h, CAVG in cm: Vehicle l front: ebs = 0.97*CMAX + 11

  Vehicle 2 front: ebs = l.06*CMAX + 11

Calculate the impact speeds of both vehicles.
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 Accident Reconstruction 281

Solution to Problem 10.34

We ultimately will solve this problem using conservation of momentum and dissipa-
tion of energy. The parameters are as follows:

       S1 = Speed of Vehicle 1 at impact

       s1 = Speed of Vehicle 1 after impact = 0 mph

       S2 = Speed of Vehicle 2 at impact

       s2 = Speed of Vehicle 2 after impact = 0 mph

     W1 = Weight of Vehicle l = 6408 lb

     W2 = Weight of Vehicle 2 = 3425 lb

 CAVG1 = Average crush depth to Vehicle l = 4.3 in.

 CAVG2 = Average crush depth to Vehicle 2 = 20.9 in.

    ebs1 = Equivalent barrier speed of Vehicle l

    ebs2 = Equivalent barrier speed of Vehicle 2

The equivalent barrier speed of Vehicle 1 crush is

ebs1 4 3 13 6= + +4 31 C 7 1= 7 m13 6= phmm1AVG*55454 . *5454 . .3 +3 7 13

The equivalent barrier speed of Vehicle 2 crush is

ebs2 9 42 1= + 91 8 C 7 1= 20 m42 1 phmm2AVG. *68 . *68 . .99 7 42

We now substitute into the in-line conservation of momentum formula. Note that the 
term for the impact momentum of Vehicle 2 is negative because it is heading in the 
opposite direction of Vehicle l.

S W S W s W s W1 1WW 2 2W l 1WW 2 2WW* *W S * *W s+ =S W2WWS +

S l S 5341 2l S–l * . * *1 .0 0534. 0 0*+1* 10

S S1 2S– *S 0 0534.

S S 5341 2S * .

Substituting and solving the dissipation of energy equation gives

* * * * *S W* W* s W* W* ebs W* ebs1
2

1 2WW S2
2 1W s2

1 2WW s2
2 1W ebs2

1 2WW ebs2+ =S W*S 2WW + +s W*s 2WW + * W** 2WW

S l S 1 534 131
2

2
2 2 2 2534 13l S2 *2 . . *2 .+ S2 *S2 +534534.+0 0.534534.534534 0 0022 * 6 41*2 + 2 1.1112 534* .0

S S 534 185 11311
2

2
2 =534S2
2 + =* . 946
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282 Road Vehicle Dynamics

Substituting S2*0.534 for S1 gives

0 * * .0S S 534 11312

2

2
2( ) =.0 534

0 * * .0 * .0S S 534 S 819 11312
2

2
2

2
2=.0 534 =

S2 1381 37 15= =1381 . o15 r 37 mphmm (60 km/hkk r)

Substituting this into the momentum equation gives

S S 534 or 20 mph (32 km/mm1 2S– *S * . .0 3534.534 7 1.7 15 05 * 19 84=53437 15 * hrhh//// )r

This scenario was NHTSA Crash Test #5683. The actual impact speeds were 24.0 mph 
for Vehicle l and 43.9 mph for Vehicle 2. Because the above Campbell equations were 
derived from the actual barrier tests for these years, makes, and models of vehicles, the 
speed underestimation likely was due to the partial underride impact that resulted in 
more crush on the grill and hood of Vehicle 1 and the lower bumper of Vehicle 2. In the 
next problem, we will take this crush into account.

PROBLEM 10.35

The F-250 in Problem 10.34 had an average of 7.2 in. (18 cm) of crush at the lower 
bumper, whereas the Focus suffered 41.9 in. (106 cm) of crush at the hood. Recalculate 
the speed of the vehicles by averaging these crush values with the top-of-bumper crush 
numbers for these vehicles.

Solution to Problem 10.35

We ultimately will solve this problem by using the same approach. However, this time, 
we will attempt to account for the underride by the crush depth on the top and bottom 
bumpers of Vehicle 1, and on the top of the bumper averaged with crush depth at the 
top of the hood for Vehicle 2. The new parameters are as follows:

 CAVG1 = Average crush depth to Vehicle l = 4 3 7 2 2 5 75. .3 7 .+( ) in.

 CAVG2 = Average crush depth to Vehicle 2 = 20 9 41 9 2 31 4. .9 41 .( ) in.

The equivalent barrier speed of Vehicle l crush is

ebs1 5 75 1 9= + 5 751 C 7 1= m15 9 phmm1AVG*545454 . *5454 . .7575 7 15

The equivalent barrier speed of Vehicle 2 crush is

ebs2 31 4 59= + 31 41 C 7 1= m59 7 phmm2AVG*686868 . *6868 . .44 7 59

The momentum results will be the same as those in Problem 10.37. Substituting and 
solving the dissipation of energy equation gives

* * * * *S W* W* s W* W* ebs W* ebs1
2

1 2WW S2
2 1W s2

1 2WW s2
2 1W ebs2

1 2WW ebs2+ =S W*S 2WW + +s W*s 2WW + * W** 2WW

S l S 1 534 151
2

2
2 2 2 2534 15l S2 *2 . . *2+ S2 *S2 +534534.+0 0.534534.534534 0 0022 * 9 51*2 + 9 7.7772 534* .0

S S 5341
2

2
2 =S 5342
2 + =* . 253 1903 2156
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 Accident Reconstruction 283

Substituting S2*0.534 for S1 gives

0 2156* * .0S S 5342

2

2
2( ) =.0 534

0 2156* * .0 * .0S S 534 S 8192
2

2
2

2
2=.0 534 =

S2 2632 51 3= =2632 . o3 r 51 mphmm (83 km/hkk r)

Substituting this into the momentum equation gives

S S or 27 mph (44(( km/hkk r1 2S– *S * .0 5534.534 1 3.1 3 0 2534. 7 4.*51 3 534 ))r

These results are higher than the actual impact speeds of 24.0 mph for Vehicle l and 
43.9 mph for Vehicle 2. This is not surprising because this model assumes that half of the 
frontal strength of Vehicle 2 is in the hood. Another possible approach would be to aver-
age together damage at the top of the bumper, the bottom of the bumper, and the hood.

PROBLEM 10.36

While crossing a public street, a golf cart containing only the driver is struck broadside 
by a 2004 Chevrolet Cavalier. The vehicles remain together after impact, traveling 87 ft 
(26.5 m) before coming to rest. The total weights of the vehicles, occupants, and cargo 
are 1107 lb (502 kg) for the golf cart and 2953 lb (1340 kg) for the Cavalier. Use 0.65 
for the post-impact drag factor of the golf cart and 0.30 for the post-impact drag factor 
of the Cavalier. Calculate the impact speed of the Cavalier.

Solution to Problem 10.36

Because the much smaller golf cart is moving at a low speed, we may apply the in-line 
(one-dimensional) conservation of momentum formula. We will refer to the Cavalier as 
Vehicle 1 and the golf cart as Vehicle 2. The variables are as follows:

   S1 = Speed of Vehicle 1 at impact

   S2 = Speed of Vehicle 2 at impact = 0 mph

   s1 = Speed of Vehicle 1 after impact

   s2 = Speed of Vehicle 2 after impact

   d1 = Vehicle 1 post-imact skid distance = 18 ft

   d2 = Vehicle 2 post-impact skid distance = 22 ft

    f1 = Drag factor of Vehicle 1 = 0.30

    f2 = Drag factor of Vehicle 2 = 0.65

 W1 = Weight of Vehicle l = 3800 lb

 W2 = Weight of Vehicle 2 = 2700 lb

The weight ratios are

If W W1 2W WW W1 1107 2953 0 375=W2WW = .2WW 1107 2953 0
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284 Road Vehicle Dynamics

We must be careful to use the weighted average drag factor. If we were to calculate 
independent slide-to-stop values for both vehicles,  we would, in effect, be mixing 
momentum and energy, and that would throw off our results somewhat. The weighted 
average drag factor is

f f f W W Wf W( ) +( )1 1Wff WW 2 2ff WW 1 2WW WW+* *W fW

f = +( ) ( )0 1 0 0 375 1 0+ 375. *30 . *65 . .) (375 1 0+

f = 0 395.

Now we can use the post-impact skid distance and the basic skid formula. For both 
vehicles, this is

s d f1 30 87 0 38 32 1=d f*dd * *87 . .38 32 mph

The conservation of momentum formula is as follows:

S W S W s W s W1 1WW 2 2W l 1WW 2 2WW* *W S * *W s+ =S W2WWS +

S l 01 *l 0 * . * .+ 00 * 1 1. 375

S or 44 mphmm (71 km/hkk r)1

PROBLEM 10.37

For the accident in Problem 10.36, the post-impact drag factors for the vehicles are 
unknown. However, the front of the Cavalier was measured and was found to have an 
average crush of 4.75 in. (12 cm). An NHTSA compliance crash of a 2004 Cavalier 
into a full-length rigid barrier at 29.6 mph (47.6 km/hr) showed that the car suffered 
15.3 in. (38.9 cm) of frontal crush. Recalculate the speed of the Cavalier, using a 7-mph 
(11-km/hr) damage threshold for the car and assuming that the energy absorbed by the 
front of the car equals the energy absorbed by the damage to the golf cart.

Solution to Problem 10.37

In an engineering sense, we have four unknown factors: the impact speed of the Cava-
lier, the post-impact speed of both vehicles, and the energy absorbed by the damage to 
the golf cart. As in Problem 10.36, we can assume that the impact speed of the golf cart 
is zero.

We need four independent equations to solve for the four unknowns. The momentum 
and energy equations are two of those equations. The third equation is that the post-
impact speeds of the two vehicles are equal. The fourth equation can come from set-
ting the absorbed energies of the two vehicles equal to each other, as instructed in the 
problem. We expect this approach to yield a conservative result because the fi ber-
glass body of the golf cart probably absorbed much more energy than the front of the 
Cavalier.

For the 2004 Cavalier, the Campbell model, in equation form, is

ebs b C bVGb C1 0C bAVGC*
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 Accident Reconstruction 285

where 

 ebs = Equivalent barrier speed (mph) = 29.6 mph

 b1 = Stiffness constant (mph/in.)

 CAVG2 = Average crush depth = 15.3 in.

 b0 = Damage threshold constant, given as 7 mph in this problem

The equation also can be generated for metric units. The b1 and b0 would have to be 
different than in the imperial unit equation.

Assume that b0 = 7 mph. Then,

ebs b C bb C1 0C bAVGC*

Therefore, 

29 15 3 7

22 15 3

1 48

1

1

1

. *6

. *6

.

+15 3

= b

Therefore, 

ebs CAVG 7CAVG +CAVG*

The ebs for the front of the Cavalier is

ebs = +1 4 75 7 1= 4 0. *48 . .+75 7 14 mph

We now substitute into the in-line conservation of momentum formula. Note that the 
term for the impact momentum of Vehicle 2 is considered zero because the golf cart is 
much lighter, is traveling at a low speed, and is heading at a right angle to Vehicle 1. The 
post-impact speeds are the same but unknown. We will defi ne as “s” the following:

S W S W s W s W1 1WW 2 2W l 1WW 2 2WW* *W S * *W s+ =S W2WWS +

S 01 * *0 . * * .00 *0 1 0* 37500 *0 s s* 1

S1 = 1. *375 s

The dissipation of energy equation is

* * * * *S W* W* s W* W* ebs W* ebs1
2

1 2WW S2
2 1W s2

1 2WW s2
2 1W ebs2

1 2WW ebs2+ =S W*S 2WW + +s W*s 2WW + * W** 2WW

The post-crash speeds are the same, and the energies absorbed by the crush on the 
vehicles are the same. The equation simplifi es to

* * * * * *S1
2 W W*0 s W* s W* ebs W* ebs W*1WW 2

2W 2
1WW 2

2 1W ebs2
1 1WW ebs2

1WW=W*0 2WW + +s W* 2WW +

S l 0 141
2 2l 2 21 2 2*l 2l 0 2 * . . 2 *2+ 000 +2 * .375 0 111*2 + 4 0.s s11 + 11

S1
2 = +1 3922. *375 s
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286 Road Vehicle Dynamics

Substituting (s*1.375) S1 gives

1 1 392
2 2. *375 *375s s.375( ) +21 *375 s1. *375

1 3922. *89 s =

0 3922. *515 s =

s = −760 27 6.

Substituting this into the momentum equation gives

S o p (1 * * 9 /or 38 mphmm (61 kmmkk /h//mmmm )

PROBLEM 10.38

Vehicle 1 weighs 3650 lb (1656 kg) and collides head-on with Vehicle 2, which weighs 
3100 lb (1406 kg). Both vehicles bounce back a negligible distance and stop. The 
Campbell equations and crash measurements for the vehicles are as follows:

Vehicle 1 Vehicle 2

Campbell equation (mph, in.) ebs = 1.32*CAVG + 7 ebs = 1.41*CAVG +7

Campbell equation (km/hr, cm) ebs = 0.84*CAVG + 11 ebs = 0.89*CAVG + 11

C1     20 in. (51 cm)     17 in. (43 cm)

C2 21.5 in. (55 cm)     18 in. (46 cm)

C3     22 in. (56 cm)     18.5 in. (47 cm)

C4 22.5 in. (57 cm)     18 in. (46 cm)

C5     22 in. (56 cm)     16.5 in. (42 cm)

C6     18 in. (46 cm)     15 in. (38 cm)

Determine the impact speeds of both vehicles.

Solution to Problem 10.38

We ultimately will solve this problem by using conservation of momentum and dissipa-
tion of energy. The parameters are as follows:

         S1 = Speed of Vehicle 1 at impact

         s1 = Speed of Vehicle 1 after impact = 0 mph

         S2 = Speed of Vehicle 2 at impact

         s2 = Speed of Vehicle 2 after impact = 0 mph

       W1 = Weight of Vehicle l = 3650 lb

       W2 = Weight of Vehicle 2 = 3100 lb

 CAVG1 = Average crush depth to Vehicle l front

 CAVG2 = Average crush depth to Vehicle 2 rear

SIBK002_Ch10_p243-312.indd   286SIBK002_Ch10_p243-312.indd   286 3/8/10   1:51:28 PM3/8/10   1:51:28 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Accident Reconstruction 287

 ebs1 = Equivalent barrier speed of Vehicle l

 ebs2 = Equivalent barrier speed of Vehicle 2

The weight ratios are

If W W1 2W WW W1 3100 3650 0 849=W2WW = .2WW 3100 3650 0

We must estimate the energies dissipated by crush via determination of their equivalent 
barrier impact speeds. The average crush to the front of Vehicle 1 is

C C C C C C Cavg1 1Cavg 2 3C 4 5C 62 2C C C C C6 5+C1C 2 C3C C5C(( )
C avg1 20 2 21 5 22 22 5 22 18 2 5 21+20 2= + +22 +22( ). .5 22+ +22 . i4 n.

The equivalent barrier speed is

ebs C1 1C 7C1C 1 21 4 7 35 2C1C +21 4= 1* .3 *3232 . .7 35+4 mph

Average crush to the front of Vehicle 2 is

C avg2 17 2 18 18 5 18 16 5 15 2 5 17+17 2= +18 5 + 16 5( ). .5 18 16+5 + 16 . i4 n.

The crush energy equivalent speed is

ebs C avg2 2C 7C avg2C 1 17 4 7 31 5C avg2C = +1 17 4* . *4141 . .7 31+4 mph

We now substitute into the in-line conservation of momentum formula. Note that the 
term for the impact momentum of Vehicle 2 is negative because it is heading in the 
opposite direction of Vehicle 1.

S W S W s W s W1 1WW 2 2W l 1WW 2 2WW* *W S * *W s+ =S W2WWS +

S1 * * . * * .1 0* 0 1* 0 0* 8492 0* +S

S1 − =S2 849 0* .0

S1 = S2 849* .0

Substituting and solving the dissipation of energy equation gives

* * * * * *S W* W* s W* W* ebs W* ebs W*1
2

1 2WW S2
2 1W s2

1 2WW s2
2 1W ebs2

1 2WW ebs2
2WW+ =S W*S 2WW + +s W*s 2WW +

* . * . . * . * .S S*1
2

2
2 2* 2 2* 20S2 * 0 1* 0 002 * 849 35 1* 31 5 0*.0*S2 * +.+ 0 *2 * 849 + 84988

* * .S S*1
2

2
2 0*S2 849 1239 842 2081=.0*S2 849 + =842

Substituting S2 * 0.849 for S1 gives

0 849 20812

2

2
2. *849 .0* 0S S2( ) =8492
2 * .0S

0 849 570 20812
2

2
2

2
2. *781 * .0 * .1S S2

2 S=8492
2 * .0S =

S2 1326 36 4= =1326 . o4 r 36 mphmm (59 km/hkk r)
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288 Road Vehicle Dynamics

Substituting this into the momentum equation gives

S S1 2S 849 36 0 849 30 9=849S2S =.0* 00 . *4 . .849 30 or 31 mph (50 kmm/hkmkm r)

PROBLEM 10.39

A car (Vehicle 1) makes a left turn into the path of a pickup truck (Vehicle 2). The 
pickup truck driver sees the car turning in front of him but cannot avoid striking the rear 
quarter panel of the car. The impact spins the car in a clockwise fashion. Use the fol-
lowing data to calculate the impact speed of both vehicles and the speed of the pickup 
truck at the start of the pre-crash skid:

Vehicle l Vehicle 2

Curb weight: 3019 lb (1369 kg) 4550 lb (2064 kg)

Driver weight: 117 lb (53 kg) 217 lb (98 kg)

Cargo weight: 65 lb (29 kg) 120 lb (54 kg)

Pre-crash skid distance: — 53 ft (16.2 m)

Pre-crash skid drag factor: — 0.75

Direction at impact: S 70° E North

Direction after impact: E 45° N N 2° W

Distance after impact: 30 ft (9.1 m) 41 ft (12.5 m)

Drag factor after impact: 0.55 0.75

Pickupkk direction 
at imt pact mm Car at impact

Pickupkk direction 
afteff r impactmm

Car after impact
NORTH

Solution to Problem 10.39

We have a conservation of momentum problem here. The variables are as follows:

 S = Speed of Vehicle 2 at the start of pre-crash braking

 S1 = Speed of Vehicle 1 at impact

 s1 = Speed of Vehicle 1 after impact

 S2 = Speed of Vehicle 2 at impact

 s2 = Speed of Vehicle 2 after impact

 W1 = Weight of Vehicle l = 3019 + 117 + 65 = 3201 lb

 W2 = Weight of Vehicle 2 = 4550 + 217 + 120 = 4887 lb

 d1 = Post-impact travel distance of Vehicle l = 30 ft

 d2 = Post-impact travel distance of Vehicle 2 = 41 ft

 d2PRE = Pre-impact skid distance of Vehicle 2 = 53 ft

 f1 = Post-impact drag factor of Vehicle l = 0.55
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 Accident Reconstruction 289

 f2 = Post-impact drag factor of Vehicle 2 = 0.75

 f2PRE = Pre-impact braking drag factor of Vehicle 2 = 0.75

 a1 = Travel angle of Vehicle l at impact

 a2 = Travel angle of Vehicle 2 at impact

 b1 = Travel angle of Vehicle 1 after impact

 b2 = Travel angle of Vehicle 2 after impact

We will start setting by assuming that North is our 0° line. All angles measured coun-
terclockwise will be considered as positive. We will tabulate our angles and then deter-
mine the trigonometric values based on the following:

Direction Q sin q cos q

a1: S 70° E 250° −0.940 −0.342

a2: North 0° 0 1

b1: E 45° N 315° −0.707 0.707

b2: N 2° W 2° 0.035 0.999

The weight ratios are

If W W1 2W WW W1 4887 3201 1 527=W2WW = .2WW 4887 3201 1

The post-impact speed of Vehicle 1 is

s d f1 1d 1f 30 30 0 55 22 2=d f1d 1ff*dd * *30 . .55 22 mph

The post-impact speed of Vehicle 2 is

s d f2 2d 2ff 30 41 75 30 4=d f2d 2ff =*dd * *41 . m4 phmm

The conservation of momentum formula along the East-West axis is

S S s W s W1 1W l 1WW 2 2WW* sW1WW in * *W in *s * sin * *W sia b1 2S2 2W aS 2W s 1+ S *W inS W *W sin aS 2WW sin + n bnn 2

S1 * * . * . . * . * .1 00.940 1.527 *0 940 1 527 22 1* 0 707 30 4 * 527 0 0. 30.9400 940 = −22 1* + 55

S or 15 mphmm (24 km/hkk r)1

The conservation of momentum along the North-South axis is

S S s W s W1 1W l 1WW 2 2WW* cW1WW os * *W s *s * cos * *W coa b1 2S2 2W aS 2W cos 1+ S *W sS W *W cosS 2WW cos + s bss 2

14.7 0.342 S 1.5272* *S *1 2 . * * . . * .1 1S 1.5272 *0 342 S *1 527 22 1* 707 30 1* 5270.3420 342 = +. * * .22 1* 707 * .** 999

− =5 03 1+ 527 7 4+ 6 4 62 12. .03 1+ * .= 152 . .4 62S

1 62 1 5 03 67 12. *527 . .1 5 .S = 62 1.1 =

S or 44 mphmm (71 km/hkk r)2
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290 Road Vehicle Dynamics

The speed of Vehicle 2 at the start of pre-crash braking is

S S d f PRE+S2
2

2 2fPRE ff30 * d

S = 43 53 752. *9 3+ 02 * .0

S = + =927 1192 3119

S = 55 85. o85 r 56 mphmm (90 km/hkk r)

PROBLEM 10.40

A 2000 Nissan Maxima skids 47 ft (14.3 m) on dry asphalt (drag factor = 0.82) and 
strikes the side of a stationary train blocking a grade crossing. The impact is to one of 
the solid iron “trucks” (i.e., wheels, suspension) of a gondola car in the train. The Max-
ima rebounds a short distance and comes to rest. The front crush profi le of the Maxima 
was measured and compared with an NHTSA front barrier crash test as follows:

NHTSA Crash Test Grade Crossing Accident

Impact speed: 35.2 mph (56.4 km/hr) ???

C1 18.3 in. (46.5 cm) 20.7 in. (52.6 cm)

C2 20.0 in. (50.8 cm) 27.9 in. (70.9 cm)

C3 20.0 in. (50.8 cm) 25.5 in. (64.8 cm)

C4 20.5 in. (52.1 cm) 25.5 in. (64.8 cm)

C5 20.5 in. (52.1 cm) 23.3 in. (59.2 cm)

C6 18.4 in. (46.7 cm) 20.5 in. (52.1 cm)

Treat the train as a fi xed rigid barrier. Derive the Campbell equation for the Maxima 
and use it to calculate the impact speed of the car. Also, determine the speed of the 
Maxima at the start of its pre-crash skid.

Solution to Problem 10.40

We ultimately will solve this problem using the Campbell equation and the combined 
speed formula. We will use the following variables:

 CAVG = Average crush depth to Nissan front (in.)

 ebs = Equivalent barrier speed of Nissan (mph)

 d = Pre-crash skid distance of Nissan = 47 ft

 f = Drag factor of Nissan during pre-crash skid = 0.82

We must estimate the energies dissipated by crush via determination of the equivalent 
barrier impact speed of the Nissan. First, we must calibrate the Campbell equation from 
the NHTSA New Car Assessment Program (NCAP) crash test. The average crush to the 
front of the 2000 Nissan Maxima tested by NHTSA at 35.2 mph was as follows:

C C C C C C CAVG C(( )1 2C 3 4C 5 6C2 2C C C C C+ +C +CC+ 3 C+ 5 6C+ 5

CAVG = + + + +( )18 3 2 20 0 2+ 0 0 20 5 2++ 0 5 18 4 2 5 1= 9. . . .+0 2+ 0 0 20 . .+5 18 .9 i99 n.
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 Accident Reconstruction 291

Assume the following:

 b0 = 7 mph

 ebs1 = b1 * CAVG + b0

 35.2 = b1 * 19.9 + 7

 28.2 = b1 * 19.9

 1.42 = b1

The Campbell equation for a 2000 Nissan Maxima is

ebs CAVG 7CAVG +CAVG*

The average crush to the front of the Nissan from the train impact is

CAVG = + + +( )20 7 2 27 3 2+ 5 5 25 5 2+ 3 3 20 5 2 5 2= 4. .+7 27 . . .+5 5 5 2+ 3 . .)5 2 5 24 6 i66 n.

Because we are treating the stationary train as a fi xed rigid barrier and the Nissan 
struck it hit head-on with negligible post-impact movement, the equivalent barrier 
speed will equal the impact speed (S1) of the Nissan as follows:

S ebs CAVG1 1 7CAVG 1 24 6 7 41 9=ebs =7 =7. *42 . *4 . .6 7 417 or 42 mph (hh 67 km/hkk r)

The speed of the car at the start of the pre-crash skid (S) is determined by using the 
combined speed formula

S S d f+S1
2 30 * d

S = 41 47 822. *9 3+ 02 * .0

S = + =1756 1156 2912

S = 53 96. o96 r 54 mphmm (87 km/hkk r)

PROBLEM 10.41

Vehicle 1 weighs 3400 lb (1542 kg) and collides head-on with Vehicle 2, which weighs 
2750 lb (1247 kg). Both vehicles bounce back a negligible distance and stop. The 
Campbell equations and crush measurements for the vehicles are as follows:

Vehicle 1 Vehicle 2

Campbell equation (mph, in.) ebs = 1.32*CAVG + 7 ebs = 1.41*CAVG + 7
Campbell equation (km/hr, cm) ebs = 0.84*CAVG + 11 ebs = 0.89*CAVG + 11

C1  30 in. (76 cm)  27 in. (69 cm)

C2  31.5 in. (80 cm)  28 in. (71 cm)

C3  32 in. (81 cm)  28.5 in. (72 cm)

C4  32.5 in. (83 cm)  28 in. (71 cm)

C5  32 in. (81 cm)  26.5 in. (67 cm)

C6  28 in. (71 cm)  25.5 in. (64.8 cm)

Determine the impact speeds of both vehicles.
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292 Road Vehicle Dynamics

Solution to Problem 10.41

We ultimately will solve this problem by using conservation of momentum and dissipa-
tion of energy. The parameters are as follows:

 S1 = Speed of Vehicle 1 at impact

 s1 = Speed of Vehicle 1 after impact = 0 mph

 S2 = Speed of Vehicle 2 at impact

 s2 = Speed of Vehicle 2 after impact = 0 mph

 W1 = Weight of Vehicle l = 3400 lb

 W2 = Weight of Vehicle 2 = 2750 lb

 CAVG1 = Average crush depth to Vehicle l front

 CAVG2 = Average crush depth to Vehicle 2 rear

 ebs1 = Equivalent barrier speed of Vehicle l

 ebs2 = Equivalent barrier speed of Vehicle 2

The weight ratios are

If W W1 2W WW W1 2750 3400 0 809=W2WW = .2WW 2750 3400 0

We must estimate the energies dissipated by crush via determination of their equivalent 
barrier impact speeds. The average crush to the front of Vehicle 1 is

C C C C C C Cavg1 1Cavg 2 3C 4 5C 62 2C C C C C6 5+C1C 2 C3C C5C(( )
C avg1 30 2 31 5 32 32 5 32 28 2 5 3130 2= + +32 +32( ). .5 3 32+ +32 . i4 n.

The equivalent barrier speed is

ebs C AVG1 1C 7C AVG1C 1 31 4 7 48 4C AVG1C = +1 31 4* . *3232 . .7 48+4 mph

The average crush to the front of Vehicle 2 is

C avg2 27 2 28 28 5 28 26 5 25 2 5 27+27 2= +28 5 + 26 5( ). .5 28 26+5 + 26 . i4 n.

The crush energy equivalent speed is

ebs C avg2 2C 7C avg2C 1 27 4 7 45 6C avg2C = +1 27 4* . *4141 . .7 45+4 mph

We now substitute into the in-line conservation of momentum formula. Note that the 
term for the impact momentum of Vehicle 2 is negative because Vehicle 2 is heading in 
the opposite direction of Vehicle l.

S W S W s W s W1 1WW 2 2W l 1WW 2 2WW* *W S * *W s+ =S W2WWS +

S1 * * . * * .1 0* 0 1* 0 0* 8092 0* +S

S1 − =S2 809 0* .0

S1 = S2 809* .0
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 Accident Reconstruction 293

Substituting and solving the dissipation of energy equation gives

* * * * * *S W* W* s W* W* ebs W* ebs W*1
2

1 2WW S2
2 1W s2

1 2WW s2
2 1W ebs2

1 2WW ebs2
2WW+ =S W*S 2WW + +s W*s 2WW +

* . * . . * . * .S S*1
2

2
2 2* 2 2* 20S2 * 0 1* 0 002 * 809 48 1* 45 6 0*.0*S2 * +.+ 0 *2 * 809 + 80988

* * .S S*1
2

2
2 0*S2 809 2343 1682 4025=.0*S2 809 + =1682

Substituting S2 * 0.809 for S1 gives

0 809 40252

2

2
2. *809 .0* 0S S2( ) =8092
2 * .0S

0 809 464 40252
2

2
2

2
2. *654 * .0 * .1S S2

2 S=8092
2 * .0S =

S2 2749 52 44= =2749 . o44 r 52 mphmm (84 km/hkk r)

Substituting this into the momentum equation gives

S S1 2S 809 52 0 809 42 4=809S2S =.0* 00 . *44 . .809 42 or 42 mph (68 kkm/hkkk r)

PROBLEM 10.42

An Eastbound 2002 Dodge Ram 1500 collides head-on with a Westbound 2004 Honda 
Accord and pushes the Accord straight backward. Given the following data, determine 
the impact speeds of both vehicles:

Dodge Honda

Curb weight: 4952 lb (2246 kg) 3217 lb (1459 kg)

Driver weight: 264 lb (120 kg) 211 lb (96 kg)

Cargo weight: 300 lb (136 kg) 150 lb (68 kg)

Damage width: Entire front Entire front

Crush point C1: 3.1 in. (8 cm) 17.4 in. (44 cm)

Crush point C2: 3.8 in. (9.5 cm) 25.7 in. (65 cm)

Crush point C3: 8.8 in. (22.5 cm) 27.6 in. (70 cm)

Crush point C4: 8.5 in. (21.5 cm) 26.7 in. (68 cm)

Crush point C5: 4.0 in. (10 cm) 24.8 in. (63 cm)

Crush point C6: 7.5 in. (19 cm) 22.4 in. (58 cm)

Post-crash travel: 81 ft (24.6 m) East 81 ft (24.6 m) East

Drag factor: 0.50 0.50

Solution to Problem 10.42

We were given that the Dodge pickup was subjected to a 35.10-mph impact and suffered 
18.0 in. of crush. We also learned that the Honda was subjected to a 34.8-mph impact and 
suffered 20.7 in. of crush. We now derive the Campbell equations for both vehicles:

For the Dodge, 

ebs b C bAVGb C1 1CAVGC 0*
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294 Road Vehicle Dynamics

Assume that b0 = 7 mph. Then,

35 18 0 7

28 18 0

1 56

1

1

1

. *0

. *0

+18 0

= b

Therefore, the equation for the Dodge is

ebs CAVG 7CAVG +CAVG1*

For the Honda,

ebs b C bVGb C1 2CAVGC 0*

Assume that b0 = 7 mph. Then,

34 20 7 7

27 20 7

1 34

1

1

1

. *8

. *8

+20 7

= b

Therefore, the equation for the Honda is

ebs CAVG 7CAVG +CAVG2*

We ultimately will solve this problem by using conservation of momentum and dissipa-
tion of energy. The parameters are as follows:

 S1 = Speed of the Dodge at impact

 s1 = Speed of the Dodge after impact

 S2 = Speed of the Honda at impact

 s2 = Speed of the Honda after impact

 W1 = Weight of the Dodge = 4952 + 264 + 300 = 5516 lb

 W2 = Weight of the Honda = 3217 + 211 + 150 = 3578 lb

 CAVG1 = Average crush depth to the front of the Dodge

 CAVG2 = Average crush depth to the front of the Honda

 ebs1 = Equivalent barrier speed of the Dodge

 ebs2 = Equivalent barrier speed of the Honda

 d = Post-impact travel distance for both vehicles = 81 ft

 t = Post-impact drag factor for both vehicles = 0.50

The weight ratios are

If W W1 2W WW W1 3578 5516 0 649=W2WW = .2WW 3578 5516 0
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 Accident Reconstruction 295

We must estimate the energies dissipated by crush via determination of their equivalent 
barrier impact speeds. The average crush to the front of the Dodge is

C C C C C C Cavg1 1Cavg 2 3C 4 5C 62 2C C C C C6 5+C1C 2 C3C C5C(( )
C avg1 3 1 2 3 8 8 8 8 5 4 0 7 5 2 5 63 1 2= 8 8 4 0( ). .8 88 . . .5 4 0 74 0 . i1 n.

The equivalent barrier speed is

ebs CAVG1 1CAVG 7C 1CAVG 1 6 1 7 16 5CA G1CAVG = 1 6 1 =* . *5656 . .1 7 161 mph

The average crush to the front of the Honda is

C avg2 17 9 2 25 7 27 6 26 7 24 8 22 4 2 5 24= + + + + +25 7 27 6 26 7 24 8( ). . . . . .7 27 6 26 7 24 8 22+ + + ++ +7 27 6 26 7 24 8 9 i99 n.

The crush energy equivalent speed is

ebs CAVG2 2CAVG 7C 2CAVG 1 24 9 7 40 4CA G2CAVG = +1 24 9* . *3434 . .9 7 40+9 mph

The speeds after impact are

s d f =d f =30 81 0 5 40 4*dd * *81 . .5 40 mph

We now substitute into the in-line conservation of momentum formula. Note that the 
term for impact momentum of the Honda is negative because it is heading in the oppo-
site direction of the Dodge.

S W S W s W s W1 1WW 2 2W l 1WW 2 2WW* *W S * *W s+ =S W2WWS +

S1 * * . . * . * .1 0* 649649 34 6 1* 6 0* 6492 =0* 649S

S1 − =S2 649 57 0* .0 .

S1 = +S2 069 57 0* .1 .

Substituting and solving the dissipation of energy equation gives

* * * * * *S W* W* s W* W* ebs W* ebs W*1
2

1 2WW S2
2 1W s2

1 2WW s2
2 1W ebs2

1 2WW ebs2
2WW+ =S W*S 2WW + +s W*s 2WW +

* . . * . . . *S S*1
2

2
2 2* 2 2*0S2 * 34 6 1*2 6 062 * 649 16 5 1* 40=.0*S2 * 649 +..6 *2 * 649 + .. * .4 0* 6492

* .S S1
2

2
2 =* .S2
2 + + + =649 1497 778 272 1059 3306

If both the momentum and energy equations are solved by trial and error, starting with 
S2 = 0 and S1 = 57.0 mph for the momentum equation and 57.5 mph for the energy 
equation, this tells us that the Dodge was traveling approximately 57 mph at impact, 
while the Honda was stopped or on the verge of stopping at impact.

This problem was based on an NHTSA crash test in which a stopped Honda Accord 
was struck head-on by a Dodge Ram 1500 traveling at 57.4 mph.

PROBLEM 10.43

Vehicle 1 is traveling Eastbound when it is struck broadside at an intersection by South-
bound Vehicle 2. Both vehicles spin out of control and strike a curb on the southeast 
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296 Road Vehicle Dynamics

side of the intersection. Vehicle 1 continues over the curb and strikes a pole rear-fi rst 
and comes to rest. Little damage to the pole occurs, but the rear of Vehicle 1 sustains a 
maximum of 21 in. (56 cm) of crush. Given the following data, calculate the speeds of 
Vehicles 1 and 2 at impact. Use the equation from Problem 4 to determine the speed of 
Vehicle 1 at impact with the pole. Use 10 mph (16 km/hr) equivalent energy speed for 
each vehicle to account for the curb impacts.

Vehicle 1 Vehicle 2

Curb weight: 2874 lb (1304 kg) 3719 lb (1687 kg)

Driver weight: 210 lb (95 kg) 160 lb (73 kg)

Passengers’ weight: — 70 lb (32 kg)

Cargo weight: 55 lb (25 kg) 100 lb (45 kg)

Travel direction at impact: East South

Travel direction after impact: S 45° E S 37° E

Travel distance post-impact: 68 ft (20.7 m) 106 ft (32.3 m)

Drag factor: 0.53 0.38

V-2

V-1

37°

45°

N

Solution to Problem 10.43

We have a conservation of momentum problem here. The variables are as follows:

 S1 = Speed of Vehicle 1 at impact with Vehicle 2

 s1 = Speed of Vehicle 1 after impact

 Sp = Speed of Vehicle 1 at impact with pole

 Sc = Equivalent energy speed loss of vehicle impacts into curb = 10 mph

 S2 = Speed of Vehicle 2 at impact with Vehicle 1

 s2 = Speed of Vehicle 2 after impact

 W1 = Weight of Vehicle 1 = 2874 + 210 + 55 = 3139 lb

 W2 = Weight of Vehicle 2 = 3719 + 160 + 70 + 100 = 4049 lb

 d1 = Post-impact travel distance of Vehicle 1 = 68 ft

 d2 = Post-impact travel distance of Vehicle 2 = 106 ft

 f1 = Post-impact drag factor of Vehicle 1 = 0.53

 f2 = Post-impact drag factor of Vehicle 2 on guard rail = 0.38

 CMAX = Maximum crush to the rear of Vehicle 1 = 21 in.
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 Accident Reconstruction 297

α1 = Travel angle of Vehicle 1 at impact

α2 = Travel angle of Vehicle 2 at impact

β1 = Travel angle of Vehicle 1 after impact

β2 = Travel angle of Vehicle 2 after impact

We will start setting by assuming that South is our 0° line. All angles measured coun-
terclockwise will be considered positive. We will tabulate our angles and then deter-
mine the trigonometric values as follows:

Direction θ sin θ cos θ

α1: East 90° 1 0

α2: South 0° 0 1

β1: S 45° E 45° 0.707 0.707

β2: S 37° E 37° 0.602 0.799

The weight ratios are

If W W1 2W WW W1 4049 3139 1 29=W2WW = .2WW 4049 3139 1

Because there is no signifi cant post-impact movement to consider, fi nding the impact 
speed of Vehicle 1 with the pole is easy. Simply substitute the 21 in. for CMAX in the 
equation, and crunch the numbers as follows:

S Cp MC AX 3CMC AX +CMC AX 9* .

Sp = 0 21 3+ 9 1= 1 55 3+ 9 1= 5 4. *55 . .9 1 . .9 15 mph

The speed at the start of post-impact skid can be solved by using the combined speed 
formula of

s S S d fp CS1
2 2S 1 1ff

2 215 68 53

37 7

+Sp
2

= 15

=

*d

. *2 24 12 0 32 0+42 * .0

. m7 phppmmmm

We can use a similar approach for the post-impact speed of Vehicle 2 as

s S d fC2
2

2 2ff

2

30

10 30 106 0 38

36 2

+SC
2

+2= 10

=

* d

* *106

. m2 phmm

The conservation of momentum formula along the East-West axis is

S S s W1 1W l 1WW* sW1WW in * *W in *s * sinα β βs W* *W sin1 22 2 αS2 2W si 1 22 2 βs2 2WW sin+ S *W inS W *W sin αS 2WW sin

S1 2S 1 0 37 1 707 36 1 0 60* *S . 9 *29 . *7 * .0 . *2 . *29=0S2S 1*S .29 + 22

S1 = +26 65 28 11. .+65 28

S1 54 76= . o76 r 55 mphmm (88 km/hkk r)
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298 Road Vehicle Dynamics

The conservation of momentum along the North-South axis is

S S s W1 1W l 1WW* cW1WW os * *W s *s * cosα β βs W* *W cos1 22 2 αS2 2W cos 1 22 2 βs2 2WW cos+ S *W sS W *W cosS 2WW cos

54 1 0 1 1 37 1 707 36 1 0. *8 * *0 . *29 . *7 * .0 . *2 . *291 1. *29 +S2 .799..

0 1 26 65 37 31 63 962 =1 2 + =37 31.29 *2929 . .65 37+ 37 .S

S or 50 mphmm (80 km/hkk r)2

PROBLEM 10.44—VCRWARE CASE STUDIES

VCRware—Vehicle Crash Reconstruction Software

Authors: Brach Engineering, LLC
Raymond M. Brach and R. Matthew Brach
Granger, Indiana
www.brachengineering.com

VCRware is a suite of 11 computer programs based in the Microsoft® Excel® (Micro-
soft Corporation, Redmond, Washington) environment. The programs provide the acci-
dent reconstructionist with the capability to reconstruct and analyze most vehicular and 
pedestrian accidents. This software suite is unique in the industry, in that the theoretical 
basis for each of the programs is covered in full technical detail in the book Vehicle 
Accident Analysis and Reconstruction Methods, by Raymond M. Brach, PhD, PE, and 
R. Matthew Brach, PhD, PE, published by SAE International in 2005.

The programs benefi t greatly from the availability of analysis utilities resident in 
Microsoft Excel. These utilities include Goal Seek and Solver. Goal Seek allows the 
user to determine the value of an input parameter to achieve a specifi ed or desired value 
of some spreadsheet output. For instance, the user can use Goal Seek with the Stopping 
Distance of a Vehicle spreadsheet to determine, in one step, the frictional drag coeffi -
cient needed to stop a vehicle within a given distance, starting from any initial speed. 
Solver is similar in many ways to Goal Seek but can handle more complex problems 
such as maximization and minimization with multiple variables. An example of this 
capability is the use of Solver in a crash analysis to fi nd the pre-impact speeds and the 
coeffi cient of restitution that match the reconstructed post-impact speeds.

Two principal capabilities of any software used for the reconstruction of a vehicle-to-
vehicle collision are the capability to model the impact between two vehicles (while the 
vehicles are in contact) and the capability to model the motion of the individual vehi-
cles before and after impact (while the vehicles are not in contact). Included in VCR-
ware are an impact model based on planar impact mechanics and a vehicle dynamics 
model capable of simulating the motion of a vehicle, with or without a semi-trailer, 
under all varieties of motion that a reconstructionist may encounter. The mechanics of 
both models have been validated with experimental data.

The impact model provided in VCRware is available in two varieties: (1) a standard 
version that models the impact between two vehicles, and (2) a version that models 
the impact between two vehicles, either or both of which may be articulated. The lat-
ter model, although complex, permits the modeling of collisions that involve one or 
two tractor semi-trailers for which the articulation of one or both of the vehicles is 
signifi cant.
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 Accident Reconstruction 299

Two case studies are presented here to illustrate the capabilities of the planar impact 
and vehicle dynamics simulation programs. The fi rst case study shows the use of the 
planar impact program that utilizes the ΔV data from an event data recorder (EDR). 
The second case study demonstrates the use of vehicle dynamics simulation in the 
post-impact motion of a damaged vehicle.

VCRware Case Study 1: Planar Impact Mechanics

Collision Description: A pickup truck and a sedan collide with the geometry as shown in 
Figure 10.31(a). The output from the EDR in the pickup truck, Vehicle 1, is shown in Fig-
ure 10.44(b). As determined from the EDR data, the longitudinal ΔV of the pickup truck as 
a result of the impact was 15 mph. The following information applies [see Figure 10.44(c)]:

W1 = 4000 lb

W2 = 2800 lb 

 I1 = 2500 ft-lb/s2

 I2 = 1400 ft-lb/s2

 d1 = 4.5 ft

 d2 = 2.1 ft

 θ1 = −90°

 θ2 = −135°

 Γ = −45°

 ϕ1 = 20°

 ϕ2 = 60°

 e = 0.2

 µ = µ0

m1

v1vv

v2vv m2

Figure 10.44 (a) Collision 
confi guration for Case 
Study 1.
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300 Road Vehicle Dynamics

Time (milliseconds)1010

−60

−30

−40

−50

−10

−20

0

150

It is known that the sedan, Vehicle 2, was pulling out of a parking lot across the lane in 
which the pickup truck was traveling. The speed of the sedan at impact is estimated to 
be between 10 and 20 mph (10 ≤ v2 ≤ 20 mph). This speed range was determined with 
the use of constant acceleration equations, given that the vehicle stopped before enter-
ing the roadway and using a suitable acceleration range over the distance from stop to 
impact. The rest positions of the vehicles are unknown because the police made no 
measurements and took no photographs during their investigation. Therefore, use of 
the speed of the vehicles via analysis of the post-impact motion or crush energy is not 
feasible. However, planar impact mechanics can be used to determine the pre-impact 
speed of the pickup truck while satisfying the ΔV criteria retrieved from the EDR. It is 
assumed that the vehicles reached a common velocity in the tangential direction (µ = µ0) 
along the contact plane.

Speed Reconstruction: With data provided in the statement of the problem with the 
parameter assignments as shown in Figure 10.44(c), the data can be placed into the 
spreadsheet implementation of the planar impact mechanics impact model as shown in 
Figure 10.44(d). Note that the cell to the right of the cell labeled “ΔVEDR =” contains 
the 15-mph ΔV that was retrieved from the EDR. The formula behind that cell calcu-
lates the longitudinal ΔV of Vet 1 by using the following equation:

Δ = Δ ( )V VΔ =Δ ΔΔ PDOFy1 1V VV= Δy 1FFcos

The use of the Goal Seek utility determines the speed of the pickup truck for the given 
set of input values and conditions such that the longitudinal ΔV of Vet 1, the pickup 
truck, is 15 mph. This calculation can be determined for a speed of the sedan of 20 mph 
[as shown in Figure 10.44(d)] and, separately, for an initial speed of Vet 2 of 10 mph. 
The corresponding range of pre-impact speeds of the pickup truck is 21 to 26 mph. If 
the coeffi cient of restitution is set at e = 0 rather than e = 0.2, the pre-impact speed 
range of the pickup truck changes to 23 to 29 mph. Additional analyses can be done to 
assess the uncertainty associated with other parameters such as the relative orientation 
of the vehicles, the location of the impact center C [see Figure 10.44(c)], or other 
parameters that may be of interest to the reconstructionist.

Figure 10.44 (b) Speed 
change data from the EDR 
download.
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Brach Engineering

Vehicle Crash Reconstruction Software
www.brachengineering.coww m

VCRwarerr TM

VCRware Case Study 2: Vehicle Dynamics

Vehicle dynamic simulation in the fi eld of accident reconstruction frequently requires that 
special characteristics of a vehicle should be specifi ed. For example, in the simulation of 
the post-impact motion of a vehicle, collision damage may prevent one of the wheels from 
rotating during its post-impact travel, or the wheelbase on one side of the vehicle may be 

Figure 10.44 (c) Free body 
diagram of the planar 
impact of two vehicles.

Figure 10.44 (d) Results of 
the planar impact analysis.

SIBK002_Ch10_p243-312.indd   301SIBK002_Ch10_p243-312.indd   301 3/8/10   1:52:04 PM3/8/10   1:52:04 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



302 Road Vehicle Dynamics

changed as the result of damage. Under such circumstances, the simulation program must 
be able to accommodate changes to the individual wheels, to accurately represent the con-
ditions under which the vehicle was moving. The following example illustrates this type of 
analysis by using the vehicle dynamics program vdynXL from VCRware.

Scenario Description: A stationary vehicle was hit in the rear in an offset front-to-rear 
collision. The impact damage to the vehicle has shifted the right rear wheel forward and 
against the wheel well, thereby shortening the right wheelbase and shifting the wheel 
laterally. The contact between the wheel and the wheel well locks the wheel from rotating 
during the post-impact motion. During the simulation, the vehicle dynamics program 
must allow locking of the right rear wheel and must accommodate an asymmetric wheel-
base. A separate analysis of the impact between the vehicles based on planar impact 
mechanics gives the post-impact velocity of the vehicle at 45 mph and an initial counter-
clockwise angular velocity of 100°/s. The entire post-impact motion of the vehicle takes 
place on a level and dry asphalt surface. The following information applies:

W = 4057 lb

I = 2972.7 ft-lb/s2

Left wheelbase: 9.6 ft

Right wheelbase: 9.2 ft

Front track: 5.26 ft

Rear track: 5.50 ft

Simulation Results: The data provided in the statement of the problem with vehicle 
parameters illustrated in Figure 10.44(e) can be placed into the vdynXL spreadsheet, as 
shown in Figure 10.44(f). Note in Figure 10.44(g) that the quantities L3 and L4, the lon-
gitudinal distances of the left rear and right rear wheels relative to the center of mass, 
respectively, are different. This refl ects the asymmetry of the post-impact wheelbases. 
Figure 10.44(g) also shows that the parameter s4, the longitudinal wheel slip of the right 
rear wheel, is set to s4 = 1, indicating that the right rear wheel is locked. The motion 
of the vehicle under these conditions is shown in Figure 10.44(h), with the coordinates 
of the rest position shown adjacent to the vehicle. For comparison, the same simulation 
was run with the right rear wheel free to rotate. The positions of the vehicle at 1-s inter-
vals, corresponding to positions at the same time intervals for initial simulation with the 
right rear wheel locked, are shown in gray in Figure 10.44(h).
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Figure 10.44 (e) 
Parameters for a vehicle 
with a trailer.
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Figure 10.44 (f ) Diagram 
showing the coordinates 
and variables associated 
with the vehicle dynamics 
simulation for a tow vehicle 
pulling a semi-trailer.

Figure 10.44 (g) Spread-
sheet showing the data 
input for Case Study 2.

Figure 10.44 (h) Diagram 
showing the vehicle motion 
for simulation with the right 
rear wheel locked (black) 
and for the right rear wheel 
free to rotate (gray).
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304 Road Vehicle Dynamics

PROBLEM 10.45

The Statistical Bounds of Accident Reconstruction: A Litigated 
Case History

By Albert G. Fonda
Fonda Engineering Associates

ABSTRACT

This is a case study of one accident reconstruction from event analysis through the end 
of litigation.

This case study demonstrates the maturation of the art of accident reconstruction to a 
state such that the reconstructionist not only can recite a best opinion as to the event, as 
usual, but can quantitatively show why that opinion is “best,” that is, numerical values 
now can be provided for the statistically likely bounds of variation in the results, given 
the available physical evidence. 

Because the differential bounds found by one means of reconstruction are equally 
applicable to the central values found by any other means, the new treatment can be 
exercised as a “fi nishing touch” supplement to pre-existing central results found by any 
method of reconstruction. 

When both experts are so prepared and make full disclosure, the litigants, during dis-
cussions in advance of trial, or, later, the judge or jury will be better informed in reach-
ing a decision. When only one expert is so prepared, such a presentation will tend to 
prevail because of its completeness and candor. The opportunity for such a forensic 
advantage is not to be overlooked by the informed reconstructionist. 

INTRODUCTION

Accident reconstruction, when it reasonably can be effective, relies on adequate mea-
surement of the vehicles and their trajectories, whether made by local authorities, made 
by or for the eventual reconstructionist, or as published. But of course no measurement 
is exact, and recent clinical studies [1] have quantifi ed the statistically likely bounds of 
error in such measurement. By classical but in this fi eld novel statistical methods [2,6,7], 
the corresponding bounds of their consequences can be found. Such an offering will 
speak directly to the Daubert ruling, whereby the judge may properly fi nd scientifi c 
testimony to be inadmissible for lack of recitation of its bounds of reliability.

Time-forward methods (simulations) [8] are unsuitable for such studies because they 
produce effects (damage and trajectories) given causes (approach conditions), so that 
the possible fi nal-state measurements are not available to be modulated. This is why 
time-reversed methods [3-5,9,10], proceeding from effect to cause on the basis of con-
servation of momentum and energy, are required for any study of the effects of investi-
gational measurement variability.

Monte Carlo methods, in which in consecutive solutions all the inputs are varied ran-
domly on the basis of their known variability, followed by statistical characterization of 
the effects, are far less effi cient than the method of fi nite difference analysis (FDA). As 
was reviewed most recently in Reference 7, in consecutive solutions, each input is varied 
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 Accident Reconstruction 305

once only to the extent of the statistically likely bounds of error in that measurement, 
followed by the probabilistic summation of consequences. 

Given suffi cient analysis time, FDA could be accomplished by repetitive use of any time-
reversed algorithm, examples being the public-domain (NHTSA) program CRASH [9] 
and the present author’s CRASHEX [3-5] program. This would require before each run 
the addition of a positive or negative perturbation to one of the input variables, after each 
run the fi nding and the storage of each change in every output of interest, repetition of 
these steps for each remaining input, and fi nally for each output the root-sum-squaring of 
the effects of all perturbations. However, the same repetitive procedures might be pro-
vided algorithmically, as they have been in CRASHEX. Eventual incorporation of similar 
routines into other time-reversed accident reconstruction programs is to be expected.

CASE HISTORY

A representative accident reconstruction as used in actual litigation on behalf of the 
occupants of a left-turning vehicle will be shown for the fairly common case of impact 
by a rapidly oncoming vehicle.

Figure 10.45(a) shows the reported paths of the vehicles and their positions and yaw 
attitudes at impact and at rest, according to the applicable police report. 

Vehicle 1 (Southbound) turned left across the path of Vehicle 2 (Northbound) after it 
had crested a hill 250 ft to the South. Positions of Vehicle 1 are shown before blocking 
and after clearing of the path of Vehicle 2. 

Although because of its anti-skid brakes, the tires of Vehicle 2 had left no visible marks, 
their noise had been reported by the driver of an adjacent Southbound vehicle [the 
unshaded outline in Figure 10.45(a)]. This was consistent with the report by Driver 2 
of pre-impact hazard sighting and anti-skid pedal response.

The front of Vehicle 2 centrally impacted the right side of Vehicle 1, impelling it North-
east a measured 43' as it rotated clockwise to rest off-pavement facing West. Mean-
while, Vehicle 2 traveled Northeast a measured 34' 3" while rotating clockwise to rest 
facing slightly South of East with its front wheels on the East shoulder. The post-
impact tire marks and rest positions were shown in police photographs.

Figure 10.45 (a) Site map.
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306 Road Vehicle Dynamics

RECONSTRUCTION 

Such site data, plus vehicle data, provide the inputs needed for accident reconstruction 
by one means or another according to the laws of physics. In the subject case, CRASHEX 
produced a site diagram [Figure 10.45(b)], which matched the site map and the tire 
mark photographs.

Another diagram [left in Figure 10.45(c)] recapitulated the damage contour as numeri-
cally entered plus computed vectors for the impact force, accompanied (right) by a dia-
gram of the vector solution being performed. In this vector diagram, OS and SM are the 
almost collinear momenta upon separation found from the trajectories to rest for Vehicles 
1 and 2, respectively. From these have been found the almost perpendicular vectors OI 
and IM, the momenta upon impact in the respective directions of approach; the loss is due 
to calculation of tire forces [3]. Their vector difference IS≡-SI is the momentum exchanged 
between the vehicles during impact. Through energy considerations, the program pro-
vided a second (here indistinguishable) vector magnitude IS≡-SI.

The program also issued a numerical tabulation of these and other fi ndings—68 out-
puts in all.

Figure 10.45 (b) Site plot.

Figure 10.45 (c) Vector 
plot.
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 Accident Reconstruction 307

RESULTS

In the subject case, as in many numerical outputs of primary interest, are the two 
approach (impact) speeds, which in this instance are 

• 12.1 mph for Vehicle 1 and 

• 48.4 mph for Vehicle 2 

as seen also in the supplemental table, which is an inset in Figure 10.45(b).

Given the approach speeds, any reconstruction may be extrapolated back to the time 
when the hazard might have been recognized and avoided by a participant. Evidently 
here, as in most left-turn impacts, each driver took the other by surprise; however, at 
turn initiation, a hidden or suffi ciently distant oncoming vehicle would have presented 
no evident hazard. The apparent responsibility for avoidance thus depends critically on 
the sight distance to and the reconstructed speed of the oncoming vehicle.

It is obvious that Vehicle 2, impacting at a speed most likely to have been 48.4 mph 
following heavy and prolonged avoidance braking, must have begun to brake when 
moving at well over the applicable 55 mph speed limit. The degree of excess remains 
to be quantifi ed.

The adjacent Southbound witness had heard tire squeal, turned her head to the left 
about 90°, and saw the impact occur. This indicated, as a tentative value adequate for 
settlement purposes, a witness response time of 1 s. 

As is shown in Figure 10.45(d), that assumption was combined in a spread sheet with 
available driving-simulator operator time histories and the probable tire-road downhill 
deceleration of Vehicle 2. Given the anti-skid braking, the friction coeffi cient was taken 
to be 0.85. The fi gure shows that the braking time history from hazard detection through 
pedal response to brake application, for a rise in 1 s to a steady-state value of 0.823 
(downhill) at the start of tire noise, continued while the witness responded and saw the 
impact occur. 
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By numerical integration from the probable fi nal speed of 48.4 mph, the probable ini-
tial speed was 70.8 mph, with travel distance of 187 ft from hazard recognition to 

Figure 10.45 (d) Approach 
scenario—base case.
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308 Road Vehicle Dynamics

impact. The speed before braking thus was 15.8 mph in excess of the 55 mph legal 
limit. The point of recognition was 250 − 187 = 63 ft and 0.6 s past the crest of the 
hill—enough time for Driver 2 to respond.

 As to avoidance,  but for the speed violation the initial speed would have been 55 mph. 
Given the same braking,  the time and distance to stop would have been 3.8 s and 184 ft. 
Because this is 3 ft short of the path of Vehicle 1,  regardless of the timing of Vehicle 1,  no 
impact could have occurred.

Furthermore, by the time Vehicle 1 had cleared the Northbound lane (broken vertical line), 
Vehicle 2 would have traveled only 167 ft, arriving at 20 mph at 187 − 167 = 20 ft from the 
departing right rear of Vehicle 1. Impact thus would have been avoided, and each vehicle 
would have gone its way unaffected. 

Ordinarily, this would have been the end point of the reconstruction, leaving the recon-
structionist with nothing substantive to say about the quality or reliability of such a 
“best estimate.” However, as decisive as the above 20 ft of clearance might seem, it 
would be fairly questioned. The presenting expert, much less opposing counsel, would 
be concerned as to its reliability because no measurement can be made exactly. How 
reliable, given the established evidence, is the fi nding?

This is exactly the question that FDA can quantitatively answer. Although credible 
evidence that is presented as a hypothetical is not to be questioned, every measurement 
credibly may have been as much in error as the high or the low extreme of the range 
experimentally shown to be likely under similar circumstances. All of these deviations 
can be assumed to have occurred in a random manner, and their equally likely com-
bined effect can be found.

Independent groups have long evaluated and published various tables of vehicle 
weights and measures and experimental values of tire-road friction, suffi cient for 
recitation of inferred means and standard deviations by category. Absent, however, 
was corresponding information for the performance of fi eld measurement tasks 
through the use of various procedures and equipment. In 2000, by enlisting the coop-
eration of attendees at a conference of accident reconstructionists, through the efforts 
of initiator William Wright and others [1], this paucity of information was remedied. 
Now, the business of “reliability reconstruction” could proceed [2], fi nally enabling, 
in CRASHEX, the effective usage of algorithms that had been written more than a 
decade before.

FINITE DIFFERENCE ANALYSIS

Finite difference analysis commences after such a central or best-case reconstruction 
has been achieved. In the fi rst stage of FDA, user-specifi ed changes, all statistically 
equally likely, are applied in turn to each of the inputs to the established base case. In 
the second stage, those results are statistically summed. 

In CRASHEX FDA, each entry made into an otherwise blank input array is treated as 
a change of input that immediately produces a full array of differential outputs, tabu-
lated in the same format as the outputs that are being perturbed. Although each input 
could be a unit quantity (e.g., 1 meter or 1 foot or 1 pound) producing an array of sen-
sitivities or transfer coeffi cients, when each such input is set to equal the span of prob-
able uncertainty or deviation in the associated measurement, each such output array 
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 Accident Reconstruction 309

lists the consequent and equally probable deviation of each output. Presumption of 
2 SD deviations of measurement is the norm, as such inputs will include 95.44% of the 
probable input and (hence) output deviations, excluding at each end of the spectrum 
only 2.28% (1 part in 44) of the possible span.

For the exemplar case, by using as inputs twice the “Medium” (in most instances) stan-
dard deviations of measurement found [2,6,7] in juried and other studies, 43 input dif-
ferences were used consecutively in 43 runs of the FDA routine. For each run, a single 
printout listed the change in some one of the inputs and the consequent changes in all 
68 outputs. These 43 sheets could then be sorted to rank the inputs in terms of their 
effect on any one output of interest. This procedure identifi es for each output “the sig-
nifi cant few” infl uences—usually only the top three or four, as will be demonstrated—
among “the trivial many” [2].

In the second stage of FDA, for each output of interest (or for all of them, in CRASHEX), 
the root of the sum of the squares of all previously calculated output differences is 
found. Given 2 SD input deviations, this sum is the 2 SD reliability of each output, the 
“95% reliability side-band” values that include all but 1 part in 44 of the effects at each 
end of all probable deviations of measurement. 

By basic statistical theory, this is the probable combined effect of the random occur-
rence of all input deviations. Vectorially, it is a progressive summation of successive 
normals to each preceding sum. Such summation avoids the excessively conservative 
linear summation of the absolute values of all effects, yet preserves a due effect for 
every infl uence.

For the exemplar case, the speed of Vehicle 1 has a span of uncertainty of 5.5 mph. 
Although this is 45% of its 12.1 mph central value, this speed is of little importance in 
the present dispute. 

For the 48.4 mph impact speed of Vehicle 2, the total and its four most infl uential con-
tributors were [see Figure 10.45(e)] as follows:

• 3.9 mph due to all 43 factors combined, including

 – 2.3 mph due to ±0.14 (Medium) changes in the tire-road friction of Vehicle 2

 – 1.9 mph due to ±0.14 (Medium) changes in the tire-road friction of Vehicle 1

 – 1.3 mph due to ±10 (Very High) changes in the approach direction of Vehicle 1

 – 1.0 mph due to ±130 pound (Medium) changes in the weight of Vehicle 1

3.9

01.0

31.3

1.9

2.3 Figure 10.45 (e) Vector 
Sum
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310 Road Vehicle Dynamics

These four largest infl uences collectively account for 3.4 mph of the 3.9 mph total; 
the 39 others, only the last 0.5 mph. Thus, it is unnecessary for the expert (and it 
will be futile for the opposition) to be concerned with the exact variability of any 
input other than these four; no reasonable changes in them could be of much con-
sequence. FDA confers immunity from further reasonable doubt, given the evi-
dence.

Changes larger than any considered were held to be unlikely by, in most instances, 
standards variously published or specifi ed independently of the present case. A ±10° 
(Very High) allowance for variation in the direction of approach of Vehicle 1 was 
assigned because that path could be deduced only from its end tangents and the point 
of impact. Even so, its variability was less important than that of the post-impact tire-
road friction, which, given published generic data, was allowed to vary from 0.56 to 
0.84 for Vehicle 1 and from 0.64 to 0.92 for Vehicle 2.

Because controlling transfer functions depend only on the physics (or the vector dia-
gram) of the event, the differential bounds found by one means of reconstruction are 
equally applicable to the central values found by any other means. This permits super-
position on a previous reconstruction of the probability side-bands found with subse-
quent use of an FDA-facilitated treatment of the same case.

As to the approach scenario, if for settlement purposes the previous estimate of 2 
s of approach time following first alert is retained, along with the same friction 
variability of ±0.14, for the case of improbably high friction of 0.963 before 
impact at 52.3 mph, with 1 chance in 44, Vehicle 2 was found to have 
traveled 

• 205 ft from an initial speed of 

 – 77.6 mph, which was 

  – 22.6 mph over the 55 mph limit

Although indicative of very prompt observance of Vehicle 1 by Driver 2 while sighting 
over the crest of the hill, this scenario cannot be ruled out. However, this is not the 
pivotal case. It is in other respects equally likely that, for the case of improbably low 
deceleration of 0.683 before impact at 44.5 mph, Vehicle 2 traveled 

• 168 ft from an initial speed of 

 – 63.6 mph, which was only

  – 8.6 mph over the 55 mph limit 

As to the alternative scenario, had the pre-response approach speed of Vehicle 2 been 
55 mph, then for the higher-friction case, a full stop in

• 3.4 s and  •  2.7 s the lane was clear, and braking could 
have been terminated at

• 169 ft was possible, or

• 36 ft short of impact. But • 15 mph and with

• 0.7 s before that, at • 44 ft of clearance
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and no collision would have ensued. For the lower-friction case (with ▼ symbols), a full 
stop in

• 4.2 s and  • 2.55 s, at

• 206 ft would have been • 168 ft, the right front bumper of Vehicle 2
possible if unimpeded. But  would have impacted at

• 1.65 s before that, at  • 27 mph the last 

  • 2 ft of Vehicle 1

with collision ensuing. So the more critical case occurs for the lower tire-road friction, 
and within the reasonable bounds of evidence, total avoidance of impact cannot be 
guaranteed. This is the adverse “what-if ” contingency for which the reconstructionist 
should have been prepared, and about which he or she would properly have been cross-
examined. 

But note that Vehicle 1 would have vacated the path of Vehicle 2 had it not arrived by 
the time t = 2.7 s. By interpolation, this occurs for 0.714 deceleration, after 172 ft of 
travel, with arrival at 24 mph. With 16 chances in 17, the right front corner of Vehicle 
2 would arrive too late to contact the departing right rear corner of Vehicle 1 [see 
Figure 10.45(a)].

Even in the remaining 1 chance in 17, both the intervehicular impact and the now-distal 
occupant-vehicle impact would have been drastically reduced. But what is very much 
more likely is that but for the speed violation, neither the vehicles nor their occupants 
would have been impacted at all. 

On occasion, the merely preliminary and verbal recital of such a signifi cant fi nding by 
the client’s attorney would be suffi cient for settlement. Because this was so in the sub-
ject case, to the plaintiff ’s benefi t, we cannot recite the much more extensive prepara-
tion that would have followed in a more protracted litigation. Well-qualifi ed experts 
would have been needed for independent assessment of the human factor values and 
the injury reduction, and demonstrative exhibits would have included detailed simula-
tions and animations of the event for the various scenarios reviewed here.

CONCLUSIONS

For an exemplar case, the use of a time-reversed collision reconstruction program 
incorporating an automated FDA routine has accurately established both a most likely 
case and the credible departures from that case due to uncertainties of measurement. 

Ordinarily, only the central case could have been presented. Although that would have indi-
cated impact avoidance but for a speed violation, the expert could have provided no analytic 
rebuttal to the suggestion of a contrary fi nding within the range of known evidence.

Absent reliability side-bands, the susceptibility of any bare fi nding to inevitable but 
unknown errors of measurement can never be denied, nor can fi nders of fact be spared 
the necessity of sheer speculation in this regard. Neither can any forensic expert other-
wise offer more than a supposedly educated guess, a sheer expression of personal con-
fi dence lacking in analytic foundation, as to the magnitude of such susceptibility. Finite 
difference analysis provides the practical remedy to this shortcoming and contributes 
critically to the forensic utility of accident reconstruction.

SIBK002_Ch10_p243-312.indd   311SIBK002_Ch10_p243-312.indd   311 3/8/10   1:52:27 PM3/8/10   1:52:27 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



312 Road Vehicle Dynamics

Whatever the treatment of choice and whatever its constraints, this approach brings to 
accident reconstruction in general a salutary level of sophistication. The practitioner not 
only can present as usual the treatment and the reconstruction that in his or her opinion are 
most reliable, but now can, through brief further use of any FDA-enabled time-reversed 
reconstruction, recite also the probable boundaries of that reconstruction, given the practi-
cal limitations of investigative accuracy. All “what-if ” questions issuing from the inherent 
uncertainty of physical measurement thus can be answered before they are asked. 

CONTACT 

Mr. Fonda can be reached at agfonda@gmail.com. Together with his profi le, the acci-
dent reconstruction and fi nite difference analysis program CRASHEX is accessible at 
www.crashex.com in a form suitable for abbreviated usage in time-share style at a 
minimal fee with simple pass-through of per-case expense to the end user. 
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PROBLEM A.1

Find the length of the resultant of the following vectors.

3i + 4j – 5k
7i + 2j – 5k

–12i – 11j + 2k

Solution to Problem A.1

The resultant is produced by adding the vectors

3i + 4j – 5k
7i + 2j – 5k

–12i – 11j + 2k
  –2i – 5j + 8k

The length of the resultant vector is

L = +( )− ( ) ( ) .+)− (− 9=) 3 9= 6442 2( )+ ( 2

PROBLEM A.2

Find the unit vector associated with the vector.

18i + 6j + 25k

Appendix A

Vector Algebra
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314 Road Vehicle Dynamics

Solution to Problem A.2

The unit vector of a particular vector is the vector itself divided by its length.

Unit vector = 
18 25 8 6

9852 2 2

i j6 k i18 j k256

+
= + 6

( )18 ( )6666 ( )25

=
 

18 25
31 385

i j6 k6
.

 = 0.574i + 0.191j + 0.797k

PROBLEM A.3

What is the angle between the two vectors a and b?

a = 7i + 10j + 6k
b = 24i – 8j + 5k

Solution to Problem A.3

There are two ways to calculate the dot product of vectors. Apply both and set their 
results equal to each another.

a . b = |a| |b| cos θ = ( ) ( ) ( ) ( ) ( ) ( )) ( ) ( ) ()2 2( )( ) 2 2( ) 2 2( )(( )( ) × +( )2)( ) cosθ

 = (13.6)(25.79) cosθ
 a . b = axbx + ayby + azcz = (7)(24) + (10)(–8) + (6)(5) = 783

 (13.6)(25.79) cosθ = 783

 cos θ = 2.232

 θ = cos–1[2.232] (in degrees).

PROBLEM A.4

Given a = 2i + 4j + 6k and b = –2i + j – 5k, fi nd a . b.

Solution to Problem A.4

a . b = a1b1 + a2b2 + a3b3 = 2(–2) + 4(1) + 6(–5) = –30

PROBLEM A.5

Given the vectors

a = 2i + 3j + 5k
b = –2i + j – 7k

fi nd the dot product, a . b of the vectors.

Solution to Problem A.5

Multiply the corresponding components of the vectors and add the resulting products.

a . b = axbx + ayby + azcz = (2)(–2) + (3)(1) + 5(–7) = –4 + 3 – 35 = –36
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 Vector Algebra 315

PROBLEM A.6

Find the cross product, a × b of the vectors

a = 2i + 4j + 5k
b = –2i + 3j – 4k

Solution to Problem A.6

Find the determinant of the 3 × 3 matrix whose rows are the unit vectors and the coef-
fi cient of vectors a and b.

a × b = 

i j k

a a a

b b b

x ya z

x yb z

= i(aybz – byaz) – j(axbz – bxaz) + k(axby – bxay)

 = 
i j k

2 4 5
2 3 4− −2 32 44

 = i j k4 5
3 4

2 5
2 4

2 4
2 344 −2 42 4

+
−22

 = i(–16 – 15) – j(–8 + 10) + k(6 + 8)

 = i(–31) –2j + 14k

PROBLEM A.7

Find the cross product, a × b of the vectors

a = 2i + 5j + 8k
b = –2i + j – 5k

Solution to Problem A.7

 

i j k

2 5 8
2 1 5− −2 12

a × b = i j k5 8
1 5

2 8
2 5

2 5
2 1−22

+
−22

 = i(–25 – 8) – j(–10 + 16) + k(2 + 10)

 = –33i – 6j + 12k

PROBLEM A.8

If a = (–3, 1, 6) and b = (0, 5, –4), calculate a × b, b × a and a × a.
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316 Road Vehicle Dynamics

Solution to Problem A.8

a × b = 

i j k

i j k−
−

= − + −3 1 6
0 5 4−−

1 6
5 4−−

3 6
0 4−−

3 1
0 5

 = i[–4 – 30] – j[12 – 0] + k[–15 – 0] = –34i – 12j + 15k

b × a = 
i j k

i j k0 5 4
3 1 6

5 4
1 6

0 4
3 6

0 5
3 1

−5 44
−

= 44 44
−

+
−

 = i[30 + 4] – j[0 – 12] + k[0 + 15] = 34i + 12j  –  15k

a × a =

 

i j k

i j k−
−

= i −
−

+ −
−

3 1 6
3 1 6

1 6
1 6

3 6
3 6

3 1
3 1

 = i[6 – 6] – j[–18 – 18] + k[–2 + 3] = 0i – 0j + 0k

PROBLEM A.9

Find the cross product, a × b of the vectors a and b.

a = i + 5j + 6k
b = 8i + 5j + 5k

Solution to Problem A.9

The cross product of two vectors is the determinant of a third-order matrix, shown as 
follows.

a × b =

 

k

a a a

b b b

i j k

x ya z

x yb z

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

=

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥1 5 6

8 5 5
=== +i j− k5 6

5 5
1 6
8 5

1 5
8 5

 = i[25 – 30] – j[5 – 48] + k[5 – 40] = –5i + 43j – 35k

PROBLEM A.10

If a = 2i – 3j – 5k and b = i + 2j + 3k, fi nd 

a) a × b
b) b × a
c) (a + b) × (a – b)
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 Vector Algebra 317

Solution to Problem A.10

a = 2i – 3j – 5k 
b = i + 2j + 3k

a) a × b = (2i – 3j – 5k) × (i + 2j + 3k)

 = 
i j k

2 3 5
1 2 3

−3

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥  = i

−3 5−
2 3

 

– j
2 5
1 3

 

+ k
2 3
1 2

 = i[(–3)(3) – (2)(–5)] – j[(2)(3) – (1)(–5)] + k[(2)(2) – (1)(–3)]

 = i[–9 + 10] – j[6 + 5] + k[4 + 3] = i + 11j + 7k

b) b × a = (i + 2j + k) × (2i – 3j – k)

 = 
i j k

1 2 3
2 3 5−3

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥  = i

2 3
3 5−33

 – j
1 3
2 5

 + k
1 2
2 3

 = i[–10 + 9] – j[–5 – 6] + k[–3 –4] = –i + 11j – 7k

c) (a + b) × (a – b)

 a = 2i – 3j – 5k 
 b = i + 2j + 3k
 a + b = (2i – 3j – 5k) + (i + 2j + 3k) = 3i – j – 2k
 a – b = (2i – 3j – k) – (i + 2j + k) = i – 5j – 8k
 (a + b) × (a – b) = (3i – j – 2k) × (i – 5j – 8k)

   =

 

i j k

3 1 2
1 5 8

−1 22
55

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥  = i

3 2
1 8

22
 – j

3 2
1 8

22

 
+ k

3 1
1 5

   = i[–24 + 2] – j[–24 + 2] + k[–15 + 1] = –22i + 22j – 14k

PROBLEM A.11

If a = 5i – j + 2k, b = i + 3j + k and c = i + 3j + 2k, fi nd

a) (a × b) × c 

b) a × (b × c)

Solution to Problem A.11

a = 5i – j + 2k 
b = i + 3j + k 
c = i + 3j + 2k
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318 Road Vehicle Dynamics

a) a × b = (5i – j + 2k) × (i + 3j + k)

 = 
i j k

5 1 2
1 3 1

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 

= i
−1 2
3 1

 

– j
2 2
1 1

 

+ k
5 1
1 3

 = i[–1 – 6] – j[5 – 2] + k[15 + 1] = –7i – 3j + 16k.

 (a + b) × c = (–7i – 3j + 16k) × (i + 3j + 2k)

 = 
i j k

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥7 3− 16

1 3 2  

= i
−3 16
3 2

 – j
−7 16
1 2

 

+ k
−7 3−
1 3

 = i[–6 – 48] – j[–14 – 16] + k[–21 + 3] = –54i + 30j – 21k.

b) b × c = (i + 3j + k) × (i + 3j + 2k)

 

=

 

i j k

1 3 1
1 3 2

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 

= i
3 1
3 2

 – j
1 1
1 2

 

+ k
1 3
1 3

 = i[6 – 3] – j[2 – 1] + k[3 – 3] = 2i – j + 0k.

 a × (b × c) = (5i – j + 2k) × (3i – j + 0k)

 

= 
i j k

5 1 2
3 1 0

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 

= i
−
−
1 2
1 0

 

– j
5 2
3 0

 + k
5 1
3 1

 = i[–1 + 2] – j[0 – 6] + k[–5 + 3] = i – 6j – 2k.

From (a) and (b), clearly   (a × b) × c ≠ a × (b × c) 

PROBLEM A.12

For the three vectors a, b, and c, what is the product a . (b × c)?

a = 6i + 7j + 10k 
b = i + 2j + 5k 
c = 3i + 6j + 5k
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 Vector Algebra 319

Solution to Problem A.12

b × c = 
i j k

1 2 5
3 6 5

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥  = i

5 5
6 5

 –  1
j k

6 5
 

+ 3
j k

2 5

= i(10 – 30) – 1( j5 – 6k) + 3(j5 + 2k) = –20i + 10j.

Now calculate the dot product

a . (b × c) = (6)(–20) + (7)(10) + (10)(10) = –120 + 70 = 50

PROBLEM A.13

Given the vectors a, b, and c, what is the value of (a + b) . (b + c)?

a = 6i + 3j + 2k
b = 4i + 3j + 4k
c = 6i + 7j + 10k

Solution to Problem A.13

Sum the like components of the vectors being added.

a + b =   6i + 3j + 2k
  4i + 3j + 4k
10i + 6j + 6k

b + c = 4i + 3j + 4k
  6i + 7j + 10k 

        10i + 10j + 14k

The dot product is the sum of the products of the like components.

(a + b) . (b + c) = (10)(10) + (6)(10) + (6)(14) = 244J.

PROBLEM A.14

Find the volume of the parallelepiped [(a × b) . c] determined by the vectors

a = (3, –2, 0), b = (2, 2, 2) and c = (–1, –1, 5)

Solution to Problem A.14

a × b =  
i j k

3 2 0
2 2 2

22

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 

= i
−2 0−
2 2

 – j
3 0
2 2

 + k
3 2
2 2

22

 = i[–4 – 0] – j[6 – 0] + k[6 + 4] = –4i – 6j + 10k.
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320 Road Vehicle Dynamics

Volume of the parallelepiped is 

| a × b . c| = |(–4, –6, 10) . (–1, –1, 5)| = 60

PROBLEM A.15

 Determine the volume of a parallelepiped with sides represented by the zero-based 
vectors a, b, and c.

a = 2i – 2j + 3k 
b = 4i + 2j + 5k 
c = i + 5j + 6k

Solution to Problem A.15

Volume of the parallelepiped = 
2 2 3
4 2 5
1 5 6

22

 

= 2
2 5
5 6

 + 4
−2 3−
5 6

 

+ 1
−2 3−
2 5

  = 2[12 – 25] – 4[–12 – 15] + 1[–10 – 6]

 = 2(–13) – 4(–27) + 1(–16)

 = –26 + 108 – 16 = 108 – 42 = 66.
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Appendix B

Matrix Analysis

EXAMPLE PROBLEMS AND SOLUTIONS 

EXAMPLE B.1

Given A = 1 3 2
5 4 6

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
 and B = 

4 1 3
2 6 5

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
, fi nd A + B and A – B.

Solution:

AA BAA BBB+ =BBBB
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1 4+ 3 1+ 2 3+
5 2+ 4 6+ 6 5+

5 4 5
7 10 11

AA BAA BBB =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= − −⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1 4− 3 1− 2 3−
5 2− 4 6− 6 5−

3 2 1
3 2− 1

MATLAB Solution:

>> A= [1 3 2; 5 4 6];
>> B= [4 1 3; 2 6 5];
>> A+B

ans =

     5     4     5
     7    10    11

>> A-B

ans =

    -3     2    -1
     3    -2     1
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322 Road Vehicle Dynamics

EXAMPLE B.1 

Consider the matrix A is given by

A =
−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎣⎣
⎢⎢
⎣⎣⎣⎣

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎦⎦
⎥⎥
⎦⎦⎦⎦

0 1 3

1 6 4

2 4 7

Then adjoint of A is given by

adjd A =

− − −

− −

−
−

6 4

4 7

1 4
2 7

1 6
2 4

1 3−
4 7

0 3−
2 7

0 1

2 4

1 3−
6 4

0 3−
1 411

0 1

1 6−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

T

=
−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎦⎦

⎥⎥
26 15 16

19 6 2
22 3 1

T

=
−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

26 19 22
15 6 3
16 2 1

EXAMPLE B.2

Find the matrix difference A − B of matrices A and B.

A B
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= −

−

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥3 4 7

5 2 2−
5 2 6

5 4 2

Solution:

The entries in the difference matrix are the difference of the corresponding entries in 
the original two matrices.

A B
( )

( )
=

−

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ = −

−
3 5− 4 2− 7 (− (

5 (− ( 2 4− 2 2− −
2 2− 13

10 2− −−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦4−−−−

MATLAB Solution:

>> A= [3 4 7; 5 2 -2];
>> B= [5 2 -6;-5 4 2];
>> A-B

ans =

    -2     2    13
    10    -2    -4
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 Matrix Analysis 323

EXAMPLE B.2 

Consider a 3 × 3 square matrix

A =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 3 4
3 2 6
2 3 1

det A = 1(2 − 18) − 3(3 − 12) + 4(9 − 4) = 31 ≠ 0

Hence, the rank of matrix A is 3.

EXAMPLE B.3

Given A

⎡

⎣

⎢
⎡⎡

⎢
⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎦⎦
⎥⎥

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1 0
2 1
4 3

2 1 5
1 0 1

and ,B = ⎢ ⎥
2 1 5
1 0 1

show that .AB BA≠

Solution:

AB =
+ + +
+ +

2 1 1 0 5 1

2 1 1 0

( )1 ( )0 ( )1 ( )0 ( )1 ( )0

( )2 ( )1 ( )2 ( )1) ()) ) ( )

( ) ( ) ( ) ( ) ( ) ( )

2( 1(

2( 1(1( 1( 0( 5( 1(+) ( )+ 1( 1( +

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎣⎣
⎢⎢
⎣⎣⎣⎣

⎤

⎦

⎥
⎤⎤

⎥⎥
⎥⎥⎥⎥

⎥
⎥⎥⎥⎥

⎦⎦
⎥⎥
⎦⎦⎦⎦

=

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

2 1 5
5 2 10

11 5 23

BA =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

2 1 5
1 0 1

1 0
2 1
4 3

24 16
5 3

Clearly, AB ≠ BA.

MATLAB Solution:

>> A=[3 4 7;5 2 -2];
>> B=[5 2 -6;-5 4 2];
>> A-B

ans =

    -2    2    13
    10   -2    -4

>> A=[1 0;2 1;4 3];
>> B=[2 1 5;1 0 1];
>> A*B

ans =

     2     1     5
     5     2    11
    11     4    23

>> B*A
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324 Road Vehicle Dynamics

ans =

    24    16
     5     3
Clearly, AB ≠ BA.

EXAMPLE B.3

Determine the rank of the given matrix

A =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 1 1 0
1 2 3 1
2 3 4 1

Solution:

Because A is of the order of 3 × 4, the maximum possible value of the rank should be 3. This 
is true when at least one square submatrix of order 3 has non-zero determinant. Otherwise, 
the rank will be at most 2 and it must be investigated for square matrices of order 2.

There can be four square submatrices of order 3 in the given matrix, and these are as 
follows:

Sub matrix Its determinant

1 1 0
2 3 1
3 4 1

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 

0

1 1 0
1 3 1
2 4 1

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ 0

1 1 0
1 2 1
2 3 1

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ 0

1 1 1
1 2 3
2 3 4

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ 0

Hence, it is required to investigate submatrices of order 2.

1 1
1 2

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
1

Hence, a non-zero determinant is arrived at, and so we can conclude that the rank 
of A = 2.
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 Matrix Analysis 325

EXAMPLE B.4

Find the matrix product AB of matrices A and B.

A B
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
2 1
1 8

4 3
2 1

Solution:

Multiply the elements of each row in matrix A by the elements of the corresponding 
column in matrix B.

AB = + +
+ +

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣

2 4× 1 2× 2 3× 1 1×
1 4× 8 2× 1 3× 8 1×

10 7
20 11

⎢⎢
⎡⎡⎡⎡

⎣⎣⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

MATLAB Solution:

>> A=[2 1;1 8];
>> B=[4 3;2 1];
>> A*B

ans =

    10     7
    20    11

EXAMPLE B.4

Consider two matrices A and B given by:

A B
−

⎡

⎣−
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ =

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

4 3

5 7

3 6
7 4

;

A B A B+ =B
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

7 9
2 11

1 3−
12 3

; –A

EXAMPLE B.5

Find the matrix product AB of matrices A and B.

A B =B −
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥[7 2 3]

2
3
4

Solution:

AB = [7 × 2 + 2 × (−3) + 3 × 4] = 20.
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326 Road Vehicle Dynamics

MATLAB Solution:

>> A= [7 2 3];
>> B= [2; -3; 4];
>> A*B

ans =

    20

EXAMPLE B.5

Consider two matrices:

A B
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ = −⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

2 3

6 3−
2 1−
5 7

;

Then AB =
+ +

+ +

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

2 3 2 3

6 5 6 7

( )2−− ( )5 ( )1 ( )7

( )2−− ( )−3 ( )1 ( )−3

⎤⎤

⎦
⎥
⎤⎤⎤⎤

⎥⎦⎦
⎥⎥ =

− −

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

11 23

27− 15

and  BA =
+ +
+ +

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢
( )− ( ) ( )− ( )

( ) ( ) ( ) ( )

2)−− 1( 3)−− 1(−
2) 6) 5( 7(−

⎤⎤

⎦
⎥
⎤⎤⎤⎤

⎥⎦⎦
⎥⎥ =

−

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

2 9−
52 6

Hence,  AB ≠ BA.

EXAMPLE B.6

Given

A B
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

2 3 4
1 5− 6

8 0
2 7
1 4

and

Find C = AB.

Solution:

C AB =AB
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦ −

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

2 3 4
1 5− 6

8 0
2 7
1 4

=
+ + × ×

+ + × +
2 8× 3 2× 4 × 2 0 3× ++ 7 4+ 4

1 8× 2× 6 1 0×
( )1−

( )−5 ( )−1 ( )(( +

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

7) ×) 6 4×

=
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

18 37
8 1− 1

SIBK002_AppB_321-366.indd   326SIBK002_AppB_321-366.indd   326 3/8/10   2:14:33 PM3/8/10   2:14:33 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Matrix Analysis 327

MATLAB Solution:

>> A=[2 3 4;1 -5 6];
>> B=[8 0;2 7; -1 4];
>> C=A*B

C =

    18    37
    -8   -11

EXAMPLE B.6

Given the two 2 × 2 matrices:

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
5 0
2 1

4 2
1 3

,

show that det AB = (det A) (det B).

Solution:

 det A = 5 − 0 = 5
 det B = 12 − 2 = 10

AB =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

5 0
2 1

4 2
1 3

20 10
9 7

 det AB = 20(7) − 9(10) = 50
 (det A)(det B) = (5)(10) = 50 = det AB

EXAMPLE B.7

Determine the following matrix product

5 2 4
4 1 1
1 3 2

3 2
1 7
5 4−22

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

Solution:

5 2 4
4 1 1
1 3 2

3 2
1 7
5 4−22

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

   =
+ + ×

+ + +
5 3× 2 1× 4 5 2 2 7 4× + × + 4

4 3× 1× 1 × 4 2×
( )5−

( )−1 ( )5− (−−− +
+ + + +

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎣⎣
⎢⎢
⎣⎣⎣⎣

7×1 1 4×
1 3× 3 1× × 1 2× 3 7× 4×

)

( )−2−− ( )5− ( )−2−

⎤⎤

⎦

⎥
⎤⎤⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎦⎦
⎥⎥
⎦⎦⎦⎦

   =
−⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

3 40
6 5

16 15
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328 Road Vehicle Dynamics

MATLAB Solution:

>> A=[5 2 4;4 -1 1;1 3 -2];
>> B=[3 2;1 7;-5 4];
>> A*B

ans =

    -3    40
     6     5
    16    15

EXAMPLE B.7

a) Computer the determinant of 

A =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 9 0
2 8 1−
0 2− 0

b) Also use a cofactor expansion across the third row to compute the determinant of A.

Solution:

a)  det A = a11 det A11 − a12 det A12 + a13 det A13

det 1 det 9 det 0 det
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

8 1−
2 0−

2 1−
0 0

2 88
0 222

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

  = 1(0 − 2) − 9 (0 − 0) + 0(−4 − 0) = −2

b) Using the cofactor expansion method:

  det A = a31c31 + a32c32 + a33c33

  = (−1)3+1a31 det A31 + (−1)3+2a32 det A32 + (−1)3+3a33 det A33

  

= +0 ( 2)–(
9 0

8 1−

1 0

2 1−
0

1 9

2 8

  = 0 + 2(−1) + 0 = −2

EXAMPLE B.8

Given

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

5 1
3 2−

2 0
4 3

a d

Show that these matrices do not commute. That is, verify that AB ≠ BA.
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Solution:

AB =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

−

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥5 1

3 2−
2 0
4 3

14 3
2 6− −

BA =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

2 0
4 3

5 1
3 2−

10 2
29 2−

Clearly, AB ≠ BA.

MATLAB Solution:

>> A=[5 1;3 -2];
>> B=[2 0;4 3];
>> A*B

ans =

    14     3
    -2    -6

>> B*A

ans =

    10     2
    29    -2

EXAMPLE B.8

Obtain the determinant of the following square 4 × 4 matrix.

A =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦
⎥⎥

a b c d
e f g h

i j k l

m n o p

Solution:

The determinant is given by

| | ba b c d+b= a
f g h

j k l

n o p

e g h

i k l
m o p

e f h

i j l

m n p

e f g

i j k

m n o

c+b

Hence |A| = a[(fkp + g l n + joh) − (hkn + gjp + l of)]

 − b[(ekp + g l m + ioh) − (hkm + gip + l oe)]

 + c[(ejp + f l m + inh) − (hjm + fi p + l ne)]

 − d[(ejo + fkm + ing) − (gjm + fi o + kne)]
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330 Road Vehicle Dynamics

EXAMPLE B.9

If d h hA (and B , show that AB(( )
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
1 4
2 3

4 2
5 6

T TTT TAT= .TB AT

Solution:

A =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
1 4
2 3

4 2
5 6

and B

AB =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

24 26
23 22

(AB)T =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

24 23
26 22

B AT TA =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

4 5
2 6

1 2
4 3

24 23
26 22

Clearly, (AB)T = BTAT.

MATLAB Solution:

>> A=[1 4;2 3];
>> B=[4 2;5 6];
>> (A*B)’

ans =

    24    23
    26    22

>> B’*A’

ans =

    24    23
    26    22

EXAMPLE B.9

Calculate the determinant of the following 4 × 4 square matrix.

A = −

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

1 0 0 5
1 2 1 0
2 1− 3 1
2 0 2 1−
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 Matrix Analysis 331

Solution:

The determinant is obtained using a fi rst-row expansion.

| | 5= −
−

−
( ) –

2 1− 0
1 3 1

0 2− 1

1 2 1
2 1− 3
2 0 2−

Expansion by the fi rst row is used to evaluate each of the 3 × 3 determinants. That is

| | (2) (–1)(( (2=
−

− −⎡

⎣
⎢
⎡⎡

⎢⎣⎣

3 1
2 1−

1 1
0 1

5 ⎢
⎢
⎢⎢ 1 3

0 2−
–(–1)(( ( )1 – ) +)) (–1)((2 3

2 2
2 1
2 022

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

|A| = (2)[(3)(1) − (1)(−2)] + [(−1)(1) − (1)(0)] 

− (5){[(−1)(−2) − (3)(0)] − (2)[(2)(−2) − (3)(2)] 

 − [(2)(0) − (−1)(2)]}

Hence, |A| = 9 + 5(−20) = −91

EXAMPLE B.10

Find the transpose of matrix A

A =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

5 8 9 8
8 7 4 2

Solution:

The trasnspose of a matrix is constructed by taking the ith row and making it the ith

column. Hence,

AT =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

5 8
8 7
9 4
8 2

.

MATLAB Solution:

>> A=[5 8 9 8;8 7 4 2];
>> A’

ans =

     5     8
     8     7
     9     4
     8     2
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332 Road Vehicle Dynamics

EXAMPLE  B.10

Consider a third-order determinant, A given by 

A =
2 1 7
4 2 1
2 0 3

The minor of the term a21  =  4 is 

M21 of
2 1 7
4 2 1
2 0 3

1 7
0 3

3= =

and its cofactor is 

C21  =  (−1)2+1 3  =  −3

The given determinant can be expanded as follows:

A = = + ++
2 1 7
4 2 1
2 0 3

4 1
2 3

2 7
2 3

1(–1)(( 2( 1)( 0(–1)((1 2+ 2 2+ 3 2+ 2 722
4 1

 = −10 −16 = −26

EXAMPLE B.11

Given the matrix

A = −
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 2 0
3 1− 2−
1 0 3

Show that A(adj A) = |A| I.

Solution:

A = −
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 2 0
3 1− 2−
1 0 3

 det A = |A| = 17
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 Matrix Analysis 333

adjd A =

− −
−

−

1 2−
0 3−

2 0
0 3−

2 0
1 2−

3 2−
1 3−

1 00
1 3

1 0
3 2

3 1
1 0

1 2
1 0

1 2
3 1

−
22

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢⎢
⎢⎢⎢⎢

⎢
⎢⎢⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

=
−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

3 6 4−−
7 3− 2
1 2 7

Hence, A A(adj ) = −
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

1 2 0
3 1− 2−
1 0 3

3 6 4

7 3− 2
1 2 7

⎤⎤

⎦

⎥
⎤⎤⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =17 | |

1 0 0
0 1 0
0 0 1

I|

 

MATLAB Solution:

>> A=[1 2 0;3 -1 -2;1 0 -3];
>> adjA=inv(A)*det(A)*1

adjA =

  3.0000e+000  6.0000e+000 -4.0000e+000
  7.0000e+000 -3.0000e+000  2.0000e+000
  1.0000e+000  2.0000e+000 -7.0000e+000

>> A*adjA

ans =

  1.7000e+001            0            0
 -1.5543e-015  1.7000e+001  1.7764e-015
            0            0  1.7000e+001

>> det(A)*1

ans =

    17

>> Hence, they are the same.

EXAMPLE B.11

If  A =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

2 3
5 1

, thett n

adjd A =
−

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

1 3−
5 2

SIBK002_AppB_321-366.indd   333SIBK002_AppB_321-366.indd   333 3/8/10   2:14:45 PM3/8/10   2:14:45 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



334 Road Vehicle Dynamics

and   det A = 2 × 1 − 5 × 3 = −13

Hence,

 

A− = −
−

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ =

−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

1 1
13

1 3−
5 2

1
13

3
13

5
13

2
13

⎥⎥
⎥⎥⎥⎥

⎥
⎦⎦

⎥⎥⎥⎥

EXAMPLE B.12

Given two m × n matrices

A B−⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= −⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1 2 3
4 0 2

1 6 3
8 2 14

and

Find their sum A + B.

Solution:

A B+ =B −⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+ −⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1 2 3
4 0 2

1 6 3
8 2 14

0 8 0
12 2 16

MATLAB Solution:

>> A=[1 2 -3;4 0 2];
>> B=[-1 6 3;8 2 14];
>> A+B

ans =

     0     8     0
    12     2    16

EXAMPLE B.12

Obtain the solution of the following simultaneous equations by Cramer’s rule:

a) 
1 3
4 1

5

12
1

2

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦

x

x
⎥⎥
⎤⎤⎤⎤

⎦⎦⎦⎦

b)
 

1 3 2
3 4 1
4 2 9

8
5
2

1

2

3
− −4 2

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎣⎣

⎢⎢
⎤x

x

x ⎦⎦

⎥
⎤⎤

⎥
⎦⎦⎦⎦

⎥⎥

Solution:

a) xi =
 

| |
| |
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 Matrix Analysis 335

x 3.151 =
−

= −
−

=

5 3
12 1

1 3
4 1−

5 3− 6
13

x2 = = −
−

=

1 5
4 12

1 3
4 1−

12 20
13

0 62

b)  xi = | |

| |
i

x1 = = =
−

− −

−
−

8 3− 2
5 4 1
2 2 9

1 3− 2
3 4 1
4 2 9

441

63
7

x2 = = = −
− −

− −

−

1 8 2
3 5 1
4 2 9

1 3− 2
3 4 1
4 2 9

189

63
3

x3 = = = −
−

− −

−

1 3− 8
3 4 5
4 2 2

1 3− 2
3 4 1
4 2 9

252

63
4

EXAMPLE B.13

Given the matrix

A B

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

1 2 0
3 1 2
1 0 3

1 3− 2
0 1 2
3 1−

and

a

⎥⎥
⎤⎤⎤⎤

⎥
⎥⎥⎥⎥

⎥⎦⎦
⎥⎥

Find their sum A + B.
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336 Road Vehicle Dynamics

Solution:

A B

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

1 2 0
3 1 2
1 0 3

1 3− 2
0 1 2
3 1−

and

a

⎥⎥
⎤⎤⎤⎤

⎥
⎥⎥⎥⎥

⎥⎦⎦
⎥⎥

We can fi nd that the sum as

A B+ =B − −
− +

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

−
=

1 1+ 2 3− 0 2+
3 0+ 1 1+ 2 2− +
1 3+ 0 1− 3

2

a

1 211
3 0 0
4 1 3−1 +

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

a

MATLAB Solution:

>> syms a
>> A=[1 2 0; 3 -1 -2;1 0 -3];
>> B=[1 -3 2;0 1 2;3 -1 a];
>> A+B

ans =

[ 2,   -1,    2]
[ 3,    0,    0]
[ 4,   -1, -3+a]

EXAMPLE B.13

Obtain the solution of the following simultaneous equations by the matrix inverse 
method.

a) 
4 1

5

12
1

2

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

x

x

b) 
1 1 3
4 2 1
1 3 1

5
0
5

1

2

3

−
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤x

x

x ⎦⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦⎦⎦
⎥⎥

Solution:

a) 
1 3
4 1

5

12
1

2

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

x

x

 C11 = (−1)1+1|−1| = −1

 C12 = (−1)1+2|4| = −4

 C21 = (−1)2+1|3| = −3

 C22 = (−1)2+2|1| = 1
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 Matrix Analysis 337

Hence, C = −
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
1 4−−
3 1

CT = −
−

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

1 3−
4 1

  A–

| |
1 = = − −

−

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

CCCCTTTT 1
13

1 3−
4 1

Hence,
 

x

x

1

2

1
13

1 3
4 1

5

12

⎡x

⎣x
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ = − −1

−

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

= − −
− +

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ = − ⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦

−

−
1

13
5 3− 6

20−− 12

1
13

41

8
⎥⎥
⎤⎤⎤⎤

⎦⎦⎦⎦

Therefore,

  x1 = −
−

=41
13

3 15

and  x2 = −
−

=8
13

0 62

b) A = − =
1 1− 3
4 2 1
1 3 1

40

 The matrix of cofactors is given by

C = −
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

5 5− 10
10 2 4− −

5 13 6

 The transpose of C is the adjoint of A

 or 

Adjd A CT =C −
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

5 10 5−
5 2− 13

10 4 6

Hence, A = −
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 Adj /AAd A
1

40

5 10 5−
5 2− 13

10 4 6

 Therefore,

 X Y1 =Y −
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

A
1
40

5 10 5−
5 2− 13

10 4 6

5
0
5

⎥⎥
⎥⎥⎥⎥

⎥⎦⎦
⎥⎥⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1
40

0
40
80

0
1
2

 or  x1 = 0, x2 = 1, x3 = 2
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338 Road Vehicle Dynamics

EXAMPLE B.14

Find the determinant of matrix A.

A =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
8 16
2 4

Solution:

For square 2 × 2 matrix

a b
c d

= ad bc–

8 16
2 4

= ×8 4× 16 2 0=–

MATLAB Solution:

>> A=[8 16;2 4];
>> det(A)

ans =

     0

EXAMPLE B.14  

Consider the matrix A given by

A =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

7 3 4
3 2 8
2 3 9

Because A is a 3 × 3  square matrix, there will be 3 eigenvalues for A. The characteris-
tic equation is given by

7 3 4
3 2 8
2 3 9

0−
−

=
λ

λ
λ

(7 − λ) [(2 − λ) (9 − λ) − 24] − 3 [3(9 − λ) − 16] + 4 [9 − 2(2 − λ)] = 0

Simplifying and solving the above equation, we get three roots for the characteristic 
equation. These three roots are the eigenvalues of the matrix A and is given by

 λ1 = 5
 λ2 = 13.797

λ3 = −0.797
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 Matrix Analysis 339

Substitution λ1 in Equation (2.59), we get the eigenvectors corresponding to λi. Hence,

7 3 4
3 2 8
2 3 9

5
11

12

13

11

12

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

V1

V1

V1

V1

V1

V1311VVVV

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

From the above equation, we get three linear simultaneous equations as:

7V11 + 3V12 + 4V13 = 5V11

3V11 + 2V12 + 8V13 = 5V12

2V11 + 3V12 + 9V13 = 5V13

Solving these linear simultaneous equations, we get the eigenvector corresponding to 
λ1 = 5 as

V1VV =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

=
−⎡

⎣

⎢
⎡⎡V

V

V

11VV

12VV

13VV

0 9183
0 1021

0 3826

.

.

.
⎢⎢
⎢⎢⎢⎢

⎢
⎣⎣

⎢⎢⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

Similarly, the eigenvectors corresponding to λ2 and λ3 can be calculated as:

V2VV =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

=

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

V

V

V

21VV

22VV

23VV

0 5903
0 5504

0 5903

.

.

.⎢⎢
⎣⎣⎣⎣

⎢⎢⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

and V3VV =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

= −

⎡

⎣

⎢
⎡⎡V

V

V

31VV

32VV

33VV

0 2393

0 9410
0 2393

.

.

.
⎢⎢
⎢⎢⎢⎢

⎢
⎣⎣

⎢⎢⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

EXAMPLE B.15

The determinant of matrix A is −15. Find the missing value of element “a”.

A =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 3− 2
0 1 2
3 1− a

Solution:

Calculate the determinant by expanding the matrix along its fi rst column. The second 
term drops out because its coeffi cient is zero.

|A| = (1)(1 × a + 1 × 2) + 0 + (3) (−3 × 2 − 2 × 1) − 15 

 = (a + 2) + 3(−8) = a − 22

Therefore, a = 7
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340 Road Vehicle Dynamics

EXAMPLE B.15

Consider the matrix A given by:

A =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

5 3 4
3 2 1
2 3 9

The principal minors of A are

A1 = 5 > 0

A2 1 0= =5 3
3 2

A3 20 0== >
5 3 4
3 2 1
2 3 9

Because all the principal minors of A are positive, the matrix A is positive defi nite matrix.

EXAMPLE B.16 

If the determinant of matrix A is −40, what is the determinant of B?

A B
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥
⎦⎦

⎥⎥
=

4 3 2 1
0 1 2 1−
2 3 1 1
1 1 1 2

4 6 4 2
0 1 2 1−
2 322 1 1
1 1 1 2

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

Solution:

The fi rst row of matrix B is twice that of matrix A. The determinant of B is twice the 
determinant of A.

EXAMPLE B.16  

Consider the matrix A given by

A =
−8 4

1 5−

The principal minors of A are 

 A1 = −8 < 0

A2 36 0=
−

= >36
8 4

1 5−

Because the principal minors A1 is negative and A2 is positive, the matrix A is negative 
defi nite matrix.
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 Matrix Analysis 341

EXAMPLE B.17

Find the determinant of

A =
−⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 2 3
4 1− 1
2 0 1

Solution:

The determinant may be computed using the third row because it contains a zero and 
hence, fewer calculations will be involved. Therefore,

 |A| = 2(−1)3+1M31 + 0M32 + 1(−1)3+3M33

=
−

+2 2+ = (2 3) (–1 8) 1= 12 3−
1 1

1 2
4 1−

+ (–1

indicating that A is nonsingular. The same result can also be obtained using the second 
column, which also contains a zero.

MATLAB Solution:

>> A=[1 2 -3;4 -1 1;2 0 1];
>> det(A)

ans =

   -11

EXAMPLE B.17  

Consider the matrix A given by:

A =
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

3 4

1 6−

The principal minors of A are 

 A1 = 3 > 0

A 22 02 =
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ = <–22

3 4

1 6−

Because the principal minors A1 is positive and A2 is negative, the matrix A is indefi nite 
matrix.

EXAMPLE B.18

Evaluate

3 1 2

5 0 4

2 3 6

−1

−
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342 Road Vehicle Dynamics

Solution:

Expand by minors about the fi rst column

3 1 2
5 0 4

2 3 6

3
0 4

3 6
5 1 2

3 6
2

1 2
0 4

−1 22
− =

−
− −

−
+ −1 22

= 3[0(6) − (−3)(−4)] − 5[(−1)6 − (−3)(−2)] + 2[(−1)(−4) − 0(−2)]

 = 3[−12] − 5[−12] + 2[4] = −36 + 60 + 8 = 32

MATLAB Solution:

>> A=[3 -1 -2;5 0 -4;2 -3 6];
>> det(A)

ans =

    32

EXAMPLE B.19 

Determine the adjoint of the following matrix:

= −
− −

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 4 2
3 0 1
2 3− 4−−

Solution:

[adj ]A =

−
− −

−
−

−
−

−

0 1−
3 4−

3 1−
2 4− −

3 0
2 3−

4 2
3 4−

1 2
2 4− −

1 4
2 3−

4 22−
0 1

1 2
3 1

1 4
3 0

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

T

 =
− −

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

3 14 9
22 0 1− 1
4 7 12

3 22 4−
14 0 7
9 1− 1 1− 2

T

⎢⎢
⎡⎡⎡⎡

⎢
⎢⎢⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

MATLAB Solution:

>> I=[1 0 0;0 1 0;0 0 1];
>> A=[1 4 2;3 0 -1;-2 3 -4];
>> adjA=inv(A)*det(A)*I

adjA =

  3.0000e+000  2.2000e+001 -4.0000e+000
  1.4000e+001 -2.5906e-016  7.0000e+000
  9.0000e+000 -1.1000e+001 -1.2000e+001
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 Matrix Analysis 343

EXAMPLE B.20

Determine the inverse of the following matrix:

A =
−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 1 2
3 1− 1
1 3 4

Solution:

First, calculate the determinant using the fi rst row as follows:

| | = − −
−

+
−

=– 1 1
3 4

3 1
1 4

2 3 1−
1 3

10

Next, identify the minor corresponding to each entry to form the adjoint matrix; we have,

adj (d )A(( =
−

− −

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

7 2 3
13 2 7−
8 2 2−

Hence, A adj ( )1

.

=adj ( )

−
− −

−

⎡
1

10

0 7. 0 2. 0 3.

1 3. 0 2. 0 7.

0 8. 0 2.. 0 2.

(((

⎣⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎣⎣⎣⎣
⎢⎢
⎣⎣⎣⎣⎣⎣⎣

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎦⎦
⎥⎥
⎦⎦⎦⎦

.

MATLAB Solution:

>> format short
>> A=[-1 1 2;3 -1 1;-1 3 4];
>> inv(A)

ans =

   -0.7000    0.2000    0.3000
   -1.3000   -0.2000    0.7000
    0.8000    0.2000   -0.2000

EXAMPLE B.21

The cofactor matrix of matrix A is C. Find the inverse of matrix A.

A C

⎡

⎣

⎢
⎡⎡

⎢
⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎦⎦
⎥⎥ = −

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

4 2 3
3 2 2
2 1 4

6 8 1− −
5 10 0
2 1− 2

Solution:

The classical adjoint is the transpose of the cofactor matrix.

adj (d ) TA C(( ) =C
−

−
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

6 5− 2−
8 10 1
1 0 2
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344 Road Vehicle Dynamics

Calculate the determinant of A by expanding along the top row

|A| = (4)(8 − 2) − (2)(12 − 4) + (3)(3 − 4) = 5.

Divide the classical adjoint by the determinant

 
A– ( )A1 = =

−
−
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

adjd
| |A

6 5− 2−
8 10 1
1 0 2

5

Hence,

  

A–

.
1 =

− −
−
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎦⎦

⎥⎥
1 2. 1 0. 0 4. 0

1 6. 2 0. 0 2. 0
0 2. 0 0 0 4. 0

EXAMPLE B.22

Given that matrix A = 
1 2 0
3 1 2
1 0 3

−1 22
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ , fi nd the inverse of A.

Solution:

Referring to Example B.11, we have found that

adj ad nda | | 17andaa |
−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎦⎦
⎥⎥ =

3 6 4−−

1 2 7

Hence, the inverse of A is given by

A–1 = =
−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

adjAd AAA
| |AAAA

1
17

3 6 4−−
7 3− 2
1 2 7

MATLAB Solution:

>> A=[1 2 0;3 -1 -2;1 0 -3];
>> inv(A)

ans =

    0.1765    0.3529   -0.2353
    0.4118   -0.1765    0.1176
    0.0588    0.1176   -0.4118

EXAMPLE B.23

Given A = 
10 3 10
8 2 9
8 1 10

22
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ , determine A−1.
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 Matrix Analysis 345

MATLAB Solution:

>> A=[10 3 10;8 -2 9;8 1 -10];
>> inv(A)

ans =

    0.0136    0.0496    0.0583
    0.1886   -0.2233   -0.0124
    0.0298    0.0174   -0.0546

EXAMPLE B.24

Determine the inverse of the given square 3 × 3 matrix.

A =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 2 3
4 5 6
7 0 0

MATLAB Solution:

>> A=[1 2 3;4 5 6; 7 0 0];
>> inv(A)

ans =

    0         0         0.1429
   -2.0000    1.0000   -0.2857
    1.6667   -0.6667    0.1429

EXAMPLE B.25  

Find the inverse of the matrix

A =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 1 1
1 2 2
1 0 3

Solution:

a) The determinant of A is |A| = 3

b) The minors of A are given by

M11 = = = = …2 2
0 3

6 1 2
1 3

112 ,,
1 3

112M

c) Apply the signs (−1)i+j to the minors to form the cofactors

[ ]ij =
−

−
6 1− 2−
3 2 1
0 1 1−
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346 Road Vehicle Dynamics

d) The adjoint matrix is the transpose of the cofactor matrix, or [Cij]
T = [Cji]. Thus, 

the inverse A−1 is

A A–1 adjd =A= adjd − −
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 1
Adjd

3

6 3− 0
1 2 1
2 1− 1

| |A

e) The result can be verifi ed as follows:

A A1 = − −
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

1
3

6 3− 0
1 2 1
2 1− 1

1 1 1
1 2 2
1 0 3

⎥⎥
⎥⎥⎥⎥

⎥⎦⎦
⎥⎥⎥⎥

=
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1
3

3 0 0
0 3 0
0 0 3

1 0 0
0 1 0
0 0 1

 It should be noted that for an inverse to exist, the determinant |A| must not be zero.

MATLAB Solution:

>> A=[1 1 1;1 2 2;1 0 3];
>> inv(A)

ans =

    2.0000   -1.0000    0
   -0.3333    0.6667   -0.3333
   -0.6667    0.3333    0.3333

EXAMPLE B.26

Solve the following set of simultaneous linear equations for x, y and z.

2x + 3y − z = −10

−x + 4y + 2z = −4

2x − 2y + 5z = 35

Solution:

Using Cramer’s rule to solve the simultaneous linear equations, the coeffi cient matrix is

 D =
−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

2 3 1
1 4 2
2 2− 5

The determinant is

| | 2=
−

+
−

+4 2
2 5−

1 3 1−
2 5−

2 3 1−
4 2

 = 2(20 + 4) + (1)(15 − 2) + (2)(6 + 4) = 81
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 Matrix Analysis 347

The determinant of the substitutional matrices is

| | =
−
−

−
=

10 3 1−
4 4 2

35 2 5−
162

| | = − = −
2 1− 0 1−
1 4− 2

2 35 5

243−

| | =
−

− − =
2 3 10
1 4 4

2 2− 35

405

x = =162
81

2

y = − = −243−
81

3

z = =405
81

5

MATLAB Solution:

>> A=[2 3 -1;-1 4 2;2 -2 5];
>> b=[-10;-4;35];
>> x=A\b

x =

    2.0000
   -3.0000
    5.0000

>> x=inv(A)*b

x =

    2.0000
   -3.0000
    5.0000

EXAMPLE B.27

Solve the following system of linear equations for x, y, and z.

10x + 3y + 10z = 5

 8x − 2y + 9z = 2

 8x + y − 10z = 7
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348 Road Vehicle Dynamics

Solution:

There are several ways to solve this problem.

 A X = B

10 3 10
8 2 9
8 2 10

5

222

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥ =

x

y

z 7⎦⎥⎦⎦

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 A A–1 X  = A–1 B

I X = A–1B

or X = A–1B

X = − −

−

⎡ 1
398

25
398

47
796

38
398

45−−
199

5
398

8
199

1
199

11
199⎣⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
( )

5

2

7

1
398⎝⎝ ⎠⎠8⎟

⎞⎞
⎠⎠⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

( ) ( )

( )

25
398⎝⎝ ⎠⎠

47
796⎝⎝ ⎠⎠

38
398⎝⎝ ⎠⎠

++ −⎛−
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ −⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+

( ) ( )

( ) (

45⎞⎞
199⎠⎠

5
398⎝⎝ ⎠⎠

8
199⎝⎝ ⎠⎠

22
1

199
7

11
199

) (
1

199
)

⎛
⎝11⎝⎝

⎞
⎠99⎠⎠

−⎛−
⎝1⎜
⎛⎛
⎝⎝

⎞1
⎠9⎟
⎞⎞
⎠⎠

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥⎥
⎥⎥⎥⎥

⎥
⎥⎥⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

or

 

X =
+ +
− −

0 01256 0 12562 0 41331
0 47738 0 45226 0 0879

. . .+ +01256 0 56 0

. . .47738 0 45226 0 33
0 20100 0 01005 0 38693

0 55149
0 0

. .20100 0 .

.

+ −0 01005.0

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ = − 628166

0 17588−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎦⎦

⎥⎥
.

Hence, x = 0.55149, y = −0.06281 and z = −0.17588 is the solution.

MATLAB Solution:

>> A=[10 3 10;8 -2 9;8 2 -10];
>> B=[5;2;7];
>> x=A\B

x =

    0.5515
    0.4146
   -0.1759

>> x=inv(A)*B

x =

    0.5515
    0.4146
   -0.1759

SIBK002_AppB_321-366.indd   348SIBK002_AppB_321-366.indd   348 3/8/10   2:15:12 PM3/8/10   2:15:12 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Matrix Analysis 349

EXAMPLE B.28

For the following system of equations, determine the classical adjoint of the coeffi cient 
matrix.

10x + 3y + 10z = 5

 8x − 2y + 9z = 5

 8x + 2y − 10z = 5

Solution:

The entries in the cofactor matrix are the determinants of submatrices resulting from 
elimination of row i and column j for entry aij. The entry is multiplied by +1 or −1 
depending on its position. The coeffi cient matrix is

10 3 10
8 2 9
8 2 10

22

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

The entries in the cofactor matrix are

 a11 = (+1)[(−2)(−10) − (9)(2)] = 2

 a12 = (−1)[(8)(−10) − (9)(8)] = 152

 a13 = (+1)[(8)(2) − (−2)(8)] = 32

 a21 = (−1)[(3)(−10) − (10)(2)] = 50

 a22 = (+1)[(10)(−10) − (10)(8)] = 4

 a23 = (−1)[(10)(2) − (3)(8)] = 4

 a31 = (+1)[(3)(9) − (10)(−2)] = 47

 a32 = (−1)[(10)(9) − (10)(8)] = −10

 a33 = (+1)[(10)(−2) − (3)(8)] = −44

The cofactor matrix is

2 152 32
50 180 4
47 10 44

−
− −10

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

The classical adjoint is the transpose of the cofactor matrix.

Aadjd = − −

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

2 50 47
152 180 10
32 4 4− 4
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350 Road Vehicle Dynamics

MATLAB Solution:

>> A=[10 3 10;8 -2 9;8 2 -10];
>> I=[1 0 0;0 1 0;0 0 1];
>> adjA=inv(A)*det(A)*I

adjA =

    2.0000   50.0000   47.0000
  152.0000 -180.0000  -10.0000
   32.0000    4.0000  -44.0000

EXAMPLE B.29

Solve the following system of three equations in three unknowns:

1

2 8

3 2 13

1 23 3

1 22 3

1 23 3

x

22

x 31 3 x

−3 2x33 =
− +x1

3 = −

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

Solution:

Following the general formulation and the information on the determinant of a matrix 
we proceed as

Δ =
−

−
−

= − Δ =
−

−
=

2 3 1
1 2 1
1 3− 2−

6
1 3 1
8 2 1

13 3 2− −
61,

Δ =
−

= − Δ
−

2 3= − =
2 1 1
1 8 1
1 1− 3 2−

12
2 3 1

8
1 3− 13

, 8Δ = − = −3Δ 1 2 8 188

Subsequently, the three unknown quantities are determined as

x1 = 
Δ
Δ

1  = 
6
6−

 = −1

x2 = 
Δ
Δ

2  = 
−
−
12
6

 = 2

x3 = 
Δ
Δ

1  = 
−
−
18
6

 = 3

MATLAB Solution:

>> A=[2 3 -1;-1 2 1;1 -3 -2];
>> b=[1;8;-13];
>> x=A\b

x =

   -1.0000
    2.0000
    3.0000
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 Matrix Analysis 351

>> x=inv(A)*b

x =

   -1.0000
    2.0000
    3.0000

EXAMPLE B.30

Solve the system of equations using the matrix inversion method. 

3x1 + 4x2 = 3

5x + 6x2 = 7

Solution:

The system is equivalent to Ax = b. Hence,

=b −⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
A

/ /−
1 3 2

5 2/ 3 2/

3

7
5
3

where det(A) = 3(6) − 4(5) = −2 ≠ 0.

Hence, A is invertible.

A 1– =
− −

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

1
2−

6 4−
5 3

 

=
−

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ = −⎡6

5
3 2

5 2

/ /−4

/ /3 / /−2 3

( )2− ( )2−
( )2− ( )2− ⎣⎣

⎢
⎡⎡

⎣⎣⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

MATLAB Solution:

>> A=[3 4;5 6];
>> b=[3;7];
>> x=A\b

x =

    5.0000
   -3.0000

>> x=inv(A)*b

x =

    5.0000
   -3.0000
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352 Road Vehicle Dynamics

EXAMPLE B.31

Solve the following system of equations:

2x1 − x2 + 3x3 = 4
x1 + 9x2 − 2x3 = −8

4x1 − 8x2 + 11x3 = 15

Solution:

The matrix of coeffi cients is

A = −

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

2 1− 3
1 9 2−
4 8 1− − 1

The inverse of A is

A− =
− −

−
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 1
53

83 13 25−
19 10 7
44−− 12 19

Hence, the solution of the system is

X A B =A B
− −

−
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ −

⎡
−1 1

53

83 13 25−
19 10 7
44−− 12 19

4
8

15⎣⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ = −

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

61 53
51 53
13 53

/
/
/

MATLAB Solution:

>> A=[2 -1 3;1 9 -2;4 -8 -11];
>> b=[4;-8;15];
>> x=A\b

x =

    1.5205
   -1.0658
   -0.0356

>> x=inv(A)*b

x =

    1.5205
   -1.0658
   -0.0356

EXAMPLE B.32

Determine the unique solution of the following system of equations:

x1 − x2 + 3x3 − x4 = 1
 0 + x2 − 3x3 + 5x4 = 2
 x1 + 0 − x3 + x4 = 0
 x1 + 2x2 + 0 − x4 = −5
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 Matrix Analysis 353

Solution:

X A B = −

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥−1 1

33

5 3− 24 4
1 6 15 14

12 6 1− 5 3
7 9 6 1− ⎥⎥

⎦⎦⎦⎦

⎥⎥⎥⎥
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥
=

−
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥

1
2
0
5

1
11

7
19

3
10

MATLAB Solution:

>> A=[1 -1 3 -1;0 1 -3 5;1 0 -1 1;1 2 0 -1];
>> b=[1;2;0;-5];
>> x=A\b

x =

   -0.6364
   -1.7273
    0.2727
    0.9091

>> x=inv(A)*b

x =

   -0.6364
   -1.7273
    0.2727
    0.9091

EXAMPLE B.33

Determine the eigenvalues and the corresponding eigenvectors of the following 2 × 2 
matrix.

A = −⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1 3−
0 2

Solution:

The characteristic equation is given by

 |A − λ I| = 0

or 
−

−
=3−1 −

0 2
0λ

λ  (1)

which gives 

(λ + 1) (λ − 2) = 0

or λ1,2 = −1, 2 (2)

The eigenvectors are given by solving the equation

(A − λ1I)V1 = 0
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354 Road Vehicle Dynamics

or (A + I)V1 = 0 (3)

where V1 is the 2 × 1 eigenvector corresponding to λ1 = −1. That is,

 V1VV =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

V

V
11VV

21VV
 (4)

Rewriting Eq. (3) as

0 3
0 3

0

0
11

21

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

V1⎡⎡
V2⎣⎣  

(5)

Eq. (5) shows that the two rows of the matrix A + I are linearly dependent and that there 
is a free variable. Hence,

 −3 V21 = 0

or V21 = 0 (6)

If  V11 is the free variable, then the eigenvector V1 is given by

 V1VV =
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

V11VV

0
 (7)

Because V11 is arbitrary, we can assign a value of 1. Hence,

V1VV =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1

0
(8)

In a similar manner, the eigenvector corresponding to λ1 = 2 can be written as

V2VV =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

V

V
12VV

22VV
 (9)

and  (A + λ2I)V2 = 0

or (A + 2I)V2 = 0 (10)

 

−⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤3 3−
0 0

0

0
12

22

V1

V2 ⎦⎦
⎥
⎤⎤

⎦⎦⎦⎦  
(11)

or V12 = −V22 (12)

If  V22 is the free variable, (equal to 1), then the eigenvector corresponding to λ2 is

 

V2VV = −⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
1
1

 (13)

Hence, the set

1

0

1

1

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

−⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬,

 
(14)

of these vectors can be referred to as the basis of all eigenvectors of matrix A.
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 Matrix Analysis 355

MATLAB Solution:

>> A=[-1 -3;0 2];
>> eig(A)

ans =

    -1
     2

>> [Q,D]=eig(A)

Q =

    1.0000   -0.7071
    0         0.7071

D =

    -1     0
     0     2

EXAMPLE B.34

Find the eigenvalues and eigenvectors of the matrix

A =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

4 1 2
1 0 0
2 0 0

Solution:

The characteristic equation is given by

| | (4 ) 4 02|
λ

λ
λ

λ)λ λ) λ λ4=
−

= (4 –(4 λ) =λ4
4 1λ− 2

01 λ−
2 0

 (1)

Eq. (1) can be rewritten as

λ(λ − 5)(λ + 1) = 0 (2)

The roots of Eq. (2) are

 λ1 = 0,   λ2 = 5,    λ3 = −1 (3)

The ith eigenvector associate with the eigenvalue λi can be obtained using the following 
equation.

 (A + λi I)yi = 0 (4)

The solution of Eq. (4) gives

 

y y y1 2y 3

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ = −

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

0
2
1

5

1

2

1
1
2−

,2y ⎢ ⎥1
⎢⎢⎣⎣⎣⎣
⎢⎢⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥  (5)
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356 Road Vehicle Dynamics

MATLAB Solution:

>> A=[4 1 2;1 0 0;2 0 0];
>> eig(A)

ans =

   -1.0000
   -0.0000
    5.0000

>> [Q,D]=eig(A)

Q =

    0.4082    0.0000    0.9129
   -0.4082   -0.8944    0.1826
   -0.8165    0.4472    0.3651

D =

   -1.0000         0         0
         0   -0.0000         0
         0         0    5.0000

EXAMPLE B.35

Determine the eigenvalues and eigenvectors of the matrix

A = − −

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

2 1− 0
1 3 2−
0 2− 3

Solution:

The eigenvalues of A are determined by fi nding the values of λ satisfying the condition 

2 1 0
1 3 2

0 2 3

0− −1 3 −22
−22 3

=
λ

λ
λ

 (1)

Expansion of Eq. (1)  gives

(2 ) (–1)((– )λ λ
λ λ

23 λλ
2 3

1 2
0 3

022λ
− −2 32

−1 22
−

=
 

(2)

When the 2 × 2 determinants in Eq. (2) are expanded, the following cubic equation is 
obtained.

−λ3 + 8λ2 − 16λ + 7 = 0 (3)
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 Matrix Analysis 357

The eigenvalues are the roots of the cubic equation that are found to be 0.609, 2.227, 
and 5.164. The eigenvector corresponding to the smallest eigenvalue is given by

1 391 1 0
1 2 391 2

0 2 2 391

1

2

3

.
.

.

−
− −1 2 391 22

22

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤x

x

x ⎦⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0

0

0

(4)

The fi rst equation gives x1 = 0.719x2. The third equations gives x3 = 0.836x2. Substitut-
ing these values into the second equation, it is identically satisfi ed. Hence, x2 remains 
arbitrary and the eigenvector of A corresponding to λ = 0.609 is

 

C1

0 719
1
0 836

.

.

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ (5)

where C1 is an arbitrary constant. The same procedure is followed giving the eigenvec-
tors corresponding to the second and third eigenvalues. They are

C C2 3C
4 41

1
2 59

0 316

1
0 924

−⎡

⎣

⎢
⎡⎡

⎢
⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎦⎦
⎥⎥

−

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎦⎦

⎥⎥
. .

.
(6)

respectively.

It should be noted here that if A is an n × n singular matrix, then one of its eigenvalues 
is zero. If A is nonsingular, then the eigenvalues of A−1 are the reciprocals of the eigen-
values of A. The eigenvectors of A−1 are the same as the eigenvectors of A.

MATLAB Solution:

>> A=[2 -1 0;-1 3 -2;0 -2 3];
>> eig(A)

ans =

    0.6086
    2.2271
    5.1642

>> [Q,D]=eig(A)

Q =

   -0.4828    0.8460    0.2261
   -0.6718   -0.1922   -0.7154
   -0.5618   -0.4973    0.6611

D =

    0.6086     0         0
    0          2.2271    0
    0          0         5.1642
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358 Road Vehicle Dynamics

EXAMPLE B.36

Find the eigenvalues of A = 
2 3
3 6

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ .

Solution:

We need to fi nd all scalars λ such that the matrix equation

(A − λI)x = 0

has a nontrivial solution. This problem is equivalent to fi nding all λ such that the matrix 
A − λI is not invertible, where

A IλII λ
λ

λ
λ

=
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ −

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

2 3
3 6−

0
0

2 3λ−
3 6

The eigenvalues of A are the solution of the equation

det(A I(( ) detλII λ
λ−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=2 3λ−

3 6
0

Now det ad bca b
c d

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

Hence, det(A − λI) = (2 − λ)(−6 − λ) − (3)(3)

 = −12 + 6λ − 2λ + λ2 + 9 = λ2 + 4λ − 21

Setting λ2 + 4λ − 21 = 0, 

we get (λ − 3)(λ + 7) = 0

Hence, the eigenvalues of A are 3 and −7.

MATLAB Solution:

>> A=[2 3;3 -6];
>> eig(A)

ans =

    -7
     3

EXAMPLE B.37 

Find the eigenvalues and eigenvectors of the following matrix:

A =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
1 2−
2 0
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 Matrix Analysis 359

Solution:

A =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
1 2−
2 0

(1)

λ λ
λ

I –λλ A = −
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1 2
2−

(2)

The characteristic polynomial given by

λ
λ

−
−

=1 2
2−

0 (3)

or = (λ − 1) λ + 4 = λ2 − λ + 4 = 0 (4)

The roots are (1 ± i 15 )/2. These are the eigenvalues of A.

To obtain the eigenvectors associated with (1 + i 15 )/2, we solve the system 

[{(1 + i 15 )/2}I − A] X = 0

which is

 

1 15
2

1 2

2
1 15

2

0

0
1

2

−

−22

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

i

i

x

x

⎤⎤

⎦
⎥
⎤⎤⎤⎤

⎦⎦  
(5)

or 
−1 1+ 5

2
i

x 2+ x 0=1 22+ x  (6)

 
–2x x 01 2x+ 11 + 5

2
i

 (7)

From Eq. (6)

 
x2 = 11 − 5

4 1
i

x  (8)

Substituting, this satisfying the Eq. (8) for any x1. Therefore, setting x1 = α, the general 
solution of the system is

 

α
1

1 15
4

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥i  (9)

Any such matrix with α ≠ 0 is an eigenvector corresponding to the eigenvalue (1 + i 15 )/2.
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360 Road Vehicle Dynamics

The eigenvectors corresponding to (1 − i 15)/2 are nontrivial solution of

 

1 15
2

2

2
1 15

2

0

0
1

2−22

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦

i

i

x

x
⎥⎥
⎤⎤⎤⎤

⎦⎦⎦⎦

 

(10)

Hence, the eigenvectors are

 

β
1

1 15
4

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥i

 

(11)

for any nonzero numbers β.

MATLAB Solution:

>> A=[1 -2;2 0];
>> eig(A)

ans =

   0.5000 + 1.9365i
   0.5000 - 1.9365i

>> [Q,D]=eig(A)

Q =

   0.1768 + 0.6847i   0.1768 - 0.6847i
   0.7071             0.7071          

D =

   0.5000 + 1.9365i   0          
   0                  0.5000 - 1.9365i

EXAMPLE B.38

Determine the eigenvalues and the corresponding eigenvectors of the following matrix:

A =
− −

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

16 9
30 17

Solution:

A =
− −

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

16 9
30 17
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 Matrix Analysis 361

The characteristic equation and the characteristic values are 

| | 0 gives 21 2, –| λ
λ

λ λ11 1,λ λ11= −
− − −

= 0 gives0 gives λ1λ =16 9
30 17

Corresponding to λ1 = 1, we have

[ ] 0 gives[ λ =]v
− −

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
15 9
30 18

x

y

=
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

0

0
5 3
0 0

gives g
⎣
⎢
⎣⎣ ⎦

⎥
⎦⎦0 0

ives 5 3y=

showing that there is one free variable, say, y. Letting y = 5 gives x = −3, and the eigen-
vector is given by

v =1
−⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

3
5

Similarly, for λ2 = −2, we get

[ ] 0 gives[ λ =]v
− −

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
18 9
30 15

x

y

=
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

0

0
2 1
0 0

0

0
gives g

⎣
⎢
⎣⎣ ⎦

⎥
⎦⎦ ⎣

⎢
⎣⎣ ⎦

⎥
⎦⎦

=
⎣
⎢
⎣⎣ ⎦

⎥
⎦⎦0 0 0

ives
x

y
2x y= –

Letting y = 2, the eigenvector is given by

v2
1
2

= −⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

MATLAB Solution:

>> A=[16 9;-30 -17];
>> eig(A)

ans =

     1
    -2

>> [Q,D]=eig(A)

Q =

    0.5145   -0.4472
   -0.8575    0.8944

D =

     1     0
     0    -2
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362 Road Vehicle Dynamics

EXAMPLE B.39

Find the eigenvalues and eigenvectors of the following matrix:

A =
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 1− 0
0 1 1
0 0 1

Solution:

λ
λ

λ
λ

I Aλλ 3 =
−

−
+

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 1 0
0 1λ − 1
0 0 1

 (1)

The characteristic equation is

λ
λ

λ

−
−
+

=
1 1 0

0 1λ − 1
0 0 1

0 (2)

or ( 1) ( ) ( 1)2λ( λ
λ

λ λ1) (21) − (λ 1) (2(λ1 1−
0 1λ +

(3)

The roots are 1, 1, and −1.

To fi nd the eigenvectors associated with 1, solve the system (I3 − A)X = 0, or

0 1 0
0 0 1
0 0 2

0

0

0

1

2

3

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎛

⎝

⎜
⎛⎛

⎜
⎜⎜

⎜⎝⎝
⎜⎜

⎞

⎠3

⎟
⎞⎞

⎟
⎟⎟

⎟⎠⎠
⎟⎟ =

⎛0

⎝0

⎜
⎛⎛

⎜
⎜⎜

⎜⎝⎝
⎜⎜

⎞0

⎠0

x

x

x

⎟⎟
⎞⎞⎞⎞

⎟
⎟⎟⎟⎟

⎟⎠⎠
⎟⎟ (4)

The general solution of Eq. (4) is

α
0

0

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

and the nontrivial solution (α ≠ 0) are the eigenvectors associated with eigenvalue 1.

For eigenvectors associated with −1, we solve the system

(−I3 − A)X = 0

or 

−⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

2 1− 0
0 2 1− −
0 0 0

0

0

0
2

3

x1

x

x

⎤⎤

⎦

⎥
⎤⎤⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥  (5)

SIBK002_AppB_321-366.indd   362SIBK002_AppB_321-366.indd   362 3/8/10   2:15:32 PM3/8/10   2:15:32 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Matrix Analysis 363

The general solution of this system is

β
β
β

2

4−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 (6)

and these matrices are eigenvectors corresponding to eigenvalue −1 for any nonzero 
number β.

MATLAB Solution:

>> A=[1 -1 0;0 1 1;0 0 -1];
>> eig(A)

ans =

     1
     1
    -1

>> [Q,d]=eig(A)

Q =

    1.0000    1.0000   -0.2182
    0         0.0000   -0.4364
    0         0         0.8729

d =

     1     0     0
     0     1     0
     0     0    -1

EXAMPLE B.40

Determine the eigenvalues and eigenvectors of the following matrix.

A =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

2 0 0
4 0 0
1 2 3

Solution:

The characteristic equation and the eigenvalues are given by

| | ( 3)( 2)| –
λ

λ
λ

λ(λ λ( λ=
− −

= –λ(
2 0λ− 0

4 0λ−
1 2 3

= 0 gives λ1,2,3 = 0, 2, −3
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364 Road Vehicle Dynamics

For λ1 = 0, solve Av = 0

0
4 0 0
1 2 3

0

0

0

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

x

y

z

givii es
1 0 0
0 0 0
0 2 3

0

0

0−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

x

y

z

⎤⎤

⎦

⎥
⎤⎤⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

The fi rst row reads x = 0. Letting z = 2 be the free variable, then we obtain y = 3. The 
eigenvectors is given by

v1 =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0

3

2

Similarly, for the remaining two eigenvalue, we can write

( 2 ) 0 givesI( 2( 0 gives
−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

0 0 0
4 2− 0
1 2 5

x

y

z

⎥⎥
⎤⎤⎤⎤

⎥
⎥⎥⎥⎥

⎥⎦⎦
⎥⎥

=
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ −

−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡0

0

0

0 0 0
0 1 2−
1 2 5

gives

x

y

z
⎢⎢
⎢⎢⎢⎢

⎢⎣⎣
⎢⎢⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0

0

0

which shows that x = 0 = y and z is arbitrary, say z = 1. 

Hence,

v3 =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0

0

1

MATLAB Solution:

>> A=[2 0 0;4 0 0;1 2 3];
>> eig(A)

ans =

     3
     0
     2

>> [Q,d]=eig(A)

Q =

    0         0         0.1826
    0         0.8321    0.3651
    1.0000   —0.5547   —0.9129
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 Matrix Analysis 365

d =

     3     0     0
     0     0     0
     0     0     2

EXAMPLE B.41

Find the eigenvalues and the corresponding eigenvectors of the following matrix:

A =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0 1 0
1 0 0
0 0 1

Solution:

A =
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0 1 0
1 0 0
0 0 1

The characteristic equation and the characteristic values are 

| | (| – ) – ( – )
λ

λ
λ λ( – λ

−

−

1 0

0 0 1

1) – (–2

= (1 − λ)(λ2 − 1) = 0     gives     λ1 = λ2 = 1, λ3 = −1.

For  λ1 = λ2 = 1, we have

( ) 0 gives(( λ =)v
−⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤1 1 0

1 1− 0
0 0 0

x

y

z
⎥⎥
⎥⎥⎥⎥

⎥⎦⎦
⎥⎥⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

−⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

0

0

0

1 1 0
0 0 0
0 0 0

gives

x

y

z

⎢⎢
⎡⎡⎡⎡

⎢
⎢⎢⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0

0

0

showing that there are two free variables. The fi rst row reads x = y. Let y = 0 and z = 1 
to get x = 0 and then let y = 1 and z = 0 to get x = 1. Hence, the two independent eigen-
vectors are given by

v v1 2v

0

0

1

1

1

0

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥and

Similarly, for λ3 = −1, we have

( ) 0 gives(( λ =)v

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥1 1 0

1 1 0
0 0 2

x

y

z⎥⎥⎦⎦⎦⎦
⎥⎥⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

0

0

0

1 1 0
0 0 0
0 0 1

gives

x

y

z⎢⎢⎣⎣⎣⎣
⎢⎢⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥ =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0

0

0

 gives z = 0, x = −y
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366 Road Vehicle Dynamics

Letting y = 1, the third independent eigenvector is given by

v3 =
−⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1
1
0

MATLAB Solution:

>> A=[0 1 0;1 0 0;0 0 1];
>> eig(A)

ans =

    -1
     1
     1

>> [Q,d]=eig(A)

Q =

   -0.7071    0.7071         0
    0.7071    0.7071         0
    0         0              1.0000

d =

    -1     0     0
     0     1     0
     0     0     1
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The Laplace transformation is an operational method for solving linear, time invariant 
differential equations and corresponding initial and boundary value problems. The pro-
cess of solution consists of mainly three steps:

1. The given problem is transformed into a simple equation, often called subsidiary equation.

2. The subsidiary equation is solved by purely algebraic manipulations.

3. The solution of the subsidiary equation is transformed back to obtain the solution 
of the given problem.

In this way, the Laplace transformation reduces the problem of solving a differential 
equation to an algebraic problem. In comparison with the classical method of solving 
linear differential equations, the Laplace transform method has the advantage that the 
initial conditions are automatically taken care of, and the homogeneous equation as 
well as the particular integral is solved in one operation.

EXAMPLE PROBLEMS AND SOLUTIONS

EXAMPLE C.1

Determine the Laplace transform of the following function.

f(t) = 5e−t + sin 3t

Solution:
L[5e−t + sin 3t] = 5L[e−t] + L[sin 3t] 

 
=

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+5
1

1s
3

92s +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

Appendix C

Laplace Transforms
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368 Road Vehicle Dynamics

MATLAB Solution:

>> syms t s
>> 
>>f=5*exp(-t) + sin(3*t);
>>F=laplace(f,t,s)

F =

5/(1+s)+3/(s^2+9)

EXAMPLE C.2

Find the Laplace transform of f(t) = 10 t for all t ≥ 0.

Solution:

The Laplace transform of f(t) is written as

F s t e dt
s

st( ) =t e dts= −∞

∫ 10
10

20∫∫

MATLAB Solution:

>> syms  t
>> f=10*t
f =
10*t
>> laplace(f)
ans =
10/s^2

EXAMPLE C.3

Find the Laplace transform of f(t) defi ned by

f(t) = 0   t < 0

 = te−5t t ≥ 0

Solution:

Since L(t) = G(s) = 1/s2

and L[e−αtf(t)] e t−
∞

∫ αtt

0

f(t) e−stdt = F(s + α)

 F(s) = L[te−5t] = G(s + 5) = 
1

2( )5

MATLAB Solution:

>> syms t s
f=t*exp(-5*t);
F=laplace(f,t,s)
F =

1/(s+5)^2
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 Laplace Transforms 369

EXAMPLE C.4

Find the Laplace transform of f(t) = e−at for all t ≥ 0, where a is a constant.

Solution:

The Laplace transform of f(t) is

F s e e dt

e
s a s a

at st

t

( ) =

= −
+

=
+

− −at
∞

− ∞

∫0∫∫

0

1( )s a+s

MATLAB Solution:

>> syms a
>> f=exp(-a*t)
f =
exp(-a*t)
>> laplace(f)
ans =
1/(s+a)

EXAMPLE C.5

Find the Laplace transform of

 f(t) = 0 t < 0
= sin(ωt − θ) t ≥ 0

where θ is a constant.

Solution:

We know that sin(ωt − θ) = sin ωt cos θ − cos ωt sin θ

Hence, L[sin(ωt − θ)] = cos θ L[sin ωt] − sin θ L[cos ωt]

 = 2 2+
−cos sinθ ω

ω ω++
θ

s + ω
s

2 + 2+

 =
+

ω θ θ
ω

s−θ in

s2 2+ ω

EXAMPLE C.6

Determine the Laplace transform of the ramp function

 f(t) = 0         for t < 0
 = At       for t ≥ 0

where A is a constant.
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370 Road Vehicle Dynamics

Solution:

The Laplace transform is

L(At(( ) =t A e dtst

0

∞
−∫

Note that

u du
a

b
b

a

b

∫ ∫u dv uv
a

b
uv

Here u = t and dv = e−st dt

Therefore,

L[At] = A
e

s
e

s
dt

st st

0 0 0

∞ − ∞ −∞

∫t
e

s

st

∫ e dt Aste dt = Ast

−

⎛

⎝⎝⎝⎝⎝

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
⎟⎟

=
∞

∫A
s

t
A

s0
2

e d− t =st

MATLAB Solution:

>> syms A
>> f=heaviside(t)*A*t
f =
heaviside(t)*A*t
>> pretty(laplace(f))

 A
 ---
 2
 s

EXAMPLE C.7

Determine the Laplace transform of g(t) = − cos2t

Solution:

 �g (t) = +2 sin t cos t = sin 2t (1)

Because

 L [ �g (t)] = sF(s) − f(0) = sF(s) − 1 (2)

Also L [ �g (t)] = L(sin 2 t) = 
2

42s +
 (3)

Equating the right hand side of Eqs. (2) and (3), we have

sF(s) 1 =
+
2

42s
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 Laplace Transforms 371

or F(s) =
1

1
2

4

1 4 2

4

6
2

2

2

2

s s s
s

s

s

s
+

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= + +4

+
⎡

⎣
⎢
⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= +

(ss2 4+ )

MATLAB Solution:

>> syms t
>> f=-cos(t)^2;
>> g=laplace(f);
>> pretty(simplify(g))
 2 + s2

 - ----------
 s (s2 + 4)

EXAMPLE C.8

Find the Laplace transform of f(t) = eαt.

Solution:

L[e ] =tα α] =tt

α

e deα t

e

t sα eαα t

t

0

0

1 1t

∞

∞

∫

= =
( )α

( )α sα s− s > α

MATLAB Solution:

>> syms t s a
f=exp(a*t);
F=laplace(f,t,s)

F =

1/(s-a)

EXAMPLE C.9

Find the inverse Laplace transform of 

F(s) =
3

( )1 ( )2)(1)1

Solution:

The roots of the denominator are distinct. 

Hence,

 
F(s) =

3
( )1 ( )2 ( )1 ( )2)(

A B
1)1

= +
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372 Road Vehicle Dynamics

or 
3

( )2
( )1

( )2
A

B(= +A

Let s = −1, then A = 3

Let s = −2, then

3
( )1

( )2
( )1

A(
B= +

or 
3

( )2 122
= B

or  B = −3 

Hence, F(s) =
3

1
3

2s s1+
−

+
From Laplace transform tables,

 f(t) = (3e−t − 3e−2t) u(t)

MATLAB Solution:

>> syms s
>> f=3/((s+1)*(s+2))
f =
3/(s+1)/(2+s)
>> pretty(ilaplace(f))
 
                 6 exp(- 3/2 t) sinh(1/2 t)

EXAMPLE C.10

 Find the Laplace transform F(s) of the function f(t) shown in Fig. C.10. Also, deter-
mine the limiting value of F(s) as a approaches zero.

f(t)

a2

a2

1

1

0
t

2a

a

Figure C.10

Solution:

The function f(t) can be written 

f(t) = 
1
2a

1(t) − 
2
2a

1(t − a) + 
1
2a

1(t − 2a)
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 Laplace Transforms 373

We have F L f t

a s a s
e

a s
e

a s

as as

( )s [ (f )]

(

=

= − +

= −(

− −as1 1 2 1 1 1

1
1

2 2s a 2
2−

2
22 2e eas as− −22as + )

As a approaches zero

lim( ) lim lim
(

a

as as

a

e e

a s

d
da

e

→ →

− −as

→
= +ase as

=
0 0
( )

→a

2−

2 0

1 2− 1 2− − −−−

→

−

+

= =

as as

a

as as

e

d
da

se se
as

2−

2

0

2−2 2− −asse
2

)

( )a s2

lim lim
aa

as as

a

as as

e eas

a
d

da
d

da

→

− −as

→
= =da

0

2−

0

2

lim lim
( )as ase eas− −as 2−

( )a
aa

as asse se
→

− −as− +asse
0

2−2
1

= s− + 2s = s

MATLAB Solution:

>> f=5/((s+1)*(s+2)^2)
f =
5/(s+1)/(2+s)^2
>> pretty(ilaplace(f))

                5 (-t - 1) exp(-2 t) + 5 exp(-t)

EXAMPLE C.11

Find the inverse Laplace transform of

F(s) =
5

2( )1 ( )2)(1)1

Solution:

The roots of (s + 2)2 in the denominator are repeated. We can write

F(s) =
5

2 2( )1 ( )2 ( )11 ( )22 ( )2)(

A B C

1)1
= + +

 
(1)

Multiplying Eq. (1) by (s + 1) on both sides and letting s = −1

5

5

2 2( )2

( )1

( )22

( )1
( )2

A
B( C(

A

= +A +

=
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374 Road Vehicle Dynamics

Multiplying Eq. (1) by (s + 2)2 and letting s = −2

 

5 2

( )1
( )2
( )1

A(= + B + C(s + 2)
    

(2)

or B = −5

To fi nd C, we differentiate Eq. (2) with respect to s and letting s = −2

− =5
2 2( )+ 1

( )+ 2

( )+ 1+ 1

s)+ 2
A + C

or C  =  −5

From Laplace transform tables (Table 3.1), we have

f(t) = 5e−t − 5te−2t − 5e−2t

MATLAB Solution:

>>syms s;
>>F = 5/((s+1)*(s+2)^2);
>>pretty(ilaplace(F))

5 exp(-t) + 5 (-t - 1) exp(-2 t)

EXAMPLE C.12

Determine the Laplace transform of L(sin 2t).

Solution:

We know that 

 
sin 2t = − 1

2
d t2

dt
(c )  (1)

Also L[ g(t)(( ] =α βf(tf ) +tt α β g( )s  (2)

and L
d f

dt
f f

n

n

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
− −= s s fs ffn nf s s 1f1 nfff 1( )ss ( ) ( )fs ( �

 −sf (n−2)(0) − f (n−1)(0) (3)

Here, n = 1 in Eqs. (2) and (3).

Therefore,

L[sin 2t] = (sL(cos 2t) 1t )(sL(cos 2t)t
1
2

From Laplace transform tables, we have

L(sin 2t) = − −
⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

=
+

1
2

1
2

4

2

2 2+ ⎠⎠⎠4
1

s

s s+ ⎠⎠⎠4 ⎠⎠⎠2 + 4
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 Laplace Transforms 375

MATLAB Solution:

>> syms t s a 
f=(sin(2*t));
F=laplace(f,t,s)

F =

2/(s^2+4)

EXAMPLE C.13

Find the inverse Laplace transform of 

F s
s

s s
( ) =

+s( )
+( )( )

4 5s +( 2

3s +1)(
2

Solution:

4 5 2

1 3 1 2

2s s5

s s

A
s

B
s

C
s

+5s5( )
+( )( ) = +

+
+

4 5 2 1 2 2 12s s5 A s s 2 s s Cs s+5s5( ) (( )( ) (( ) +s+ Cs( )
Substituting s = 0, −1 and −2 in the above equation, we get the values of A, B and C as 
4, 8 and −8, respectively. Hence, 

F s
s s s

( ) = +
+

−
+

4 8
1

8
2

f t L F s L
s

L
s

L( ) = ( )⎡⎣ ⎤⎦
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
−LL −LL1 1F s L( )⎡ ⎤F s( −LLF( 11

8
1

1
8 −−LLLL

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
1 1

2s

From the Laplace transformation tables (Table 3.1), we obtain the solution as 

f t e et te( ) = −t4 8+ 2

MATLAB Solution:

>> f=4*(s^2+5*s+2)/(s*(s+1)*(s+3))
f =
(4*s^2+20*s+8)/s/(s+1)/(s+3)
>> pretty(ilaplace(f))

                  8/3 exp(-3 t) + 8/3 + 4 exp(-t)

EXAMPLE C.14

Find the Laplace transform of f(t) defi ned by

 f(t) = 0 t < 0
= t2 sin ωt  t ≥ 0
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376 Road Vehicle Dynamics

Solution:

We know

 
L[sin t] =ω ω

ωs2 2ω+

Therefore

L f t L t
d

ds s
[ (f )] [ st[ st i ] =tL[t ]2

2

2s2 2

32 63

ωtttt
ω

ω
ω ω6

+
⎡

⎣
⎢
⎡⎡ ⎤

⎦
⎥
⎤⎤

⎦⎦
= −22 33 ss2

2 2 3( )s2 2

EXAMPLE C.15

Find the inverse Laplace transform of 

F s
s s

( ) =
+( )
2

42 2

Solution:

2

4 4 42 2 2 2
s s2

A
s

B

s

C
s

D

s+( )
= + +

+
+

+( )
2 ≡ As(s + 4)2 + B(s + 4)2 + Cs2(s + 4) + Ds2

Substituting s = 0 and −4 in the above equation, we get the values of B and D as 

B = 0.125  and  D = 0.125

Comparing the coeffi cients of s3 and s2 terms on both sides, we get the values of A and C as

 A = −0.0625

and C = 0.0625

Hence, 
2 0 0625 0 125 0 0625

4
0 125

2 2 2s2 s s s( )44s

. .0625 0 . .0625 0

( )4s
= − + +

2 +
+

22

From the Laplace transformation table (Table 3.1), we obtain the solution as

f(t) = −0.0625 + 0.125 t + 0.0625 e−4t + 0.125 t e−4t

MATLAB Solution:

>>syms s;
>>F = 2 / (s^2*(s+4)^2);
>>pretty(ilaplace(F))

1/8 t (1 + exp(-4 t)) - 1/16 + 1/16 exp(-4 t)

EXAMPLE C.16

Find the Laplace transform of e nt−ξωξξ cosωdt where ωd = ωn 1 2− ξ  using the fi rst shift-
ing theorem and the Laplace transform table.
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 Laplace Transforms 377

Solution:

The fi rst shifting theorem can be stated as

If f s( )s  = L[f(t)] 

Then L[e−αtf(t)] = f (s + a)

Therefore,

L t
s

s

s

n

t
d

d s

n

n d

[ ce nt os ]
( )s n→ +s

=
+

= +
+)n

ξω

ξω

ω
ω

ξω
ξω ω2 2+ ω 2 22

  
= +

+
s

s +
n

n n+s

ξω
ξω ω2 2+ ++ ξ ω

EXAMPLE C.17

Find the inverse Laplace transform of the function

F(s) =
2

2

( )2

( )1 ( )42)(1)1

Solution:

L L
s

j

s j
− −LL LL

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

+
−

−
−1

2
12

2
5

1

1
5

3
5( )s 2s +

( )s + 1 ( )s2 4+s2

33
5

j

s j2

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 
= 2

5
[e−t − cos 2t − 3j sin 2t] 1(t)

MATLAB Solution:

>>syms s;
>>F = (2*(s+2)) / ( (s+1)*(s^2+4) );
>>pretty(ilaplace(F))

2/5 exp(-t) - 2/5 cos(2 t) + 6/5 sin(2 t)

EXAMPLE C.18

Determine the Laplace transform of the function in Fig. C.18 using the second shifting 
theorem and the Laplace transform table.

f(t)

1

0 1 2
t

Figure C.18
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378 Road Vehicle Dynamics

Solution:

The function in Fig. C.18 can be written using unit step function as

f(t) = t[u(t) − u(t − 1)] + (2 − t)[u(t − 1) − u(t − 2)]

 = tu(t) − 2(t −1) u(t −1) + (t − 2) u(t − 2) 
(1)

The second shifting theorem can be stated as

If  f s( )s  = L[f(t)]

Then L[f(t − α) u(t − α)] = e−αs f s( )s  (2)

For  n = 1 using Eq. (2) and the Laplace transform table, Eq. (1) becomes

 
L f t

s
e

s
e

s s
s s[ (f )] ( )e e se= − + =e se e−s1 2s 1 12 2s s( s es e ss1 1

EXAMPLE C.19

Find the inverse Laplace transform of the function

F(s) = +
−

s s+
s

3

4

2 4+
16

Solution:

L
s s

s
L

s s

j

s j
−LL−LL

+
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

+
+

−
+

+
1

3

4
12 4+s

16

1
4

2

1
2

2

1
8

1
8 ++

−
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

= +−

1
8

1
8

1
4

1
2

1
8

2 2− 1 2

j

s j− 2

e e+ j et2+ 1
e++ ( )+1 j jtjj jt

t

j e

t

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎦⎦

= +t

1
8

1jte
⎤
⎥
⎤⎤−

1
4

2

2−

2 2t

( )j1 j− ( )t

[ ce ee t− tte +2ttt− os j t]t ( )t1]t

MATLAB Solution:

>>syms s;
>>F = (s^3+2*s+4) /  (s^4-16) ;
>>pretty(ilaplace(F))

1/2 exp(2 t) + 1/4 exp(-2 t) + 1/4 cos(2 t) - 1/4 sin(2 t)

EXAMPLE C.20

Determine the Laplace transform of f1(t) * f2(t) where

 f1(t) = f2(t) = 0  for t < 0
 f1(t) = t for t > 0
 f2(t) = 1 + e−t for t ≥ 0
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 Laplace Transforms 379

Solution:

We know that

L F
s

[ ]t ( )s( )s= =F )s1FFF
2

1

L F
s s

t[ ]e t ( )s
1 1

12FF=]e t = +
+  (1)

The Laplace transform of the convolution integral is given by

L f t f s s
s s s

s

[ (f ( )t ] (F ) (F )1 2t ff(ff ) 1 2s(F )FF
2

3

1 1 1
1

1

=ss(F (F )s(FF FF +
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

= +
3

11 1 1 1 1
12 3 2s2 s s3 s s( )11s

= +
3

− +
+

 (2)

To check this result, we can perform the integration of the convolution integral and 
then take its Laplace transform.

f1(t) * f2(t) = τ
0

t

∫0
[1 + e−(t−τ)]dτ = ( )

t

∫0∫∫ (1 + e−τ)dτ

 = + −t
t e− + t

2

2
1  (3)

 L
t

t e
s s s s

t
2

3 2s2
1

1 1 1 1
1

+ t
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= +

3
− +

+
−  (4)

which is identical to Eq. (2).

EXAMPLE C.21

Solve the following differential equation using Laplace transforms.

d y

dt

dy
dt

y b
2

2
0 y+ =y =ysin (t y ) ,aa ( )00�

 

Solution:

L
d y

dt

dy
dt

s s a
s

2

2
2 1+ =y⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦

⎤⎤

⎦⎦
s − =asi (s Y2n t

⎤

⎦
⎥
⎤⎤

⎦⎦
s Y ) (sa b sY− − b )

22 1+

Hence, Y(s) =
as s as a b

s

3 2s
2

1+ + +as + +b( )a ba baa

( )s 1+ 1 ( )s2 12s2

  
= +

+
+ +A

s
B

s
C

s j+
D

s j−1  
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380 Road Vehicle Dynamics

from which we fi nd

A a b

B b

C j

D j

+a +

−

1

1
2

1
4
1
4

( )j

( )j

Hence,

y a b b e e et jj e t jj e t( )t ( )jj ( )jj= a + −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

+ ( + (j−t1
1
2

1
4

1
4

⎡⎡

⎣
⎢
⎡⎡⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

=

1

1
2

2 1

( )

[ (+2 2 − ) c+ os sin ] ( )2+ b + 1) t j− 1] (t

MATLAB Solution:

>> dsolve(‘D2y+Dy=sin(t)’,’y(0)=a’,’Dy(0)=b’)
ans =
-1/2*sin(t)-1/2*cos(t)-exp(-t)*(1/2+b)+1+a+b

EXAMPLE C.22

Find the initial value of df(t)/dt when the Laplace transform of f(t) is given by

 
F L f t

s

s s
( )s [ (f (f )] =t= L (f )]

2 1s

12 + +s

Solution:

Using the initial value theorem,

lim ( ) lim ( ) lim
( )

t s s
f ( sF

s(

s s→∞ →∞
= =lim ( )sF

+ +s
=

0 2 1
2

Because the L+ transform of df(t)/dt = g(t) is

L t sF f
s

s s

s

s s
+ −sF =

+s
− = − −s

+ +s
[ (g )] ( )ss ( )+ ( )ss +

1
2

2

12 2s+ +s 1
2

the initial value of df(t)/dt is

lim
( )

( ) li [ ( ) ( )]

lim

t s

s

df
dt

g s( ) )
→ →∞

→

= (g( +

=

0
0) li [ ( ) (s) lim s)([slim s)

∞∞

−
+ +

= −s s−
s s+

2

2

2

1
1
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 Laplace Transforms 381

EXAMPLE C.23

Solve the following differential equation using Laplace transforms.

d y

dt

2

2
 + 2

dy
dt

 = et           y(0) = a,  y(� )0  = b

Solution:

L
d y

dt

dy
dt

et
2

2
2+ =y
2

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
 = s2Y(s) − sa − b + 2sY(s) − 2a = 

1
1s −

or Y(s) = =
as s a b

s
A
s

B
s

2 2 1a b
2s s

+ a +( )a ba
( )s 1+

From which we get

A =
as s a b

s
b

a

B
as s

s

2

0

2

2 1a b
2

1
2 2

+ a
+

= − −

= +

=

( )a ba

( )a ba −−− = −
=−

2 1+ 3
2 2

2−

a b−
s

b b

s

Hence, y(t) = 
1
2

[1 − b − 2a + (3b − 1)e−2t]1(t)

MATLAB Solution:

>> dsolve(‘D2y+2*Dy=exp(t)’,’y(0)=a’,’Dy(0)=b’)
ans =
1/3*exp(t)-1/2*exp(-2*t)*(-1/3+b)-1/2+a+1/2*b
>> pretty(ans)
 
      1/3 exp(t) - 1/2 exp(-2 t) (- 1/3 + b) - 1/2 + a + 1/2 b

EXAMPLE C.24

Find the inverse Laplace transform of

 F(s) = ( )+
( )++ +2

Solution:

 
F

s A
s

A
( )s

( )s

( )s ( )s ( )
= = + =

+
+

ss

1
)(s)(s 3 4s +2

1 2A+  (1)

where the constants A1 and A2 are obtained as

A1 = [(s + 3)F(s)]s=−3 = 
s

s s

+
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠s
⎟
⎞⎞
⎠⎠ =−

1

4 3

 = −2

 A2 = [(s + 4)F(s)]s=−4 = 3

SIBK002_AppC_367-418.indd   381SIBK002_AppC_367-418.indd   381 3/8/10   2:18:44 PM3/8/10   2:18:44 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



382 Road Vehicle Dynamics

Substituting into Eq. (1) gives

F(s) = +
−
+ +
2−

3
3

4s s+ 3

Taking the inverse Laplace transform on both sides, we obtain

f(t) =tt L LLL

−

−
+

⎧
⎨
⎩
⎨⎨

⎫
⎬
⎭
⎬⎬ +

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

= −
+

⎧
⎨
⎧⎧

1 1L−LL
⎧
⎨
⎧⎧ ⎫

⎬
⎫⎫

1

2−
3

3
4

2− 1
3

s s+ ⎭ ⎩3

L−

s⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ +

+
⎧
⎨
⎩
⎨⎨

⎫
⎬
⎭
⎬⎬ = − ≥−3

1
4

2− 01 3⎧
⎨
⎧⎧ ⎫

⎬
⎫⎫

=⎨ ⎬
1

2 − 4L−

s
e e3+ tt t3+ 4+ ,

where, once again, the linearity of L−1 as been used.

MATLAB Solution:

>> syms F S
F=(s+1)/(s^2+7*s+12);
>> ilaplace(F)
 
ans =
 
3*exp(-4*t)-2*exp(-3*t)

EXAMPLE C.25

Solve the second order differential equation

d y

dt

dy
dt

y t
2

2
7 5

dy
4+ 7

y

with the boundary conditions t = 0; y = 3 and dy/dt = −2.

Solution:

Taking Laplace transform on both sides of the given problem using the theorems of the 
Laplace transform discussed in Section C.7, we get

s Y s sY2 Y0( ) ( ) ( )⎡⎣⎡⎡ ⎤⎦ ( ) ( )⎡⎣ ⎤⎦ ( ) /4s' 0 7 0sY s Y 5Y( )⎤⎦⎤⎤ + ( ) ( )⎡ ⎤⎦⎤⎤ + ( ) ss

s Y s s

2

2 2Y s s3 2s sssYsY7 5Y sY s( ) ss⎡⎣⎡⎡ ⎤⎦⎤⎤ + ( )⎡⎣ ⎤⎦ ( )
This can be written as 

  

Y s
s s s

( ) =
+( ) +

+( )
4

7 5s +s

3 1s + 9

7 5s +s2 2s( 2

After partial fractions as discussed in the earlier section, we get

Y s
s s

s

s s
( ) = − + + ( ) +

+( )
⎡ 1 12 0 8

1 12
7 5s +s

7 04

7 5s +s2 2 2s+ ) (7 5+s

. .12 0
.

⎣⎣
⎢
⎡⎡

⎢⎣⎣⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

+ ( ) +
+( )

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥3

5+
19

7 5+2 2+ ) (7 5+
s

s s+ 72 + s s+ 72
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 Laplace Transforms 383

MATLAB Solution:

>> dsolve(‘D2y+7*Dy+5*y=4*t’,’y(0)=3’,’Dy(0)=-2’)
ans =
exp(1/2*(-7+29^(1/2))*t)*(581/1450*29^(1/2)+103/50)+exp(-1-
/2*(7+29^(1/2))*t)*(-581/1450*29^(1/2)+103/50)-28/25+4/5*t

EXAMPLE C.26

Find the inverse Laplace transform of

F(s) = +
+

as b

d( )s c+ s c+2 2+ ++ c+ 2

where c and d are positive real.

Solution:

Because F(s) can be written as

F(s) = −
+

=
+

+

a c b+ ac

d

a

d

b a− c
d

( )+s c

( )+s c+
( )+s c

( )+s c+

2 2+ d

2 2+ d

dd

d( )s c +)c 2 2d+  
We get

f(t) = ae−ct cos dt + 
b ac

d
e−ct sin dt

MATLAB Solution:

>> syms F s a b c d
F=(a*s+b)/((s^2+2*c*s+c^2)+d^2);
ilaplace(F)

ans =

exp(-c*t)*(a*cos(d*t)+sin(d*t)*(-a*c+b)/d)

EXAMPLE C.27

Find the Laplace transform of the function

 f(t) = 0    t < 0
 = te−13t    t ≥ 0

Solution:

 f(t) = 0     t < 0
 = te−13t  t ≥ 0
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384 Road Vehicle Dynamics

We know that L[t] = 
1
2s

Also L[e−αtf(t)] = e t−∞

∫ αtt

0∫∫ f(t)e−stdt = F(s + α)

 F(s) = L[f(t)] = L[te−13t] = 
1

2( )13

MATLAB Solution:

>> syms t
>> format compact
>> u=heaviside(t)
u =
heaviside(t)
>> f=u*t*exp(-13*t);
>> pretty(laplace(f))

                  1
              ---------
               2
              (s + 13)

EXAMPLE C.28

Find the inverse Laplace transform of

F(s) =
3 5

( )3s 333 ( )1

Solution:

We determine the constants A and B such that

x
A

s
B

( )s
( )s ( )

= =
−

+3 5s +
)(s)(s 3 1s +

Multiplication by (s − 3)(s + 1) gives

3s + 5 = A(s + 1) + B(s − 3)

or 3s + 5 = (A + B)s + A − 3B

Equating similar powers of s yields 

A = −7
2

1
2

and B =

Then x
s s

( )s = −
+

7
3

2
1

/ /2 1
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 Laplace Transforms 385

From Table 3.1 on Laplace transformations, we have

x(t) = 
7

2
e3t − 

1

2
e−t

MATLAB Solution:

>> syms F s
F=(3*s+5)/((s-3)*(s+1));
>> ilaplace(F)
ans =
7/2*exp(3*t)-1/2*exp(-t)

EXAMPLE C.29

Find the Laplace transform of the following functions.

a) f1(t) = 0 t < 0
  = 5 sin(3t + 45º) t ≥ 0

b) f2(t) = 0 t < 0
  = 0.01(1 − cos 5t) t ≥ 0

Solution:

a) f1(t) = 0  t < 0
 = 5 sin(3t + 45º)  t ≥ 0

We know that 
5 3 45 5 3 45 5 3 45

5

2

in( º ) in c3 os º c5 sin º45t3t 45 5º ) 3 t45º )

= sin 3t ctt os 3t

F1(s) L[f (t)]tt1f =L[f (t)]t1ff +
+

+

=

5

2
5

2

3

3

5

2 3

5

2

2 2+ 3 2 2+ 3s

s

s

s ++
+

3

92s

MATLAB Solution:

>> syms u
>> f=u*5*sin(3*t+45/180*pi)
f =
5*u*sin(3*t+1/4*pi)

>> laplace(f)
ans =
5/2*u*2^(1/2)*(3+s)/(s^2+9)

b) f2(t) = 0        t < 0
= 0.01(1 − cos 5t)  t ≥ 0

F (s) L[f (t)(t)(( ] 0.01 0.012 2F (F s) L[ff= =L[f (t)( ]L[ff
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=1

5

0
2 2+ 5s

s

s

.2522
2s( )252s
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386 Road Vehicle Dynamics

EXAMPLE C.30

Find the inverse Laplace transform of F(s), where

F(s) = 1
2s( )+ 4 5+2s

Solution:

Since s2 + 4s + 5 = (s + 2 + j1) (s + 2 − j1) (1)

We note that F(s) involves a pair of complex-conjugate poles, and, hence, we expand 
F(s) into the form

 
F(s) = = + +

+
1

4 5+2
1 2+ 3

2s

a
s

a s2 a

s s+2( )+ 4 5+2s
 (2)

where a1, a2, and a3 are obtained from

 1 = a1(s
2 + 4s + 5) + (a2s + a3)s (3)

Comparing the coeffi cients of the s2, s, and sº terms on both sides of Eq. (3) respec-
tively, we get

 a1 + a2 = 0

 4a1 + a3 = 0

and 5a1 = 1

from which 

 a1 = 1/5

 a2 = −1/5

and a3 = −4/5

Hence, F(s) =
s1

5
1

1
5

4
5 1

5
1 1

5
4

4 5

1

2 25 5s s
s

s s2
+

− −s
= − +

+ 44

=

( )52 4 5s s2 444

55
1 1

5
2

1

1
5

2

12 21 2 21s
s− − +

( )2s + 2 ( )2s + 2

The inverse Laplace transform of F(s) is

f(t) = 
1
5

 − 
2
5

e−2t sin 2t − 
1
5

e−2t cos t

MATLAB Solution:

>> syms F s
F=(1)/(s*(s^2+4*s+5));
>> ilaplace(F)
ans =
1/5-1/5*exp(-2*t)*(cos(t)+2*sin(t))
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 Laplace Transforms 387

EXAMPLE C.31

Find the Laplace transform of the function defi ned by
 f(t) = 0    t < 0

= t3e−αt   t ≥ 0

Solution:

 f(t) = 0    t < 0
 = t3e−αt   t ≥ 0

Noting L and refrr eff rring to the equatioaa n
s

[ ]t3
4

2=

 
L[e−αtf(t)] =

 
e t−∞

∫ αtt

0∫∫ f(t) e−stdt = F(s + α)

We have F(s) = L[f(t)] = L[t3 e−αt] =
 

6
4( )

MATLAB Solution:

>> syms A t
f=u*t^3*exp(-A*t)
 
f =
 
u*t^3*exp(-A*t)
 
>> laplace(f)
 
ans =
 
6*u/(s+A)^4

EXAMPLE C.32

Find the inverse Laplace transform of 

G(s) = (s − 1)/(s2 + 2s + 2)

Solution:

The denominator of G(s) is an irreducible second-order polynomial and possesses a 
pair of simple complex conjugate roots at s1,2 = −1 ± j. G(s) can be written as

 
G(s) =

s A
s j

B
s j

− = +1
j s( )s jj ( )s js

 (1)
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388 Road Vehicle Dynamics

where A and B, the residues, given by

A = [(s + 1 + j)G(s)]s=−1−j = + = −2
2

1
2

j
j

j

 B = [(s + 1 − j)G(s)]s = −1 + j = − + = +2−−
2

1
2

j
j

j  (2)

A and B are conjugate of each other. Substitution into Eq. (1) gives

 
G(s) =

1
2

1 1
2

1−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

++
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

j
s j1+ +1

j
s j1+ −1

Term-by-term inverse Laplace transformation gives

g(t)(( =
1
2

1
2

1
2

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

++
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎠⎠

=

j e
⎞
⎠⎟
⎞⎞
⎠⎠

j t j e
⎞
⎠⎟
⎞⎞
⎠⎠

j t( )1− −1 j ( )1− +1 j

−−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

− − ++
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎠⎠

− −

= − −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠

j e
⎞
⎠⎟
⎞⎞
⎠⎠

te jt j e
⎞
⎠⎟
⎞⎞
⎠⎠

te jt

j

1
2

1
2

e t
⎟⎟
⎞⎞⎞⎞
⎠⎠⎠⎠

⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎧
⎨
⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
⎬⎬

=

(cos sin ) (cos sin )t j− t j+ +
⎛
⎝⎜
⎛⎛
⎝⎝

) t j+1
2

e−−t (cos in )t − 2 0≥tsin )sin

EXAMPLE C.33

Find the Laplace transform of the function

 f(t) = 0         t < 0
 = cos 3ωt cos 4ωt  t ≥ 0

Solution:

 f(t) = 0        t < 0
   = cos 3ωt cos 4ωt  t ≥ 0

We know that

cos 3ωt cos 5ωt = 
1
2

 (cos 7ωt + cos ωt)

Therefore, we have

F L f t L t

s

s

( )s [ (f )] (cos s )t= L t(f
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

=
+

1
2

7

1
2 492 2+ 49

ω t cos

ω
++

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=s

s

s
2 2+

2 2

2 2 2 2ω
( )+s2 2+ 25ω

( )s + )2 2++ ω ( )2 2+ ω+s +
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 Laplace Transforms 389

MATLAB Solution:

>> syms w t
f=u*cos(3*w*t)*cos(4*w*t)

f =

u*cos(3*w*t)*cos(4*w*t)

>> laplace(f)

ans =

u*s*(s^2+25*w^2)/(s^2+49*w^2)/(s^2+w^2)

EXAMPLE C.34

Find the inverse Laplace transform of 

F
s

s
( )s = +

+
3

3 2s +s2

Solution:

The partial-fraction expansion of F(s) is

F
s

s

s A
s

B
s

A
s

( )s
( )s ( )s

( )s

= +
+

= + =
+

+

=

3

3 2s +s

3
)()(s 1 2s +2

++⎡
⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

= +
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

+

=− =−

3

1 1

3
2

2
( )+ 1 ( )2+

(

)+ (
s s

s
s

B s= ( 22
3 3

1
1

2 2
1

)
( )1 ( )2

s
)(

s
s

s s2

+
1)1

⎡

⎣
⎢
⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= +

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= −

22 22

Hence, f t L s L
s

L
s

( )t [ (F(F )]s= L (F
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+ −

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
LL −LL1 1s L[ (F )] −LL(F 12

1
1
2

            = 2e−t − e−2t  t ≥ 0

MATLAB Solution:

>> syms F s
F=(s+3)/(s^2+3*s+2);
>> ilaplace(F)

ans =

-exp(-2*t)+2*exp(-t)
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390 Road Vehicle Dynamics

EXAMPLE C.35

Find the Laplace transform of the function f(t) shown in Fig. C.35.

b

f(t)

t
a0 a + b

Solution:

The function f(t) can be written as

f(t) = (t − a) 1(t − a)

The Laplace transform of f(t) is

F(s) = L[f(t)] = L[(t − a) 1(t − a)] = 
e

s

as−

2

MATLAB Solution:

>> syms t a
>> f=(t-a)*(t-a)
 
f =
 
(t-a)^2
 
>> laplace(f)
 
ans =
 
2/s^3-2*a/s^2+a^2/s

EXAMPLE C.36

Find the inverse Laplace transform of

F
s

( )s
( )s ( )

= + 2
)(s)(s

Solution:

 
F

s A
s

B
( )s

( )s ( )
= + =

+
+2

)(s)(s 3 4s +  
(1)

         s + 2 = A(s + 4) + B(s + 3) (2)

         s + 2 = (A + B)s + 4A + 3B (3)

Figure C.35
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 Laplace Transforms 391

Comparing Eqs. (2) and (3), we get

     A + B = 1 (4)

and 4A + 3B = 2 (5)

Solving Eqs. (4) and (5) for A and B, we get

A = −1 and B = 2

Hence,
 

F
s s

( )s = −
+

+
+

1
3

2
4  

(6)

From Laplace transform tables, we have

 f(t) = −e−3t + 2e−4t (7)

MATLAB Solution:

>> syms F s
F=(s+2)/((s+3)*(s+4));
ilaplace(F)

ans =

2*exp(-4*t)-exp(-3*t)

EXAMPLE C.37

Find the Laplace transform of the pulse function shown in Fig. C.37.

c

f(t)

t
a0 b

Solution:

The function can be written as

f(t) = c1(t − a) − c1(t − b)

The Laplace transform of f(t) is

F c
e

s
c
s

as
as bs( )s ( )e eas bs= −c − =

− −as
asce bs

s

MATLAB Solution:

>> f=c*(t-a)-c*(t-b)
f =
c*(t-a)-c*(-b+t)
>> pretty(ilaplace(f))
 
                -c a dirac(x) + c b dirac(x)

Figure C.37 Pulse 
function.
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392 Road Vehicle Dynamics

EXAMPLE C.38

Find the inverse Laplace transform of

F
s

( )s
( )

( )s ( )
= 3(s

)(s)(s2

Solution:

F
s

b

s

b
s

a a
( )s

( )

( )s ( ) ( )s (
= = + + +3(s

)(s)(s 3s) ( +2
2
2

1 1a+ 2

))  

where

 

a
s

s

1 2
2

3
3 4= = −

=−22

( )1s

( )s 3+
/

a
s

s

2 2
3

3
2 3= =

=−

( )1s

( )s 2+
/

b
s

2
0

3
1 2= =

=

( )1s
( )s 2+ 2 ( )3ss

/

b
d
ds

s
1

0

3=
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦ =

( )1s
( )s 2+ 2 ( )3ss

= = −
=

3 3−
1 4

2 2
0

( )2+ ( )+ 1 ( )+ 1 ( )+2 5

( )+ 2 ( )3+ 3+
)2+ ( )+ 1 (2

)+ 2
s

/

Hence,
 

F
s s s s

( )s = − −
+

+
+

1
2

1 1
4

1 3
4

1
2

2
3

1
22

Therefore, the inverse Laplace transform of F(s) is

f t t e e tte( )t = t +e t ≥−1
2

1
4

3
4

2
3

02 2t et− t 2

MATLAB Solution:

>> syms s
>> num=3*s+3;
>> den=s^4+5*s^3+6*s^2;
>> F=num/den

F = (3*s+3)/(s^4+5*s^3+6*s^2)
  
>> invlaplaceF=ilaplace(F)

invlaplaceF = 
         2/3*exp(-3*t)+1/12-3/4*exp(-2*t)+1/2*t

>> pretty(invlaplaceF)
           2/3 exp(-3 t) + 1/12 - 3/4 exp(-2 t) + 1/2 t
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 Laplace Transforms 393

EXAMPLE C.39

Determine the Laplace transform of the function f(t) shown in Fig. C.39. Find also the 
limiting value of L[f(t)] as a approaches zero.

0 a
t

2a

5.2

10/a2

a/2

Solution:

The function f(t) can be written as

f t
a a

t
a

a
( )t

a.
( )t a= − −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

(t+10 12 5
1

5
2 5.

1
2 2a 2

So the Laplace transform of f(t) becomes

F L f t
a s a s

e
s

es a

a
( )s [ (f (f )] (a=t= L (f )] − +e s( /a ) −s−(a10 1 12 5. 1 1s( /a )

2 2s a 2

2 5.. ss

s as

a s
= 1

5 2se s +− s
2

5( .−10 12 . )ase−5( /aaaa )

As a approaches zero, the limiting value of F(s) becomes as follows:

lim ( ) lim

lim

. ( )

a

s) as

F(
e.

a s→

−
=

=

.−
0 0

( )
→a 2

10 12 2s)s)s)5 (−( +( s)e ( )s) 5

aa

s as

a

d
da

d
da

a s
→

→
=

0

5

2

0

5 2s5 2se s− +se s

2

( .−10 12 . )ase−5

lim
.

( /aaaaaa )

5 255 5
2

2 5 2

5

0

5

s e
as

d
da

e

s5 as

a

s5

−2 5

→

−

=
+

( /a )

( /a )

.

lim
. .5 2e + 55

2

0 5 2 5
2

0 5

0

5

e

d
da

a

se

s

as

a

s5 s5 as

−

→

−2 5− s5

= − +0 5se s5

= −

lim
. .5 2se +5se ( /aaa )

++ = =2 5
2

2
2

. s5 s
s

Figure C.39
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394 Road Vehicle Dynamics

MATLAB Solution:

>> syms t a
>> f=10/a^2-12.5/a^2*(t-a/5)+2.5/a^2*(t-a)
f =
10/a^2-25/2/a^2*(t-1/5*a)+5/2/a^2*(t-a)

>> laplace(f)

ans =
10*(s-1)/a^2/s^2

EXAMPLE C.40

Find the inverse Laplace transform of

F
s s

s
( )s

( )s
= +4 3+ 22 3s +s3s 4 3s +s

Solution:

We notice that the numerator polynomial is of higher degree than the denominator poly-
nomial. Hence, we divide the numerator by the denominator until the remainder is a 
fraction.

F s s
s

s
a
s

a
s

( )s
( )s

( )s= s + + = +s +) +
+

2 2s+ + + s 1 2a+2 3s +s +
1

where
 

a
s

s
1

0

2 3s
1

3=
+

=
=

a
s

s
2

1

2 3s
1= = −

=−

Therefore

F s s
s s

( )s = +s + + −
+

2 2
3 1

1

The inverse Laplace transform of F(s) is

f t L s
d

dt

d
dt

t( )t [ (F[ (F )] ( ) ( )t( )t=s= L (F )] (t −(t(F )]LL 1
2

2
3 0e tt− ≥e ttδ δ( )t +δ δd

( )t( )t

MATLAB Solution:

>> syms F s
F=((s^4)*(2*s^3)*(3*s^2)*(4*s)+3)/(s*(s+1));
ilaplace(F)

ans =
2 4 * d i r a c ( 8 , t ) - 2 4 * d i r a c ( 7 , t ) + 2 4 * d i r a c ( 6 , t ) - 2 4
*dirac(5,t)+24*dirac(4,t)-24*dirac(3,t)+24*dirac(2,t)-24
*dirac(1,t)+24*dirac(t)+3-27*exp(-t)
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 Laplace Transforms 395

EXAMPLE C.41

Find the Laplace transform of the function f (t) shown in Fig. C.41. Also, fi nd the lim-
iting value of L [f (t)] as a approaches zero.

f(t)

12/a2

–12/a2

aa/20

Solution:

The function f(t) can be written as

f t
a

t
a

t
a

a
( )t ( )t a ( )t a= −t −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

− (t
24 24

1
2

24
1

3 2
t

a 3

So the Laplace transform of f(t) becomes

F
a s a s

e
a

e

s

a s

a
s

as
as

( )s = − −

= −

−
−24 1 24 1 24

24 1

3 2s 2 3s
e

a 2

2s3

1
2

ee as−
−

−
⎛

⎝⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

1
2

2

e

s

as

The limiting value of F(s) as a approaches zero is

lim ( ) lim
( )

lim
a

as

a
F(

a s→ → →
= =

0 0→a 3 2s 0

24
1 as

dd

da
d

da
a s

s

as

a

24

24

1

1
2

3 2s

0

( )as e as1
1

2

lim

as 2

=
−

→

−e

as

as + +++
⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠
=

−− −

→

−as
se

a s

d

da
eas

a

as
2

2 2s 0

2

3

8
1

2
1

2e as

lim

+++ +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=
+

− −

→

−

as
e e+

d

da
a s

s s−

as as

a

2

8
2 2

1
2

2

2

0
lim

e as e eee as as− −as −

→

+
−⎛⎛

⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

−
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦ =

1
2

1
2

2 2⎝⎝⎝
2

as s
se

as

as

a
lim

00

0

2

1 1

1
2

d

da
d

da
a

s

as

a

( )4 4
1 1

e as

lim

as

e

as as

→

−

=
−22 asaa as ase− +as +

= −

− −as −s aee
s

s e
s s s s=

as1
2

1
2

2
4

1
2 4− − +s s−

Figure C.41
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396 Road Vehicle Dynamics

MATLAB Solution:

>> syms a t
>> f=24/a^3*t-24/a^2*(t-a/2)-24/a^3*(t-a)*(t-a)

f =

24/a^3*t-24/a^2*(t-1/2*a)-24/a^3*(t-a)^2

>> laplace(f)

ans =

-12*(-2*s-2*a*s+a^2*s^2+4)/a^3/s^3

EXAMPLE C.42

Find the inverse Laplace transform of

F( )s
( )s

( )s
=

2

Solution:

F
A

s
B

( )s
( )s

( )s ( )s
= =

+
+

32 2s ( )s+
+

3

Hence, s + 2 = A(s + 3) + B

or s + 2 = As + 3A + B

Therefore, by comparing the terms, we get A = 1 and 3A + B = 2 or B = 2 − 3A = 2 − 3 = −1

Hence,
 

F
s

( )s
( )s

=
+

−1
3

1
2

 

From Laplace transform table (Table 3.1), we get

f(t) = e−3t − te−3t

MATLAB Solution:

>> syms F s
F=(s+2)/((s+3)^2);
ilaplace(F)

ans = 
-(t-1)*exp(-3*t)

EXAMPLE C.43

Given F(s) = 
7( )3
( )2s(

, fi nd f(∞) using the fi nal value theorem.
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 Laplace Transforms 397

Solution:

f(∞) = lim
t→∞ 

f(t) = lim
s→0 

sF(s)

  
= = =

→
lim

( )
( )+

( )
.

s

s
s(0

7( +( 7(
2

10 5

EXAMPLE C.44

Find the inverse Laplace transform of

F
s

( )s
( )s ( )s
( )s ( )

= )()(s
)(s)(s

Solution:

F
A
s

B
s

C

A

B

s

( )s

( )s ( )s
( )s ( )

= +
+

+

= =
=

1 3s +

)()(s
)(s)(s

0

8/3

== = −

=

=−

=

( )+ ( )
( )+

( )+ ( )
( )+

)+ (
s(

C
)+ (

s(

s

s

)( +

)( +

1

3/2//

−−

= −
3

1/6

From Laplace transform table (Table 3.1), we have

f t e et tet( )t ( )t( )t ( )ttt ( )t= (t −t t
8
3

1
3
2

1
1
6

13

MATLAB Solution:

>> syms F s
F=((s+2)*(s+4))/(s*(s+3)*(s+1));
ilaplace(F)

ans =
8/3-3/2*exp(-t)-1/6*exp(-3*t)

EXAMPLE C.45

Given F(s) = 
3( )1

( )2 ( )3s( 2
. Obtain f(0+) using the initial value theorem.

Solution:

Using the initial value theorem

f f
s

st s
( ) ( )t lim

( )
( )s ( )

3(s
)(s

0
0

=
)(s

=
→ →
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398 Road Vehicle Dynamics

EXAMPLE C.46

Find the inverse Laplace transform of

F( )s
( )s ( )s

= 2

(s)()(s2

Solution:

F
A

s
Bs C

s
( )s

( )s ( )s
= =

+
+ +

+
2

(s)()(s 3 2 5s +s2 2s s)s +
+

3

where constants A, B, and C are to be determined. Combine the two fractions on the 
right-hand side, and equate with the expression of F(s), we have

2
3 2 52 23
2

( )3 ( )2 52 2 5

( )2 52 (

)3

A
s

Bs C

s s22

A( B)5 ( s

33
=

+
+ +

+ 22

= 2 + +++ sC)( )

( )+s + ( )+s

3

)( +s2

Setting the numerators equal, and collecting the like terms, we get

2 = (A + B)s2 + (2A + 3B + C)s + 5A + 3C

For this identity to be valid, the coeffi cients of like powers of s on both sides must be equal.
Hence,

A B

A B C

A C

+ =B

+B =
=C

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

0

2 3A 0

5A 2

Hence,  A C B = −1
4

1
4

,

Back substitution gives

F
s

s

s

s s

( )s

( )s

(

=
+

− −
+

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

=
+

−
+

1
4

1
3

1

2 5s +s

1
4

1
3

2) −)

1

2

))

( )

( ) ( )

2 2

2 2 2 2

2

1
4

1
3 )2

2

2)2

+
⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

=
+

−
)2

+
))2

⎧
⎨
⎧⎧

s ) (22))2⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

The inverse Laplace transformation, using Laplace transform table (Table 3.1) gives

f(t) = 
1
4

{e−3t − e−t cos 2t + e−t sin 2t}
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 Laplace Transforms 399

MATLAB Solution:

>> syms F s
F=2/((s+3)*(s^2+2*s+5));
ilaplace(F)

ans =

1/4*exp(-3*t)+1/4*exp(-t)*(-cos(2*t)+sin(2*t))

EXAMPLE C.47

Find the inverse transform of the following functions.

a) F1(s) = 
s + 3

( )s + 2 ( )s 4+s

b) F2(s) = 
3( )1

( )2 ( )3s( 2

Solution:

a) F
s a

s
a

s1FF 1 2a3
2 4s

( )s
( )s 2 ( )s 4

= +
2 s

=
+

+

where a
s
s

s
1

2

3
4

= +
+

=
=−22

1/2//

 a
s
s

s
2

4

3
2

= +
+

=
=−44

1/2//

F1(s) can be written as

F
s1FF

1
2

1
2

1
4

( )s
( )s 2s

= +
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

The inverse Laplace transform of F1(s) is

f1(t) = 
1
2

e−2t +
1
2

e−4t

MATLAB Solution:

>> f=(s+3)/(s+2)/(s+4)
f =
(s+3)/(s+2)/(s+4)
>> pretty(ilaplace(f))

exp(-3 t) cosh(t)
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400 Road Vehicle Dynamics

b)
 

F
s

a
s

a
s

a
s2FF 1 2a 33

2 4s
( )s

( )1s
( )s 2 ( )3s

=
2 s

= +1

+
+

where
 

a
s

1
0

3= =
=

( )1s
( )s 2+ 2 ( )s 4s

3/8

a
s

s
2

2

3= = +
=−22

( )1s
( )s 4+

3/4//

a
s

s
3

4

3= = +
=−44

( )1s
( )s 2+

9/8

F2(s) can be written as

F
s s2FF

3
8

1 3
4

1
2

9
8

1
4

( )s = +
+

+
+s

The inverse Laplace transform of F2(s) is

f s e e te2ff 2 4t e
3
8

3
4

9
8

( )s = + −22t

MATLAB Solution:

>> f=(3*s+3)/(s^2+2*s)/(s+3)
f =
(3*s+3)/(s^2+2*s)/(s+3)
>> pretty(ilaplace(f))

                      1/2 - 2 exp(-3 t) + 3/2 exp(-2 t)

EXAMPLE C.48

Find the inverse Laplace transform of

F
s

s
( )s

( )s
= +2

2 2(s

3 5s +s

ss

Solution:

F
s

s
( )s

( )s
= +2

2 2(s

3 5s +s

ss
(1)

We note that the quadratic term in the denominator involves a pair of complex conju-
gate roots. Hence, we can expand F(s) into the following partial-fraction form:

 

F
a

s

a
s

bs c

s
( )s = + + +

+
1
2

2
2 2 5s +s  

(2)

The coeffi cient a1 is obtained as follows:

a
s

s
s

1

2

2
0

3 5s

2 5s
1= + 3s

+ 2s
=

=
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 Laplace Transforms 401

Hence,

 

F
s

a
s

bs c

s

s s

( )s

( )a b ( )a c (

= + + +
+

= +s)b a +

1

2 5s +s2
2

2

2
3

2
2 2 522 52

2 2

+5a s22

s2

)

( )2 52 + 2s  

(3)

Now, equating the corresponding coeffi cients in the numerators of Eqs. (1) and (3), 
respectively, we get

        a2 + b = 0

 1 + 2a2 + c = 1 (4)

       2 + 5a2 = 3

From Eq. (4), we get
 a2 = 1/5

b = −1/5

c = −2/5

Therefore,

F
s s

s

s

s
s

( )s

( )s

= + +
− −s

+

= + +
− (s −

1 1
5

1
1
5

2
5

2 5s +s

1 1
5

1
5

1

2 2s s
+ +

5

2

5 255
2

22 22

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

×

( )1+ 1

Hence, the inverse Laplace transform of F(s) gives

f t t e tt tt( )t cos st e tt e in= t te cos t−t1
5

1
5

1
10

2

MATLAB Solution:

>> syms F s
F=((s^2)+(3*s)+5)/(s^2*(s^2+(2*s)+5));
ilaplace(F)

ans =

1/5+t-1/10*exp(-t)*(2*cos(2*t)+sin(2*t))

EXAMPLE C.49

Find the inverse Laplace transform of the following functions:

a)
 

F
s

1FF
2

5 1s
( )s =

b)
 

F2FF
2

6 3s
( )s

( )s 1 ( )s 2
=

1 s
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402 Road Vehicle Dynamics

Solution: 

a) F
s s s

1FF
2 2s s

5 1s 5 1
( )s = = +

The inverse Laplace transform of F1(s) is

f1(s) = 5 + t

MATLAB Solution:

>> f=(5*s+1)/s^2
f =
(5*s+1)/s^2
>> pretty(ilaplace(f))

                     t + 5

b) F
a b

2FF
2

2
2

16 3s
2

( )s
( )s 1 ( )s 2 ( )s 1 ( )s 2s( )2

=
1 s

= + +2
2

b

where a

b 9

b

2

1

= = −

= +

=−

=−

6 3+
3

6 3+

6

2
1

2−

d
ds

s

s

s

( )+ 2s

( )+ 1s

33 6

6 2
2

2
2

( )1
( )1 ( )6 3

( )1

(

)1 (6

s s

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= )1)1

= +22
=−22 =−22

1 611 3 6 9
1

3
2

) [ ( )2 ]

( )1

6( 22 = −6 =

F2(s) can now be written as

F
s

( )s
( )s ( )s

= −
+

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ +3
1

1
9

1
3

1
2

The inverse Laplace transform of F2(s) is

f2(t) = −3e−t + 9te−2t + 3e−2t

MATLAB Solution:

>> f=(6*s+3)/(s+1)/(s+2)^2
f =
(6*s+3)/(s+1)/(s+2)^2
>> pretty(ilaplace(f))
 
                  3 (3 t + 1) exp(-2 t) - 3 exp(-t)
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 Laplace Transforms 403

EXAMPLE C.50

Find the inverse Laplace transform of the function

F( )s
( )s ( )s

= 1

()) (s2

Solution:

F( )s
( )s ( )s

= 1

()) (s2

L L
s s

−L LL L −
+

+ +
+

⎡
⎣
⎢
⎣⎣

⎤
⎦
⎥
⎦⎦

⎡
⎣
⎢
⎡⎡
⎣⎣

⎤1
2

1
2

1
2

1

1

1 1

2( )s + 1 ( )s 2+s ( )s + 1 ⎦⎦
⎥
⎤⎤
⎦⎦⎦⎦

= −
+

⎡

⎣
⎢
⎣⎣

⎤

⎦
⎥
⎦⎦

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤− −L−

s
L L−

s
1 1⎡⎡⎡ ⎤⎤⎤1

⎢ ⎥ + −
⎢ ⎥ L−

2
11

1
1 1

2( )+s 1 ⎦⎦
⎥
⎤⎤

⎦⎦⎦⎦

= −e−t + te−t + e−2t

MATLAB Solution:

>> F=1/((s+1)^2*(s+2));
>> ilaplace(F)
 
ans =
 
exp(-2*t)+(t-1)*exp(-t)

EXAMPLE C.51

Find the inverse Laplace transform of

F
s

s
( )s

( )s
= +s2 3s + 32

Solution:

F
s

s s s
( )s

( )s ( )s
= +s = +

+
+2 3s + 3

2
1

1
32

 
= +

+
+ −

+
= −

+
+2

1
1

3 3
1

2
2

1
3

s s+ 1 s s+ 1 s

The inverse Laplace transform of F(s) is

f(t) = 2δ(t) − 2e−t + 3

MATLAB Solution:

>> f=(2*s^2+3*s+3)/(s*(s+1))
f =
(2*s^2+3*s+3)/s/(s+1)
>> pretty(ilaplace(f))
 
                   2 dirac(t) + 3 - 2 exp(-t)

SIBK002_AppC_367-418.indd   403SIBK002_AppC_367-418.indd   403 3/8/10   2:19:27 PM3/8/10   2:19:27 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



404 Road Vehicle Dynamics

EXAMPLE C.52

Find the inverse Laplace transform of

 F
s

( )s
( )s ( )

= + 5
)(s)(s

Solution:

The partial-fraction expansion of F(s) is

F
s a

s
a

( )s
( )s ( )

= + =
+

+5
)(s)(s 2 3s +

1 2a+

where a1 and a2 are found from

ak k
B

A
S PkPP

= ⎡
⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

( )s pk+
( )s

( )s

a
s s

s
s s

1
2

5 5
3

+⎡

⎣
⎢⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= +

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦ =−

( )s 2+s
( )s 2+ 2 ( )3ss

22−

3=

a
s
s

s s
2

3

5
2

⎡

⎣
⎢⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= +

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
( )s 3+s

( )s 5+
( )s 2+ 2 ( )3ss =−==

= −
3

2−

Hence, f t L s L
s

L
s

( )t [ (F(F )]s= L (F
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+ −

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
LL −LL1 1s L[ (F )] −LL(F 13

2
2−

3

= 3e−2t − 2e−3t  t ≥ 0 

MATLAB Solution:

>> syms F s
F=(s+5)/((s+2)*(s+3));
ilaplace(F)
 
ans =

3*exp(-2*t)-2*exp(-3*t)

EXAMPLE C.53

Find the inverse Laplace transform of

F
s

s
( )s = +s7 5s + 82

2

Solution:

F
s

s s s
( )s = +s = + +7 5s + 8

7
5 82

2 2s s
+ +7
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 Laplace Transforms 405

The inverse Laplace transform of F(s) is

f(t) = 7δ(t) + 5 + 8t

MATLAB Solution:

>> f=(7*s^2+5*s+8)/(s^2)
f =
(7*s^2+5*s+8)/s^2
>> pretty(ilaplace(f))
 
                7 dirac(t) + 5 + 8 t

EXAMPLE C.54

Obtain the inverse Laplace transform of

G
s

( )s
( )s ( )

=
3 2+ 6 1s +s2s 1 6s +

)(s)(s

Solution:

We note here that the degree of the numerator polynomial is higher than that of the 
denominator polynomial. Therefore, we divide numerator by the denominator.

 
G

s
( )s ( )s

( )s ( )
= (s + + 5

)(s)(s
 (1)

Now, the Laplace transform of the unit-impulse function δ(t) is 1 and the Laplace trans-
form of dδ(t)/dt is s. The second term of Eq. (1) on the right-hand side is F(s) in C.25. 
Hence, the inverse Laplace transform of G(s) is given by

g(t) = 
d
dt

(δ(t)) + δ(t) + 3e−2t − 2e−3t      t ≥ 0−

MATLAB Solution:

>> syms F s
F=((s^3)+(6*s^2)+(11*s)+6)/((s+2)*(s+3));
ilaplace(F)
 
ans =
 
dirac(1,t)+dirac(t)

EXAMPLE C.55

Find the inverse Laplace transform of F
s

s s
( )s = −

+
1

4 1+s 32
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406 Road Vehicle Dynamics

Solution:

F
s

s s

s

s s
( )s = − = +

+
1

1+s 3

2 1−
4 1+s 32 2s+ 4 1+s 3

= + −s 2

+
3

3+
1
32 23++ 2 23+( )+s + 2 ( )+s 2

Hence, f(t) = e−2t cos 3t −
 

1
3

e−2t sin 3t

MATLAB Solution:

>> f=(s-1)/(s^2+4*s+13)
f =
(s-1)/(s^2+4*s+13)
>> pretty(ilaplace(f))
 
               exp(-2 t) cos(3 t) - exp(-2 t) sin(3 t)

EXAMPLE C.56

Find the inverse Laplace transform of the following function

F
s

( )s
( )s ( )s

= +2

2

9 1s +s 9

ss

Solution:

F
s s

( )s
( )s ( )s ( )s ( )s (

= + = +2

2

29 1s +s 9

ss

9 1s +s 9
)()(s ss + 4)

 
=

+
+ +

+
A

s
B

s
C

s1 2+s 4

 

A
s

s

= + =
=−

2

1

9 1s +s 9
11 3

( )s + 2 ( )s 4+s
/

 

B
s

s

= + = −
=−

2

2−

9 1s +s 9
5 2

( )s + 1 ( )s 4+s
/

 

C
s

s

= + = −
=−

2

4−−

9 1s +s 9
1 6

( )s + 1 ( )s 2+s
/

Hence, F( )s
( ) ( )s ( )

= − −11
3(s

5
2(s

1
6(s

From Laplace transform table (Table 3.1), we have

f t e e et te t( )t = e −−t11
3

5
2

1
6

2 4et −−1
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 Laplace Transforms 407

MATLAB Solution:

>> syms F s
F=((s^2)+(9*s)+19)/(((s^2)+(3*s)+2)*(s+4));
ilaplace(F)

ans =

-1/6*exp(-4*t)-5/2*exp(-2*t)+11/3*exp(-t)

EXAMPLE C.57

Find the inverse Laplace transform of

F
s

s
( )s

( )s
= +2

2

7 8s +s

Solution:

 
F

s

s

a

s

c
s

( )s
( )s

= + = + +
+

2

2 2s( )s

7 8s +s
2

b
s

a
s

s
s

= +
+

=
=

2

0

7 8s +s
2

4

b = =
=

( )+ ( )+ ( )+

( )+

)+ (

s

)( −) ( ++
2

3 2
2

0

/

c
s

s
s

= + = = − = −
=−

2

2
2−

7 8s +s 4 1− 4 8+
4

2−
4

1 2/

Hence,
 

F
s s s

( )s = + −
+

4 3
2

1 1
2

1
22

The inverse Laplace transform of F(s) is

f t t e t( )t t= −4
3
2

1
2

2−

MATLAB Solution:

>> f=(s^2+7*s+8)/(s^2*(s+2))
f =
(s^2+7*s+8)/s^2/(s+2)
>> pretty(ilaplace(f))

                 4 t + exp(-t) (cosh(t) + 2 sinh(t))

EXAMPLE C.58

Find the inverse Laplace transform of

  
F

s

s
( )s =

+
2 1s + 2

6 1s +s 32
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408 Road Vehicle Dynamics

Solution:

The denominator of F(s) can be factored as 

s2 + 6s + 13 = (s + 3 + j2)(s + 3 − j2)

The roots of the denominator are complex conjugates. Therefore, we can expand F(s) 
into the sum of a damped sine and a damped cosine function.

Now, s2 + 6s + 13 = (s + 3)2 + 22 and referring to the Laplace transforms of e−αt sin ωt 
and e−αt cos ωt, we have

L[e ]t =αtt ω
ω+

i
( )+ α

]]
2 2+ ω+

L[e ]t = +αt α
ω+( )+ α

s
2 2+ ω+

Hence, F(s) can be written as a sum of a damped sine and a damped cosine function as

F
s

s
( )s

( )s

( )s
= = +2 1s + 2

6 1s +s 32 2( )s+ 6 1+s 3 2

10 2((s

2) +)2))

 
= + +

5
2

2+
2

1

2+2 22+ 2 22+( )+ 3 ( )+ 3

s

It follows that

 
f t L s L L

s

s
( )t [ (F(F )]

( )s (
s= L (F

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+ +

LL −LL1 1s L[ (F )]s(F −LL(F
2 2

12

2) +)2 +
2

1

+++
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦3 2−2 22)

 = 5e−3t sin 2t + 2e−3t cos 2t  t ≥ 0

MATLAB Solution:

>> syms F s
F=((2*s)+12)/((s^2)+(6*s)+13);
ilaplace(F)
 
ans =
 
exp(-3*t)*(2*cos(2*t)+3*sin(2*t))

EXAMPLE C.59

Find the inverse Laplace transform of

F( )s
( )s ( )

= 3 5s +
(s)) (s2

Solution:

F
a b c

( )s
( )s ( ) ( )s ( )s

= = + +3 5s +
(s)) s 3s) +2 2( ) ( )s((s
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 Laplace Transforms 409

where a
s

s

=
+

= − = −
=−

3 5s +
3

1
1

1
2−

b
s

= = =
=−

( )s + ( ) ( )

( )s +
( ))( s + 3 − (−

1
4

2
2−

c
s

= = − = −
=−

3 5s + 9 5+
12

4
2

3
( )s + 2

Therefore,

F
s

( )s
( )s

= − +
+

−
+

1
1

4
1

22

4

3s

The inverse Laplace transform of F(s) is

f(t) = −t e−2t + 4 e−2t − 4 e−3t

MATLAB Solution:

>> f=(3*s+5)/((s+2)^2*(s+3))
f =
(3*s+5)/(s+2)^2/(s+3)
>> pretty(ilaplace(f))

                   (4 - t) exp(-2 t) - 4 exp(-3 t)

EXAMPLE C.60

Find the inverse Laplace transform of

F
s

( )s
( )s

= 1
2 2

Solution:

F
s s

s

s
( )s

( )s
= = −

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1 1 1
2 2 2s s2 ⎝⎝⎝ 2ω) ω

 
= −

+
1 1 1

2 2 2 2+ω ω2 ω
s

s

Therefore, the inverse Laplace transform of F(s) is given by

f(t) = L−1[F(s)] =
 

1
2ω

(1 − cos ωt)  t ≥ 0

MATLAB Solution:

>> syms F s w
F=(1)/(s*((s^2)+(w^2)));
ilaplace(F)
ans =
1/w^2*(-cos(w*t)+1)
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410 Road Vehicle Dynamics

EXAMPLE C.61

Find the inverse Laplace transform of

F
s

( )s
( )s

= 1
2 2(s 2

Solution:

F
s

( )s
( )s

= −=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1 1⎛ 1 1⎞
2 2(s 2 2) ⎝⎝⎝ 2 2+ 2ωs s) +⎝⎝⎝ 2s) ⎝⎝⎝ 2 + ω

The inverse Laplace transform of F(s) is

f t t t( )t sit=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1 1⎛
2ω ω

ω

MATLAB Solution:

>> syms s w
>> f=1/(s^2*(s^2+w^2))

f =

1/s^2/(s^2+w^2)

>> ilaplace(f)

ans =

-1/w^3*sin(w*t)+1/w^2*t

EXAMPLE C.62

Find the solution x(t) of the differential equation

��x + 6 �x + 13x = 3, x(0) = 0, �x(0) = 0

Solution:

Note that L[3] = 3/s, x(0) = 0, and �x(0) = 0. The Laplace transform of the differential 
equation becomes

 s2X(s) + 6sX(s) + 13X(s) = 3/s (1)

Solving Eq. (1) for X(s), we get

X
s s

s

s
( )s

( )s
= = − +

+
3

ss

3
13

1 3
13

6

6 1s +s 32 2s s)s 13 13

 
= − − +3

13
1 3

78
6

2+
3

13
5

2+2 22+ 2 22+s
s

( )+ 3s ( )+ 3s
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 Laplace Transforms 411

Hence, the inverse Laplace transform is given by

 x(t) = L−1[X(s)]

= −
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
− +−3

13
3

78
6

2+
3

13
51 1−3

2 22+
1sL−1 L− L− s

s
[111 ]

( )+ 3s ( +++
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦2+3 2 22+)

or
 

x e t( )t n ct e= − te
3

13
9
26

3
13

2 0t t ≥t t3 3t ttt eeet
3

MATLAB Solution:

>> dsolve(‘D2x=-6*Dx-13*x+3,x(0)=0,Dx(0)=0’)

ans =

-9/26*exp(-3*t)*sin(2*t)-3/13*exp(-3*t)*cos(2*t)+3/13

EXAMPLE C.63

Find the solution x(t) of the differential equation

��x + 9x = 0, x(0) = 3, x(� )0  = 0

Solution:

The Laplace transform of the given differential equation is

[s2X(s) − sX(0) − x(� )0 ] + 9X(s) = 0

Substituting the initial conditions, we get

(s2 + 9)X(s) = 3s

or X
s

s

s

s
( )s =

+
=

+
3

9

3

32 2s+ 9 2

The inverse Laplace transform of X(s) is

x(t) = 3 cos 3t

MATLAB Solution:

>> dsolve(‘D2x+9*x=0’,’x(0)=3’,’Dx(0)=0’)
ans =
3*cos(3*t)

EXAMPLE C.64

Find the solution of the differential equation

dx
dt

 + bx = A sin ωt       x(0) = a

Solution:

 

dx
dt

 + bx = A sin ωt       x(0) = a (1)
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412 Road Vehicle Dynamics

Taking the Laplace transform on both sides of Eq. (1), we get

[ ( ) ( )] ( )s) bX A)
s

+)](
+

0
2 2+

ω
ω

 (2)

or ( ) ( )X(
A

s
a=) )X(

+
+ω

ω2 2+ ω  
 (3)

Solving Eq. (3) for X(s), we get

X
A a

s b
( )s

( )s b ( )s
=

)b (s
+ω

2 2

=
+

−
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+A

b s b+
s b− a

s b+
ω
ω ω+⎣⎣⎣ s b+ s2 2+ ω 2 2+ ω+

1

= +
+

⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
+

a
A

b s b+
Ab

sb

ω
ω ω⎠⎠⎠ s b+ b +

ω
ω2 2+ ω 2 2++

2

2 2+ ω
1

  
−

+
A

b

sω
ω ω+s2 2+ 2 2+ ω+

Hence, the inverse Laplace transform of X(s) is

x L s a
A

b
e

Ab

b
tbt( )t [ (X )])] sin= L s(X +

+
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+−1LL
ω
ω ωb⎠⎠⎠ +

ωt
2 2+ ω 2 2+ ω+

−
+

A

b

ω
ω

ω
2 2+ ω

cos tωω t 0≥

MATLAB Solution:

>> syms a b A w
>> dsolve(‘Dx=-b*x+A*sin(w*t),x(0)=a’)

ans =

exp(-b*t)*(a+1/(b^2+w^2)*A*w)+A*(-cos(w*t)*w+sin(w*t)*b)/
(b^2+w^2)

EXAMPLE C.65

Find the solution x(t) of the differential equation

��x + ωn
2x = t,  x(0) = 0,  x(� )0  = 0

Solution:

��x + ωn
2x = t,  x(0) = 0,  x(� )0  = 0

The Laplace transform of the differential equation is

s X X
s

n
2 2X

2

1
( )ss ( )s( ) =X( )sω
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 Laplace Transforms 413

Solving for X(s), we get

X
s n n n

( )s
(s n

= = −
⎛
⎝⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1 1⎛ 1 1⎞
2 2(s 2 2) ⎝⎝⎝ 2 2+ 2ωs ss s +)n ⎝⎝⎝ 2s) ⎝⎝⎝ 2 + ω

The inverse Laplace transform of X(s) is

x t t
n n

n( )t sit=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1 1⎛
2ω ω

ω

MATLAB Solution:

>> dsolve(‘D2x+w^2*x=t’,’x(0)=0’,’Dx(0)=0’)
ans =
-sin(w*t)/w^3+1/w^2*t

EXAMPLE C.66

Find the solution x(t) of the differential equation

��x + 5 �x + 6x = 0,  x(0) = a,  �x (0) = b

where a and b are constants.

Solution:

Writing the Laplace transform of x(t) as X(s), we have

 L[x(t)] = X(s)

 L[ �x ] = sX(s) − x(0) (1)

 L[ ��x ] = s2X(s) − sx(0) − �x (0)

Hence, the Laplace transform of the given differential equation is

 [s2X(s) − sX(0) − �x (0)] + 5[sX(s) − x(0)] + 6X(s) = 0 (2)

Substituting the given initial conditions in Eq. (2), we obtain

 [s2X(s) – as – b] + 5[sX(s) – a] + 6X(s) = 0 (3)

or (s2 + 5s + 6)X(s) = as + b + 5a (4)

Solving Eq. (4), we get

X
as b a

s

as b a
s

( )s
( )s ( )

( )a b
(

= + b

+
= + b =

+5 6s +s )(s)(s2 22)
( )2
( )3

−

The inverse Laplace transform of X(s) is

x L s L
a b
s

L
a b
s

( )t [ (X(X )]s= L (X
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
−

+
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
LL −LL1 1s L[ (X )] −LL(X 13

2
2

3 ⎥⎥
⎤⎤⎤⎤

⎦⎦⎦⎦
 = (3a + b)e−2t − (2a + b)e−3t     t ≥ 0
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414 Road Vehicle Dynamics

EXAMPLE C.67

Find the solution of the differential equation

d y

dt

2

2 + y = t         with y(0) = 1 and �y(0) = 0

Solution:

Applying the Laplace transform to the given differential equation, we get

s2Y(s) − sy(0) − �y(0) + Y(s) = 1/s2

Using the initial conditions, we get

s2Y(s) − s + Y(s) = 1/s2

or
 

Y
s

s

s
( )s

( )s
= +1

1s) +2 2(s 2

Form Laplace transform Table 3.1, we obtain

y(t) = L−1[Y(s)] = t − sin t + cos t

MATLAB Solution:

>> dsolve(‘D2y/=-y+t,y(0)=1,Dy(0)=0’)
 
ans =
 
-sin(t)+cos(t)+t

EXAMPLE C.68

Find the solution of the differential equation

d y

dt

dy
dt

y u
2

2
5 4

dy+ 5
y

( )t

with y(0) = �y(0) = 0 and u(t) = 2 e–2t 1(t)

Solution:

Taking Laplace transform of both sides, we get

s Y Y
s

2 5 4sY5 Y
2

2
( )s ( )s( ) ( )s+ 5sY s =

+

or Y( )s
( )s ( )s ( )s

= 2
1)( )(s)(s

The partial-fraction expansion gives

Y
s s s

( )s = −
+

+
+

+
+

1
2

2
3

1

1
3

4

Hence, y e e e t( )t ( )t .= − +e te
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

−1
2
3

1
3

12 4et t +te− t 2 1
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 Laplace Transforms 415

EXAMPLE C.69

Find the solution of the differential equation

d y

dt

dy
dt

y et
2

2
4 3

dy+ 4
y

The initial conditions are y(0) = 0 and �y(0) = 2.

Solution:

Taking Laplace transform, we get

L
d y

dt
dy d y et

2

2
4L dt

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
dt+ 4L[ ydydddy ] (L3 ) [L ]

Let L[y](s) = Y(s) and with the initial conditions, we obtain

L
d y

dt

2

2

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
 = s2Y(s) − sy(0) − �y (0) = s2Y(s) − 2

 

and L dy
dt

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
 = sY(s) − y(0) = sY(s)

Now, L[et] = 1/s−1

Therefore,

s Y sY Y
s

2 2 4 3
1

1
( )s ( )s ( )s2 + =Y3 )s

−

or  Y
s A

s
B

s
C

s
( )s

( )s ( )s s
= =

−
+ +

+
2 1s −

)()(s 1 1s + 32
 

or  A(s + 1)(s + 3) + B(s −1)(s + 3) + C(s − 1)(s + 1) = 2s − 1 

If s = 1, then 8A = 1 or A = 1/8, for s = −1, –4B = −3 or B = 3/4 when s = −3 we get C 
= −7 or C = −7/8 

Hence, 
 
Y

s s
( )s = + −

++
1
8

1
1

3
4

7
8

1
3

1

1

From Laplace transform tables, we have

y L s e e e t( )t [ (Y )]s= L (Y + eLL 1 3s e et t[ (Y )]s(Y + e tet(Y )] −1
8

3
4

7
8

MATLAB Solution:

>> syms t
>> dsolve(‘D2y=-4*Dy-3*y+exp(t),y(0)=0,Dy(0)=2’)
 
ans =
 
-7/8*exp(-3*t)+3/4*exp(-t)+1/8*exp(t)
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416 Road Vehicle Dynamics

EXAMPLE C.70

Find the solution of the differential equation

d y

dt

2

2 + y = t     y(0) = 1 and �y(0) = −1

Solution:

L[ ��y (t) + y(t) = t] gives

s2Y(s) − s + 1 + Y(s) = 
1
2s

or  Y
s s

s

A
s

B

s

C
s j

D
s j

( )s
( )s

= +s = + + +
3 2s
2 2(s 2

1

we obtain

A j
1
2

1
2

aj ndaa D = ++ j

Hence,
 

y t j e j ejt jt( )t = t
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1
2

1
2

 = (t + cos t + 2j sin t) 1(t)

MATLAB Solution:

>> syms t
>> dsolve(‘D2y=-y+t,y(0)=1,Dy(0)=-1’)
 
ans =
 
-2*sin(t)+cos(t)+t

EXAMPLE C.71

Find the solution of the differential equation

d y

dt

dy
dt

y a y b
2

2
3 2

dy
0 a+ 3

y
( ) , (yy

where a and b are constants.

Solution:

Let L[y(t)] = Y(s)

then L[ẏ] = sY(s) − y(0)

 L[ẏ] = s2Y(s) − sy(0) − ẏ(0)

Hence, the Laplace transform of the differential equation is

[s2Y(s) − sy(0) − ẏ(0)] + 3[sY(s) − y(0)] + 2Y(s) = 0
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 Laplace Transforms 417

Substituting the initial conditions, we get

[s2Y(s) − as − b] + 3[sY(s) − a] + 2Y(s) = 0

or (s2 + 3s + 2)Y(s) = as + b + 3a

or Y
as b a

s

as b a
( )s

( )s ( )s
= + b

+
+ + b

3 2s +s )()(s2
 

  
=

+
−2

1 2+
a b+
s

a b+
s

Hence, the inverse Laplace transform of Y(s) gives

y L s L
a b
s

L
a b
s

( )t [ (Y(Y )]s= L (Y
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
LL −LL1 1s L[ (Y )] −LL(Y 12

1 2s⎦⎦⎦ +⎣⎣⎣

 = (2a + b)e−t − (a + b)e−2t  t ≥ 0

MATLAB Solution:

>> syms a b
>> dsolve(‘D2y=-3*Dy-2*y,y(0)=a,Dy(0)=b’)
 
ans =
 
(-b-a)*exp(-2*t)+(2*a+b)*exp(-t)

EXAMPLE C.72

Find the solution x(t) of the differential equation

2ẍ + 2ẍ + x = 1  x(0) = 0, ẋ(0) = 3

Solution:

2ẍ + 2ẍ + x = 1  x(0) = 0, ẋ(0) = 3

The Laplace transform of this differential equation is

2[s2X(s) − sX(0) − ẋ(0)] + 2[sX(s) − x(0)] + X(s) =
 

1
s

Substituting the initial conditions, we get

2[s2X(s) − 3] + 2[sX(s)] + X(s) = 
1
s

or (2s2 + 2s + 1)X(s) = 3 + 
1
s

Hence,     X
s s s s

( )s
( )s s ( )s s

=
s

=
+s

+
s

3 1s +
s

3

2s + 1

1

s2 2)s 2s 2

 
= +

+ +
1 5

5 52 25 2

0 5

0 0( .+ 0 ) .+ 02 + 0 [( . )5 . ]25s s[(

 
= + −1 0

5 5

1 5 0

52 25 2

. (5 . )5

( .+ 0 ) .+ 02 + 0

( .0+ ) (+ . )5

( .+ 0 )s ++ 0 52
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418 Road Vehicle Dynamics

MATLAB Solution:

>> dsolve(‘2*D2x=-2*Dx-x+1,x(0)=0,Dx(0)=3’)

ans =

5*exp(-1/2*t)*sin(1/2*t)-exp(-1/2*t)*cos(1/2*t)+1

EXAMPLE C.73

Find the solution x(t) of the differential equation

ẍ + x = sin 5t  x(0) = 0, ẋ (0) = 0

Solution:

The Laplace transform of the given differential equation

ẍ + x = sin 5t

is
 

s X X
s

2
2 2

5

5
( )s ( )s( ) =X( )s

+
 (1)

Solving Eq. (1) for X(s), we obtain

X
s s

( )s
( )s ( )

= =
+

−
+

5

(ss

5
24

1

1

1
24

5

52 2)()()(s 2 2s) 24 2 2+ 5

The inverse Laplace transform of X(s) gives

x t t( )t sin st i= sin t
5
24

1
24

5

MATLAB Solution:

>> syms t
>> dsolve(‘D2x=-x+sin(5*t),x(0)=0,Dx(0)=0’)
 
ans =
 
5/24*sin(t)-1/24*sin(5*t)
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Appendix D

Glossary of Terms

PROBLEM D.1

Defi ne the following terms:

a) Accident reconstruction

b) Amplitude ratio

c) Angular impulse

d) Beats

e) Braking traction coeffi cient

f ) Centrifugal force

Solution:

a) Accident reconstruction: 
 Accident reconstruction is a procedure carried out with the specifi c purpose of 

estimating, in both qualitative and quantitative manner, how an accident occurred 
using engineering, scientifi c, and mathematical principles based on evidence 
obtained through accident investigation.

b) Amplitude ratio:
 Amplitude ratio or magnifi cation factor is the ratio of the maximum force developed in 

the spring of a mass-spring-dashpot system to the maximum value of the exciting force.

c) Angular impulse:
 The angular impulse of a constant torque T acting for a time t is the product Tt. 

SIBK002_AppD_419_426.indd   419SIBK002_AppD_419_426.indd   419 3/8/10   9:05:52 AM3/8/10   9:05:52 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



420 Road Vehicle Dynamics

d) Beats:
 Beats are periodic variations that result from the superposition of two simple har-

monic quantities of different frequencies.

e) Braking traction coeffi cient:
 The maximum of the braking force coeffi cient can be reached without locking a 

wheel on a given tire and road surface for a given environmental and operating 
condition.

f ) Centrifugal force:
 Centrigugal force is the force of a body in motion that tends to keep it continuing 

in the same direction rather than following a curve path.

PROBLEM D.2

Defi ne the following terms:

a) Closing velocity

b) Collinear collision

c) Compliance steer

d) Cornering limit

e) Coulomb damping

f) Critical damping

Solution:

a) Closing velocity:
 Closing velocity refers to the magnitude of the relative velocity between two vehi-

cles at a given point in time as they approach each other; the magnitude of the rela-
tive velocity between two vehicles at the beginning of a crash; the vector difference 
between the velocity of the vehicle and the velocity/object struck immediately before 
the impact.

b) Collinear collision:
 Collision collision is a collision between two vehicles whose respective directions 

of travel are parallel to one another, either as a rear-end or head-on collision.

c) Compliance steer:
 Compliance steer is the change in steer angle of front or rear wheels resulting from 

compliance in suspension and steering linkages and produced by forces and/or 
moments applied at the tireroad contact.

d) Cornering limit:
 Cornering limit is the maximum vehicle lateral acceleration of a vehicle.

e) Coulomb damping:
 Coulomb damping is the damping that occurs as a result of dry friction, when two 

surfaces slide against each other.
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f ) Critical damping:
 Critical damping is the minimum amount of viscous damping required in a linear 

system to prevent the displacement of the system from passing the equilibrium 
position upon returning from an initial displacement.

PROBLEM D.3

Defi ne the following terms:

a) Drag factor

b) Dynamic index

c) Elastic collision

d) Equivalent barrier speed

e) Flip

f ) Force control

Solution:

a) Drag factor:
 Drag factor is an average, uniform (constant) value of a friction coeffi cient applied 

to a specifi c sliding event, such as when an object slides from an initial speed to 
stop over a distance, d, or during a speed change, delta V.

b) Dynamic index:
 (k2/ab ratio) is the square of the radius of gyration (k) of the sprung mass about a 

transverse axis through the center of gravity divided by the product of the two lon-
gitudinal distances (a and b) from the center of gravity to the front and rear wheel 
centers.

c) Elastic collision:
 Elastic collision is a collision between two bodies in which no permanent (plastic) 

deformation takes place and both momentum and kinetic energy are conserved.

d) Equivalent barrier speed:
 Equivalent barrier speed is reached when a vehicle velocity at which the kinetic energy 

of the vehicle equals the energy that was absorbed in plastic (permanent) deformation.

e) Flip:
 A fl ip is a sudden upward and downward movement off the ground when an object’s 

horizontal movement is obstructed below its center of mass by an obstacle on the 
surface supporting the object. The rotation during the fl ip is so rapid that the object 
normally lands upside down. Sometimes, also called vault.

f ) Force control:
 Force control is the mode of vehicle control wherein inputs or restraints are placed 

on the steering system in the form of forces independent of the displacement 
required.
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422 Road Vehicle Dynamics

PROBLEM D.4

Defi ne the following terms:

a) Free control

b) Friction

c) Furrow

d) Simple harmonic vibration

e) Impulse

f) Jackknife 

g) Lateral traction coeffi cient

Solution:

a) Free control:
 Free control is that mode of vehicle control wherein no restraints are placed on the 

steering system. This is a special case of force control.

b) Friction:
 Friction is the resistance to motion between two bodies in contact with each other.

c) Furrow:
 A Furros is a ditch dug by a tire, wheel, or body part sliding in a dirt or loose mate-

rial surface.

d) Simple harmonic vibration:
 Vibration at a point in a system is simple harmonic when the displacement with 

respect to time is described by a simple sine function.

e) Impulse:
 An impulse is a change in momentum that takes place along the principal direction 

of force (thrust) during a collision). Force multiplied by time.

f) Jackknife: 
 Jackknife refers to the behavior of a tractor-trailer system wherein the trailer center 

line assumes a large angle to the tractor center line.

g) Lateral traction coeffi cient: 
 The maximum value of lateral force coeffi cient can be reached on a free-rolling 

tire for a given road surface, environment, and operating condition.

PROBLEM D.5

Defi ne the following terms:

a) Logarithmic decrement

b) Mode of vibration
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c) Normal mode of vibration

d) Overturning moment

e) Point of impact

f) Resonance

g) Roll axis

h) Roll steer

Solution:

a) Logarithmic decrement:
 The rate of decay of amplitude expressed as the natural logarithm of the amplitude 

ratio is known as the logarithmic decrement.

b) Mode of vibration:
 In a system undergoing vibration, a mode of vibration is a characteristic pattern 

assumed by the system in which the motion of every particle is simple harmonic 
with the same frequency. Two or more modes may exist concurrently in a multiple 
degree of freedom system.

c) Normal mode of vibration:
 A normal mode of vibration is a mode of vibration that is uncoupled from (i.e., can 

exist independent of ) other modes of vibration of a system. When vibration of the 
system is defi ned as an eigenvalue problem, the normal modes are the eigenvector 
and the normal mode frequencies are the eigenvalues. The term “classical normal 
mode” is sometimes applied to the normal modes of a vibrating system character-
ized by vibration of each element of the system at the same frequency and phase. In 
general, classical normal modes exist only in systems having no damping or having 
particular types of damping.

d) Overturning moment:
 An overturning moment involves the component of the tire moment vector tend-

ing to rotate the tire about the X axis, positive clockwise when facing the positive 
direction of the X axis.

e) Point of impact:
 Point of impact is the point of intersection of the contact impulse and the intrave-

hicular contact surface during an impact.

f ) Resonance:
 Resonance is a forced vibration phenomenon that exists if any small change in 

the frequency of applied force causes a decrease in the amplitude of the vibrating 
system.

g) Roll axis:
 Roll axis is the line joining the front and rear roll centers.

h) Roll steer:
 Roll steer is the change in steer angle of front or rear wheels due to suspension roll.
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424 Road Vehicle Dynamics

PROBLEM D.6

Defi ne the following terms:

a) Rollover threshold

b) Scrub

c) Separation speed

d) Side slip angle

e) Sideswipe collision

f ) Slip skid

g) Spring stiffness

h) Statically coupled

Solution:

a) Rollover threshold:
 Rollover threshold is the lateral acceleration rate at which the vehicle will begin 

rotation about its longitudinal axis.

b) Scrub:
 Scrub are skid marks left by tires pushed sideways or kept from rotating by forces 

of a collision, indicating the movement of the tire during impact between the vehi-
cle and another vehicle or object.

c) Separation speed:
 Separation speed is the speed at the time of loss of contact of two vehicles in a col-

lision; it can refer to the speed of the centers of gravity or at the contact point.

d) Side slip angle (attitude angle):
 Slip slip angle is the angle between the traces on the X-Y plane of the vehicle x-axis 

and the vehicle velocity vector at some specifi ed point in the vehicle.

e) Sideswipe collision:
 Sideswipe collision is refers to a collision of a vehicle during which sliding (rela-

tive tangential motion) over the intervehicular contact surface does not end at or 
before separation.

f) Skip skid:
 A skid skid is a skid mark with short gaps, usually three feed or less from the tire bounc-

ing off the roadway due to a hole, bump, or object. Measured as one continuous skid.

g) Spring stiffness:
 A linear spring obeys a force-displacement law of F = kx, where k is called the 

spring stiffness or spring constant and has the dimensions of force of length, and x 
is the displacement of the spring.

h) Statically coupled:
 If an equation of motion contains cross product of coordinates, that equation of 

motion is statically coupled.

SIBK002_AppD_419_426.indd   424SIBK002_AppD_419_426.indd   424 3/8/10   9:05:52 AM3/8/10   9:05:52 AM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary
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PROBLEM D.7

Defi ne the following terms:

a) Static toe

b) Steady state vibration

c) Steering wheel torque

d) Swing center

e) Thump

f ) Tractive force

g) Transmissibility

h) Vehicle wheel base

i) Yaw rate

Solution:

a) Static toe:
 Static toe-in or static toe-out of a pair of wheels, at a specifi ed wheel load or relative position 

of the wheel center with respect to the sprung mass, is the difference in the transverse dis-
tances between the wheel planes, taken at the extreme rear and front points of the tire treads. 
When the distance at the rear is greater, the wheels are “toed-in” by this amount; and where 
smaller, the wheels are “toed-out.”

b) Steady state vibration:
 Steady state vibration exists in a system if the displacement at each point recurs for equal 

increments of time.

c) Steering wheel torque:
 Steering wheel torques is the torque applied to the steering wheel about its axis of 

rotation.

d) Swing center:
 The instantaneous center in the transverse vertical plane through any pair of wheel centers about 

which the wheel moves relative to the sprung mass is the swing center.

e) Thump:
 A thump is a periodic vibration and/or audible sound generated by the tire producing a 

pounding sensation, which is synchronous with wheel rotation.

f ) Tractive force:
 Tractive force is the component of the tire force vector in the direction of travel of the center 

of tire contact. Tractive force is equal to lateral force times sine of slip angle plus longitudi-
nal force times cosine of slip angle.

g) Transmissibility:
 Transmissibility in forced vibration is the ratio of the transmitted force to the applied 

force.
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426 Road Vehicle Dynamics

h) Vehicle wheel base:
 Vehicle wheel base refers to the characteristic length on which aerodynamic 

moment coeffi cients are based.

i) Yaw rate:
 Yaw rate is the angular velocity about the vertical axis.
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Appendix E

Direct Numerical 

Integration Methods

PROBLEM E.1  

Find the response of a viscously damped single degree of freedom system subjected to 
a force 

F(t)(( F 1 sin
t

toFF
o

−1= F
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

π

with the following data:

F N t , M 2.5 kg, C 0.3 Ns/m, and K 1.5 N/m.NNo oF NF , t =N toN t = =2 5 kg C =2 π

Assume the values of displacement and velocity of the mass at t = 0 to be zero. The 
values of the displacement and velocity of the mass at t = 0 are zero. Use the central 
difference method. Choose Δt = 0.01 s.

Solution:

This is a single degree of freedom system problem with all initial conditions zero. The 
following MATLAB program is executed to obtain the results.

MATLAB Program:

% INITIAL VALUES 
m=2.5;k=1.5;c=0.3;dt=0.01;
x0=0;x0d=0;
F0=2;
T=5;
x0dd=inv(m)*(F0-c*x0d-k*x0);
xprev=x0-(dt*x0d)+((dt^2)*x0dd/2);
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428 Road Vehicle Dynamics

a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
mbar=a0*m+a1*c;
   t=0;
   v(1)=x0d;a(1)=x0dd;
   i=1;
   for t=0:dt:T+dt
   X(i)=x0;   
   f=F0*(1-sin(0.5*t));
fbar=f+(a2*m-k)*x0+(a1*c-a0*m)*xprev;
   x=inv(mbar)*fbar;
   xprev=x0;
   x0=x;
   i=i+1;
   p=i;
   end
   for i=2:p-1
      if i<p-1
      v(i)=(X(i+1)-X(i-1))/(2*dt);
      a(i)=(X(i+1)-2*X(i)+X(i-1))/dt^2;
      end
   end
   fprintf(‘\ntime\t\tdisplacement\tvelocity\tacceleration\n’);  
   i=1;
   for t=0:dt:T
      fprintf(‘%f\t%f\t%f\t%f\n’,t,X(i),v(i),a(i));
      i=i+1;
   end
   t=[0:dt:T+dt];
   plot(t,X,’-p’);
xlabel(‘time(s)’);
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 Direct Numerical Integration Methods 429

PROBLEM E.2

Solve the equation of motion m &&x + kx = F(t), with initial conditions x(0) = x(& )0  = 0;  
the forcing function F(t) is shown in Figure E.2. Given m = 4 kg, and k = 2000 N/m. 
Use central difference method.

t
0.2 0.1

100100 
NF(t)

Solution:

Given initial conditions are x( ) x 0x =x .1 1xx&

General central difference formula is:

xi+1 = 2xi − xi−1 + h2 . f(xi, ti),  for i ≥ 2

For the given system, undamped natural frequency and the natural period are given by 

ωn
k
m

= = =2000
4

22.36 rad/s

and period τ π
ωn

n

= =2
0 81. s81

According to the rule h ≤ τn/10, and for convenience of representing F(t), choosing 
h = 0.02 s. 

From the differential equation: 

&&x F&& x⎡⎣⎡⎡ ⎤⎦⎤⎤f ( ,(( t)
1
4

500( )t

Noting that  F(t) = 100, 0 ≤ t ≤ 0.1

 = 80, t = 0.12

 = 60, t = 0.14

 = 40, t = 0.16

 = 20, t = 0.18

 = 0,  t ≥ 0.20

When i = 1, 

x x
h

f2 1x 1

2

1

2

02
2

0 02
2

250xx 2 =x1 × =25(00 ) (x h x
h

f1x 1 2
= + ⋅h + f , )t)tt 0.005

Figure E.2
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430 Road Vehicle Dynamics

When i ≥ 2,

x3 = x(0.04) = 2x2 − x1 + h2 . f (x2, t2) = 0.005 − 0 + (0.02)2 . [25 − 500 × 0.005]

 = 0.019

 x4 = x(0.06) = 2x3 − x2 + h2 . f (x2, t2) 

 = 2 × 0.019 − 0.005 + (0.02)2 . [25 − 500 × 0.019]

 = 0.0392

 x5 = x(0.08) = 2x4 − x3 + h2. f(x4, t4) = 0.0615

 x6 = x(0.10) = 2x5 − x4 + h2. f(x5, t5) = 0.0815

 x7 = x(0.12) = 2x6 − x5 + h2. f(x6, t6) = 0.0932

The values of the response xi obtained are shown in Table E.2.

TABLE E.2

Time (ti) Response (Xi)

0.00 0.000

0.02 0.005

0.04 0.019

0.06 0.0392

0.08 0.0615

0.10 0.0815

0.12 0.0932

PROBLEM E.3

Find the free vibratory response of an undamped single degree of freedom system with 
m = 1 and k = 1 using the central difference method. Assuming xo = 0 and ẋo = 1. 

Solution:

The equation of motion of the system is ẍ + x = 0. Central difference solution is xi+1 = (Δt)2

2
1

1
2 2

1 1
( ) ( )2) (

x xi i2
x−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬ = –− [ ( tΔΔ ) ]tt 2 x xi i 1

For x0 = 0 and ẋo =1, x−1 = −Δt

With Δt = 0.5, xi+1 = 1.75 xi − xi−1 

The results for x−1 = −0.5 and x0 = 0 are shown in Table E.3.

TABLE E.3

Time (t) x(t)

0 0

0.5 0.5

1 0.875

1.5 1.0313

2.0 0.9297

2.5 0.5957

3 0.1128

3.5 −0.3983
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PROBLEM E.4

Find the free vibratory response of a viscously damped single degree of freedom system with 
m = k = c = 1, using the central difference method. Assume x0 = 0, �xo = 1 and Δt = 0.5.

Solution:

Here, xi+1 = 0.2(7xi − 3xi−1)

ẍ0 = −1, x−1 = −0.625. Since τn = 2π/ωn = 2π s. See Table E.4 for the response.

TABLE E.4

i+1 xi xi − 1 xi + 1

1 0 −0.625 0.375

2 0.375 0 0.525

3 0.525 0.375 0.51

4 0.51 0.525 0.399

5 0.399 0.51 0.2526

6 0.2526 0.399 0.1142

7 0.1142 0.2526 0.008376

8  0.00837 0.1142 −0.0568

9 −0.0568 0.00837 −0.08457

PROBLEM E.5

Find the solution of the equation 4��x + 2 �x + 3000x = F(t), where F(t) is as shown in 
Fig. E.5 for the duration 0 ≤ t ≤ 1. Assume zero initial conditions and Δt = 0.05.

t
0.6 0.2

200200 
NF(t)

Solution:

The natural frequency of the system is ωn = 
3000

4  
= 27.38. The natural period is 

τn = 2π/ωn = 0.2294, hence, Δt = 0.05.

x x Fi iFF= x −i ixx
1

1620
1580[ xixiixix200 ]

where 

 F(t) = 200, 0 ≤ t ≤ 0.2,

  = −500t + 300, 0.2 ≤ t ≤ 0.6

  ẍ0 = 50, x−1 = 0.0625

Figure E.5
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432 Road Vehicle Dynamics

TABLE E.5

i + 1 ti Fi = F(ti) xi xi − 1 xi + 1

  1 0 200 0 0.0625 0.0625

  2 0.05 200 0.0625 0 0.3111

  3 0.1 200 0.3111 0.0625 0.07869

  4 0.15 200 0.07869 0.1311 0.00523

  5 0.2 200 0.00523 0.07869 0.04735

  6 0.25 175 0.04735 0.00523 0.1087

  7 0.30 150 0.1087 0.04735 0.05983

  8 0.35 125 0.05983 0.1087 −0.02152

  9 0.40 100 −0.0215 0.05983 0.00071

10 0.45 75 0.00071 −0.02153 0.06738

11 0.50 50 0.06738 0.000711 0.03848

12 0.55 25 0.03848 0.06738 −0.04553

13 0.6 −0.00003 −0.0455 0.03848 −0.04316

PROBLEM E.6

Find the response of a viscously damped single degree of freedom system subjected to 

a force F
t

( )t sin .= −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

1
2  Given m = 1 kg, c = 0.2, and k = 1. Assume the values of the 

displacement and velocity of the mass at t = 0 to be zero. Follow Runge-Kutta method.

Solution:

Denoting and X X1 2X and X =X and X2X and X � , the acceleration is 

 
�� � �X

m
F cX kX f X X−F= −⎡⎣⎡⎡ ⎤⎦⎤⎤ =1

( )tt ( ,X , )t

or �

�
X X

X f(X X t)t
1 2X

2 1f(X 2= ,, X2

Also by defi ning 

and  

X

X
1

2

{ }X(t)(( =
⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

{ } =
⎧

( )

( )

( , , )

X

f ( X,
2

�⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ = ⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

�

�

X

m
t

t k t

( )t

( s− in ) (− cX ) (k− X )
1

2

⎫⎫

⎬
⎪
⎫⎫⎫⎫

⎬⎬

⎭
⎪
⎬⎬

⎭⎭

Then, using recurrence formula 

X X K K 2K Ki 1 i 1K 2 32K 4= +Xi +K2 +⎡⎣⎡⎡ ⎤⎦⎤⎤
1
6

2

with Δt = π/10 and the initial conditions { }X(0) =
⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

0

0
, the values of { }Xi 1 , i = 0,  

1, 2......10, obtained are shown in the Table E.6.
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TABLE E.6
RESPONSE X OF THE SYSTEM OBTAINED 

USING THE RUNGE-KUTTA METHOD

Time (ti) X1 = X X2 = �X

0 0 0

π/10 0.0433 0.2564

2π/10 0.1489 0.3981

3π/10 0.2826 0.4372

4π/10 0.4154 0.3977

5π/10 0.5276 0.3116

6π/10 0.6101 0.2146

7π/10 0.6649 0.1413

8π/10 0.7044 0.1207

9π/10 0.7484 0.1723

π 0.8212 0.3039

PROBLEM E.7

Find the solution of the following equation using fourth-order Runge-Kutta method 
with Δt = 0.05, mx + kx = 0, with x(0) = 1 and �x(0) = 0. Assume m = k = 1.

Solution:

Writing �x = y = f(x, y, t) (1)

The given equation becomes:

m �y + k x = 0

or  �y = −kx/m = −x = φ(x, y, t) (2)

With initial conditions 

x = x0 = 1,  y = y0 = �x0 = 0

Assuming Δx = k and Δy = l

  x = xo + 
1
6

(k1 + 2k2 + 2k3 + k4)

  y = yo + 
1
6

(l1 + 2l2 + 2l3 + l4)

where 

 k1 = h . f (t0, x0, y0) = 0.05 × y0 = 0

  l1 = h . φ(t0, x0, y0) = 0.05 × −1 = −0.05

 k2 = h . f (t0 + h/2, x0 + k1/2, y0 + l1/2) = 0.05 × f (0.025, 1, −0.025) 

   = 0.05 × −0.025 = −0.00125

  l2 = h . φ(t0 + h/2, x0 + k1/2, y0 + l1/2) = 0.05 × φ(0.025, 1, −0.025) 

      = −0.05
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434 Road Vehicle Dynamics

 k3 = h . f (t0 + h/2, x0 + k2/2, y0 + l2/2) = −0.00125

  l3 = h . φ(t0 + h/2, x0 + k2/2, y0 + l2/2) = −0.0497

 k4 = h . f (t0 + h, x0 + k3, y0 + l3) = −0.002485

  l4 = h . φ(t0 + h/2, x0 + k3, y0 + l3) = −0.4993

Hence, x(0.05) = 1 + 
1
6

(0 + 2 × −0.00125 + 2 × −0.00125 − 0.002485) = 0.9991

 y = 1 + 
1
6

(−0.05 + 2 × −0.05 + 2 × −0.0497 − 0.4993) = 0.8752

To determine y(0.1) and x(0.1) it should be considered x(0) = x(0.05) and y(0) = 
y(0.05). Hence, the procedure is repeated.

PROBLEM E.8

Using the Runge-Kutta method formulates the set of fi rst-order equations for a simple 
two degrees of freedom spring-mass-damper system.

Solution:

The equations of motion for the simple two degrees of freedom spring-mass-damper 
model are written as follows:

m1 ��x1(t) + (c1 + c2) �x1(t) − c2 �x2(t) + (k1 + k2) x1(t) − k2x2(t) = 0

m2 x2(t) − c2 �x1(t) + (c2 + c3) �x2(t) − k2x1(t) + (k2 + k3) x2(t) = 0

Assuming y1 = x1 and y3 = x2, then 

       �y1 = y2  

�y2 = −[(c1 + c2)y2 − c2 y4 + (k1 + k2)y1 − k2y3]/m1

       �y3 = y4

       �y4 = [c2y1 − (c2 + c3)y4 + k2y1 − (k2 + k3)y3]/m2

With given initial conditions, the equations can be solved simultaneously. MATLAB 
command ode45 can be employed to solve the equations as follows:

             t0 = [0 30];

             y0 = [0.1; 0; 0.05; 0];

[t, y] = ode45 (‘fun’, t0, y0)

where ‘fun’ is MATLAB dot m fi le name which contains the information about the 
function.
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 Direct Numerical Integration Methods 435

PROBLEM E.9

Solve the following nonlinear vibration problem using the central difference method:

m��x + c�x + k1x + k2x
3 = F. cost.

With m = 1, c = 0.5, k1 = 1, k2 = 0.5, Δt = 0.5, tmax = 5.0 and the initial conditions 
x0 = �x0 = 0.

Solution:

Here the in Xi+1 an additional term with −k2*Xi
3 will come and other things will remain 

same. 

F = F + [a2*M − K]*X0 + [a1*C − a0*M]*Xprev − k2*(X3
0);

MATLAB Program:

m=1; k=1; c=0.5; ks=0.5; dt=0.5;
x0=0; x0d=0; omega=1;
F0=10;
T=5;
x0dd=inv (m)*(F0-c*x0d-k*x0);
xprev=x0-(dt*x0d) + ((dt^2)*x0dd/2);
a0=1/dt^2; a1=1/ (2*dt); a2=2*a0;
mbar=a0*m+a1*c;
t=0;
v (1) =x0d; a (1) =x0dd;
i=1;
for t=0: dt: T+dt
X (i) =x0;   
f=F0*cos (omega*t);
% NON-LINEAR TERM
fbar=f+ (a2*m-k)*x0+ (a1*c-a0*m)*xprev-ks*(x0^3);
x=inv (mbar)*fbar;
xprev=x0;
x0=x;
i=i+1;
p=i;
end
for i=2: p-1
 if i<p-1
 v (i) =(X (i+1)-X (i-1))/ (2*dt);
 a (i) =(X (i+1)-2*X (i) +X (i-1))/dt^2;
 end
end
   
fprintf (‘\ntime\t\tdisplacement\tvelocity\tacceleration\n’);  
i=1;
for t=0: dt: T
 fprintf (‘%f\t%f\t%f\t%f\n’, t, X (i), v (i), a (i));
 i=i+1;
end
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436 Road Vehicle Dynamics

TABLE E.9
RESPONSE OF THE SYSTEM OBTAINED USING THE CENTRAL 

DIFFERENCE METHOD WITH dt = 0.5 s AND F = 10 N

Time (ti) Displacement (Xi) Velocity (Vi) Acceleration (ai)

0.000000 0.000000 0.000000 10.000000

0.500000 1.250000 3.677614 4.710456

1.000000 3.677614 −0.827391 −22.730475

1.500000 0.422609 −5.731781 3.112915

2.000000 −2.054167 −3.908362 4.180763

2.500000 −3.485752 1.155199 16.073482

3.000000 −0.898967 2.679238 −9.977329

3.500000 −0.806515 −1.679139 −7.456177

4.000000 −2.578107 −2.125155 5.672112

4.500000 −2.931670 2.354134 12.245043

5.000000 −0.223973 5.495064 0.318680

PROBLEM E.10

Solve numerically the differential equation of an undamped single degree of freedom 
system 0.5Ẋ + 8π2X = F(t), with the initial conditions Xo = 0 and Ẋ o = 0. Use central 
difference method and write a MATLAB program for a step size of 0.05 s. The forcing 
function is given in Fig. E.10.

Solution:

Here the forcing function F(t) is defi ned as follows:

F(t) = (F*t/0.2) for t < = 0.2

        = −(F/0.2) × (t − 0.4) for t > 0.2 & t < = 0.4

        = 0 for t > 0.4

MATLAB Program:

% INITIAL VALUES 
m=0.5; k=8*pi^2; c=0; dt=0.05;
x0=0; x0d=0;
F0=0; F=150;
T=0.5;
x0dd=inv (m)*(F0-c*x0d-k*x0);
xprev=x0-(dt*x0d) + ((dt^2)*x0dd/2);
a0=1/dt^2; a1=1/ (2*dt); a2=2*a0;

Figure E.10 Triangular 
wave forcing function
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 Direct Numerical Integration Methods 437

mbar=a0*m+a1*c;
t=0;
v (1) =x0d; a (1) =x0dd;
i=1;
for t=0: dt: T+dt
X (i) =x0;   
if t<=0.2 f= (F*t/0.2);
else if (t>0.2 & t<=0.4) f=-(F/0.2).*(t-0.4);
   else if t>0.4 f=0;
   end
  end
end
fbar=f+ (a2*m-k)*x0+ (a1*c-a0*m)*xprev;
x=inv (mbar)*fbar;
xprev=x0;
x0=x;
i=i+1;
p=i;
end
for i=2: p-1
  if i<p-1
  v (i) =(X (i+1)-X (i-1))/ (2*dt);
  a (i) =(X (i+1)-2*X (i) +X (i-1))/dt^2;
  end
end
fprintf (‘\ntime\t\tdisplacement\tvelocity\tacceleration\n’);  
i=1;
for t=0: dt: T
  fprintf (‘%f\t%f\t%f\t%f\n’, t, X (i), v (i), a (i)); i=i+1;
end
t= [0: dt: T+dt];
plot (t, X,’-p’);
xlabel (‘time(s)’);
ylabel (‘displacement (m)’);
grid on;

The output is summarized in Table E.10.

TABLE E.10
RESPONSE OF THE SYSTEM OBTAINED USING THE CENTRAL 

DIFFERENCE METHOD WITH dt = 0.05 s 

Time (ti) Displacement (Xi) Velocity (Vi) Acceleration (ai)

0.000000 0.000000 0.000000 0.000000

0.050000 0.000000 1.875000 75.000000

0.100000 0.187500 6.759780 120.391187

0.150000 0.675978 12.725905 118.253838

0.200000 1.460091 17.418045 69.431745

0.250000 2.417782 15.233816 −156.800902

0.300000 2.983472 3.285518 −321.131034

0.350000 2.746334 −13.709851 −358.683716

0.400000 1.612487 −29.042788 −254.633742

0.450000 −0.157945 −34.785091 24.941603

0.500000 −1.866022 −26.794791 294.670399

SIBK002_AppE_427-492.indd   437SIBK002_AppE_427-492.indd   437 3/8/10   4:52:49 PM3/8/10   4:52:49 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



438 Road Vehicle Dynamics

PROBLEM E.11

Find the response of the two degrees of freedom system when F1(t) = 0 and F2(t) = 10 
using the central difference method. The mass, stiffness, and damping matrices for this 
system are given as

M⎡⎣⎡⎡ ⎤⎦⎤⎤ =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
⎡⎣ ⎤⎦⎤⎤ =

1 0

0 2
, K⎡⎣⎡⎡

6 –2

– 82
, C

0

0 0

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
⎡⎣ ⎤⎦⎤⎤ =

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

0

All the initial conditions are given as zero and Δ =tΔΔ 0.2421 s.

Solution:

The equations of motion are given by

[M] ��X  + [C] �X  + [K]X = F(t)

with

M , C andaa K

F(t)((

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1 0
0 2

0 0
0 0

6 2−
2 8−

== 0
10

⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬

The undamped natural frequencies and the mode shapes of the system can be found by 
solving the eigenvalue problem:

6 2
2 8

1 0
0 2

2 1

2

22
−22

⎡

⎣
⎢
⎡⎡

⎣⎣
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⎤

⎦
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⎡

⎣
⎢
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⎢⎣⎣
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⎤

⎦
⎥
⎤⎤
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⎧
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The solution of above equation is given by

ω1 = 1.807 and ω2 = 2.594

Correspondingly,

U andaa U(1) (andaa U 2)((
⎧
⎨
⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬
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1 366
1

0 366. .⎭⎭⎭ ⎩⎩⎩366 0

Hence, the actual (natural) periods of the system are

τ π
ω

τ π
ω1 2τ3 475 and 2.421= = = =2 2π

3 475 d
1 2ω

Selecting time step (Δt) as τ2/10 = 0.2421, the initial value of acceleration is

��X0  = [M]−1{F − [K] X0}
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 Direct Numerical Integration Methods 439

For every time-step, the value of X−1 as follows:

X t– t 0tt = ΔX tt0 +
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Now these equations can be applied recursively to obtain X1, X2, . . . The results are 
shown in Table E.11.

TABLE E.11

Time ti = i . Δt
 

X

x1 x2

0

0.2421

0.4842

0.7263

0.9684

1.2105

1.4526

1.6947

1.9368

2.1789

2.421

2.6631

2.9053

0

0

0.0172

0.0931

0.267

0.551

0.9027

1.235

1.439

1.4202

1.141

0.6437

0.0463

0

0.1466

0.552

1.122

1.727

2.237

2.547

2.605

2.418

2.042

1.563

1.0773

0.669
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440 Road Vehicle Dynamics

PROBLEM E.12

Calculate the response of a simple two degrees of freedom system given below by the 
central difference method.

2 0

0 2

X

X

4 5
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(E.1)

Assume the initial conditions as X X X X 0 at taa 01 2 1 2X X X=X2X =X2X =� �

Solution:

To fi nd the natural frequencies, we set the determinant of the coeffi cient matrix { }X
equal to zero. That is,  

K M2⎡⎣⎡⎡ ⎤⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦⎤⎤⎡⎣⎡⎡ ⎤⎦⎤⎤ { }X =ω (E.2)

4 2 5

2 6 2−
=

λ
λ

0 (E.3)

The expansion of the determinant in Eq. (E.2) leads to 

4 14 02λ λ202 20  (E.4)

By setting λ ω2, we obtain λ λ1 2 from Eq. (E.3) as

λ ω λ ω1 1ω2
2
24 16 0λ ω2
2=ω1ω ω2 0λ ω2.16 d 2

Then, the periods of oscillation are 

τ τ π ω1 1π ω 22ππ 6ω22π2π 85ππ = ω22π/ 3ωω 08ωω d /2 .6ω22πτ2

Let us choose the time step Δt = (τ/10) = 0.308 to calculate the response of the system 
for 10 steps. The fi rst step is to calculate { }��

o  using the given equations of motion at 
time 0; i.e., we use 

2 40

0 2

5

2 6

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
{ }Xo +

⎡

⎣
⎢⎢
⎡⎡⎡⎡

⎣⎣⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
⎡⎣⎡⎡ ⎤⎦⎤⎤ =

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
X0

5

5

Hence,  
5/2//

5/2//

2.5

2.5
{ }��Xo =

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
Now, we have

a
1

( t)tt
10.54

a
1

2(0.308)
1.623

a 2a 21.08

a

o 2

1

2 o2a

3

= =

= =

=2a2a

( t( t

= === 1
a

0.0474
2
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Hence, at t = 0

t a

0

0

3a{ }X tt − Δtt { }XoX − Δtt { }Xo + { }Xo

=
⎡

⎣
⎢
⎡⎡

⎣⎣

} {
⎤⎤

⎦
⎥
⎤⎤⎤⎤

⎦⎦
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=0 308

0

0
0 0474

2 5

2 5

0 1185

0 1
. .⎢ ⎥ +308 0

.

18511

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡⎣⎡⎡ ⎤⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦ ⎡⎣⎡⎡ ⎤⎦⎤⎤ =M a⎤⎦⎤⎤ = M a⎤⎦⎤⎤ + C 10.54
2 0

0
o 1⎡⎣⎡⎡ ⎦⎤⎤M a⎦⎤⎤ +

2
1.623

0 0

0 0

21.08⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

0

0 21.08

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

The effective force vector at time t is 

{ }FtFF = { } ⎡⎣ ⎤⎦⎤⎤ − ⎡⎣⎡⎡ ⎤⎦⎤⎤( ){ } ⎡⎣⎡⎡ ⎤⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦⎤⎤( )K⎡⎡⎡} − ( a M⎡⎡⎡ a} − ( M a⎤⎦⎤⎤ − C2} ⎡⎣⎡⎡ ⎦⎤⎤( K⎡⎡⎡} ( a o} (a} ( 1
5

5

4 5

2 6

{ }XXt tΔ =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

−
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥⎥
⎤⎤⎤⎤

⎦⎦⎦⎦
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬21.08

2 0

0 2

0

0

10.54
2 0

0 2
1.623

0 0

0
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
−

0

0.1185

0.1185

2.502

2.502

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡⎡

⎣
⎢
⎡⎡⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

Hence, we need to solve the following equations for each time step.

M⎡⎣⎡⎡ ⎤⎦⎤⎤ { } { }FtFF  (E.5)

The solution obtained for 10 time steps using Eq. (E.5) are summarized in Table E.12.

TABLE E.12

Time Δt 2Δt 3Δt 4Δt 5Δt

X1 0.1186 0.440 0.877 1.316 1.661

X2 0.1186 0.412 0.722 0.855 0.669

Time 6Δt 7Δt 8Δt 9Δt 10Δt

X1 1.865 1.939 1.943 1.954 2.029

X2 0.137 −0.639 −1.457 −2.083 −2.342

It is summarized with following steps:

Since [C] is zero, we have: 

1 2 1
2 1 2 2Δ

⎡⎣⎡⎡ ⎦⎤⎤ = ⎣ ⎤⎦⎤⎤ −
Δ

⎡⎣⎡⎡ ⎤⎦ −
Δ

⎡⎣⎡⎡ ⎤⎦ −2+1 ⎡⎣⎡⎡ ⎦⎤⎤ Δ
⎡⎡⎡ ⎡⎡⎡

tΔΔ
M U⎤⎦⎤⎤ K⎡⎡⎡⎡⎡⎡R −

tΔΔΔ
M U⎤⎦⎤⎤⎦⎤⎤ tΔ

M U⎤⎦⎤⎤⎦⎤⎤n n+1 2
⎡⎣⎡⎡ ⎦⎤⎤⎦⎤⎤ 11

⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

The initial conditions could be rewritten as:

U U U M R K U0 0 0U U
1

0 0K U0 0UUUU =U U0U UUUUU ⎡⎣⎡⎡ ⎤⎦⎤⎤ − ⎡⎣⎡⎡ ⎤⎦( )−
00UUU .� ��

And we have: 

U U t U t U1 0U 0
2

0
1
2

+U0U Δ +t U0 Δ �2� 1 �

 So this method could be applied beginning from n = 1.
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442 Road Vehicle Dynamics

MATLAB Program:

 M=[2 0;0 2];
 K=[4 5;2 6];
 C=[0.0 0.0;0.0 0.0];
dt=0.308;
x0=[0;0];x0d=[0;0];
F0=[5;5];
T=10;
x0dd=inv(M)*(F0-C*x0d-K*x0);
xprev=x0-(dt.*x0d)+((dt^2).*(x0dd/2));
a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
mbar=(a0.*M)+(a1.*C);
t=0;
v(:,1)=x0d;a(:,1)=x0dd;
i=1;
fprintf(‘time\t\tX(1)\t\tX(2)\n’);
for t=0:dt:T+dt
X(:,i)=x0;
F=F0;
Fbar=F+(a2.*M-K)*x0+(a1.*C-a0.*M)*xprev;
x=inv(mbar)*Fbar;
xprev=x0;
x0=x;
fprintf(‘%f\t%f\t%f\n’,t,X(1,i),X(2,i));
i=i+1;
p=i;
end
for i=2:p-1
if i<p-1
v(:,i)=(X(:,i+1)-X(:,i-1)).*(1/(2*dt));
a(:,i)=(X(:,i+1)-2*X(:,i)+X(:,i-1)).*(1/dt^2);
end
end
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Figure E.12
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 Direct Numerical Integration Methods 443

PROBLEM E.13

Find the response of the two degrees of freedom system when F1(t) = 0 and F2(t) = 0, 
using the Wilson-theta method. The mass, stiffness, and damping matrices for this sys-
tem are given as

M⎡⎣⎡⎡ ⎤⎦⎤⎤ =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
⎡⎣ ⎤⎦⎤⎤ =

⎡

⎣
⎢
⎡⎡

⎣⎣

1 0

0 1
, K⎡⎣⎡⎡

2 2

2 5

⎤⎤

⎦
⎥
⎤⎤⎤⎤

⎦⎦
⎡⎣ ⎤⎦⎤⎤ =

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
, C⎡⎣⎡⎡

0

0 0

0

Assuming initial conditions to be

x t 0.25 s.0

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ Δ =tt

1

0

0

0
0, � a⎨ ⎬0 nda

Solution:

Natural frequencies of the system are given by

(2 − ω2)(5 − ω2) − 4 = 0 or ω2 = 1  or  6.

Hence, periods of oscillation are 2π and 2π/ 6. Let Δt = 0.25 s, which is less than 
1/10th of second period of oscillation. Also

{ } [K]{X }0
��

0
2

2
= − =

−22

−22

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

Assuming θ = 1.4,

a 48.98

a

1

2

= =
×

=

= =
×

6 6

4 0

3 3
4 0 25

2 2×4 0( ) ( .11 . )2525

( .1θΔtΔΔ ))

.
.

.

=

= =
×

=

= = ×

8.57

a

a

3

4

6 6
1 4. 0 2. 5

17 14

2
1 4. 0 2. 5

2

θ

θ

Δ

Δ

tΔΔ

tΔΔ == 0 175.

Now, the effective stiffness matrix is:

[ 48.98ˆ ] [ ] [ ] [ ]K K] [ M[ C[C[]K[ =]C[
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
1 2[ ]M[ 2 2

2 5
1 0
0 1

==
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

50 98 2
2 53 98
.
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444 Road Vehicle Dynamics

For each step:

ˆ ( ) [ ](F F a]( X a X Xt tFF t t t t t t+F +) a XtXθ θ Δ(( tt+tt t t(+FtFFtFF θ 1 3Xt aaa 2� �� ) [+ C](a]] X + 2 a2 tX � �

� ��

Xa4

X X

t ta4Xa4

t tX+Xt= +

)

[ ]MM ( .98 17 14 2XX

X
a a

X

t

t t t

)

�� �� ��
+ Δt = −Δ − +Xt −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠tt

1 3a
1

3
θ θΔ θ

(X X )tΔΔΔΔ X XX

X X

X

t

t tX

t t

= − X

=

Δ34.98(X X−Δ(( ) 12.26 1 14t+ t tΔ XΔΔθ
�� ��

� �
Δtt XX

t
X X Xt t t t t t t tX+ = X ++

Δtt
ΔXtX tt= X +t tt t tXX

2 t( )X XXtX + XtXt tt X )�� �� � �� ��0 125(XXXXX

and

X =t ttt +
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

= +

X t+ X
t

X

t tt+ t t+ t

t

Δt
ΔttΔt

tt
�t� Δt � ��

2

6

0

( )X X+t t++ ttt 2

.. )25 2� �� ��X X Xt t t t2X+XtX t+0 0104(XXXX Δttt

Here, displacement vector is obtained by solving the equation

ˆ ˆK F tX {KK }t θ θFtFF{ttt Δtt

The computed values of X are given in Table E.13.

TABLE E.13

Time ti = i  . Δt
X

x1 x2

0

0.25

0.5

0.75

1.0

1.25

1.5

1.75

2.00

2.25

1

0.9397

  0.771

  0.526

  0.268

  0.052

−0.092

−0.235

−0.352

−0.492

  0

−0.0566

−0.204

−0.374

−0.512

−0.512

−0.381

−0.112

  0.237

  0.259

PROBLEM E.14

Compute the time response of the system given by following equations, using Runge-
Kutta method

SIBK002_AppE_427-492.indd   444SIBK002_AppE_427-492.indd   444 3/8/10   4:53:04 PM3/8/10   4:53:04 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Direct Numerical Integration Methods 445

2 0
0 1

3 0 5
0 5 0 5

1

2

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

+
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

��

��
x

x
.

. .5 0

��

�
x

x

x

x
1

2

1

2

3 1
1 1

1

1

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

+
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬ =

⎡⎡

⎣
⎢
⎡⎡⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
sin 2t

subject to initial conditions:

X0 = {0 0.1}T m and V0 = [1 0]T m/s.

Solution:

Given equations can be expanded as:

2��x1 + 3�x1 − 0.5�x2 + 3x1 − x2 = sin 2t

��x2 − 0.5 �x1 + 0.5 �x2 − x1 + x2 = sin 2t
Substituting

 �x1 = y1 = f1(x1, x2, y1, y2, t) and �x2 = y2 = f2(x1, x2, y1, y2, t) (1)
we get

 2�y1 + 3y1 − 0.5y2 + 3x1 − x2 = sin 2t (2)

or �y1 = φ1(x1, x2, y1, y2, t)

and

 �y2 − 0.5y1 + 0.5y2 − x1 + x2 = sin 2t (3)

or �y2 = φ2(x1, x2, y1, y2, t)

Solving these fi rst-order equations using Runge-Kutta’s method with initial conditions:

x01 = 0, x02 = 0.1 m
and

�x01  = 1 and �x02  = 0 m/s

The fi nal values for a time range of 10 s are given in Table E.14.

TABLE E.14

t x1 x2 ẋ1 ẋ1 

0

1

2

3

4

5

6

7

8

9

10

0

0.455

0.547

0.349

0.0705

0.0888

−0.0183

−0.233

−0.0785

0.0408

−0.0839

0.1

0.25

0.985

0.905

0.0604

−0.0464

−0.0985

−0.53

−0.186

0.227

−0.109

1

0.079

−0.0118

−0.277

−0.171

0.0321

−0.195

−0.088

0.225

−0.00143

−0.0781

0

0.425

0.649

0.651

−0.725

0.199

−0.279

−0.277

0.655

0.0825

−0.401
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446 Road Vehicle Dynamics

PROBLEM E.15

Solve Problem E.13 using Newmark’s method alpha = 0.25 and beta = 0.5.

Solution:

Assuming Δt = 0.25 s, one can obtain 

��X0
2

2
=

−22

−22

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

Choose α = 0.25, ∂ = 0.5 the constants are

a1 =
⋅

= = ∂ = = = = −1
64 8

1
16

1
2

1
2 2 3= = 8 4α α α⋅ αΔ Δ Δ⋅3 αtΔΔ

a
Δ

a
tΔΔ

a, 2 8a ,

aa
t

5 72
02 1 12= ∂ − = ∂ −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

0 −1 ∂ =
α α2 ⎝⎝⎝

1 1= a6
Δtt

, (a t7aaa Δtt ) .0= 5 055 1258 .0, 8 ∂ Δ

∴ =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
+

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡
[ ˆ ] [ ] [+ ]K K] [= M[1

2 2
2 5

64 1 0
0 1

66 2
2 69⎣⎣

⎢
⎡⎡

⎣⎣⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

+ +ˆ [ ]( )+F = [ + =) X Xt t+FF + t t+ t t) X= ttt 64 16� �� � ����Xt

Because [M] is identify matrix.

Solve X [t t
1

tt [ ˆ ] F̂1− ⋅K] t t+FF Δtt

�� � ��

� �

X X X

X X

t t t tX

t t t

Δt −

= +Xt

tt

tt

64( ) 16t Δt tΔ

0 12.125 055 125�� ��0 X125t t0 5X0 125 t+ Δtt

The values of {X} computed for various t are shown in Table E.15.

TABLE E.15 

Time = i . Δt

X

x1 x2

0

0.25

0.5

0.75

1.0

1.25

1.5

1.75

2.00

2.25

  1

  0.939

  0.7699

  0.529

  0.264

  0.0217

  0.136

−0.243

−0.373

−0.499

  0

−0.056

−0.202

−0.375

−0.497

−0.504

−0.363

−0.107

  0.242

  0.271

It is important to note that unless ∂ is taken as 1/2, there is a spurious damping intro-
duced proportional to (∂ − 1/2). If ∂ is taken as zero, a negative damping results; this 
involves a self-excited vibration arising due to numerical procedure. Similarly, if ∂ is 
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greater then 1/2, a positive damping is introduced. This reduces the magnitude of 
response even without real damping in the problem. The method is unconditionally 

stable for α > 
1
2

1
2

2

∂ +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

 and ∂ ≥ 1/2.

Note: For the purpose of computation, a continuous system is idealized as a multi-
degree of freedom system (say n-degrees of freedom). The response consists of all the 
n-modes of vibration. But generally, the fi rst m-modes determine mostly the overall 
response. If the natural period of the mth mode is Tm, choice of Δt equal to Tm/10 gives 
a reasonable dynamic response up to the mth mode. This also represents lower mode 
responses accurately.

For the central difference scheme, Δt should be smaller than the natural period of prac-
tically all the n-modes to obtain reliable results.

PROBLEM E.16

Determine the displacement response of a simple two degrees of freedom system given 
below by analytical method.

2 0

0 2

X

X

4 5

2
1

2

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎧
⎨
⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
⎬⎬ +

��

�� 6

X

X

5

5
1

2

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ =

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

Assume the initial conditions as X X X X 0 at taa 01 2 1 2X X X=X2X =X2X =� � . Compute the 
response of the system using time step Δt = 0.308 s for 10 equal steps. 

Solution:

The response { }X t( ){ } of the given equations of motion consists of two parts: fi rst, 
{ }X (t)((H  is the transient response (i.e., the homogeneous or complementary solutions of 
the equations of motion); and second, { }

g
X (t)((P  is the steady state or forced response 

(i.e., the particular solution to constant inputs are constants, say Z1, Z2). Hence,

 

4Z 5Z 5

2Z 6Z

1 25Z

1 26

+ =5Z25Z

+ =6Z26Z 5
 (E.1)

or   Z1 2 7/ /d14 5andaa Z2andaa Zandaa Z2anda Z

The complementary solution to the equations is obtained from 

 

2X 4X 5X 0

2X 2X 6X

1 1 2

2 1 2

��

��

+ +4X14X =

+ +2X12X = 0  
(E.2)

Because there is no damping in the system, { }X (t)((H  oscillate at the same frequency and 
are either in phase or 180 degrees out of phase. Let X x e andaa X x e1 1x i t

2 2x i tx e anda X1x ωandaa X x eti t i ttanda X  and 
substituting these in Eq. (E.2), we get

 

4 2 x 5x 0

2x 6 2 x 0

2
1 25x

1
2

2

( ) 5x5x

6+ ( )
ω

ω
 

(E.3)
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448 Road Vehicle Dynamics

Solving Eq. (E.3) for x /x//1 2/x//  gives

x
x

5

2 4

2 6
2

1

2
2

2

= =
ω

ω
(E.4)

From Eq. (E.4), the frequency equation is

2( ) 10( ) 7 02 2) 2ω ω) 10(2 2) − 10( )2ω10( =  
from which 

       
ω ω1

2
2
21

2
((5 11) a d

1

2
(5 11= +(5 )

At   ω λ1
2 1

2

1
2

( )
x
x

5

1 11

⎛
⎝⎝⎝

⎞
⎠⎠⎠

Ι

1

At   ω λ2
2 1

2
2

1
2

( )
x
x

5

1 11

⎛
⎝⎝⎝

⎞
⎠⎠⎠

ΙΙ

The two modes of vibration are 

X
X

x

x
sin ( t1

2

1

2
1 1

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ =

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ +

Ι Ι

ω ϕt1t + )

and
       

X

X

x

x
sin ( t )1

2

II

1

2

II

2 2

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ =

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ ω t2t

where 
x
x

1

2

 is specifi ed for each mode. The general solution is 

X Z x sin ( x sin ( t )

X Z x si
1 1 1 1sin ( 1 1) x 2 2

2 2 2

+Z1Z )1)

+Z2Z

Ι Ιsin ( t ) x+ ) Ι

Ι

ϕt1 +t + ω t2t

n (nn t ) x sin ( t1 1 1 2sin (ω t1t ϕt2+) +ΙΙ
2)

(E.5)

where x , x x , x d1 2 1, x , x 2 1 2
Ι Ιx ΙΙ ΙΙ ϕ ϕandaa1  are determined from initial conditions.

At t = 0, x x x x 01 2 1 2x x x=x2x =x2x� � . Substituting these and Z andaa Z1 2andaa Z  in Eqs. (E.5), we get

 

0
5

14
x sin i

0
5
7

x sin i

1 1sin 1 2

2 1sin 2 2

= +

= +

Ι Ιsin + Ι

Ι Ιsin + Ι

ϕ ϕx sin1 1 sin+ Ιx+ Ι

ϕ ϕx sin1 2sin+ Ιx+ Ι

0 x00

0 x x cos
1 1 1 2 1 2

2 2 1 2 2

x

x

ω ϕcos1 1x cos1x ϕx cos2 1 cos

ϕcosω2 2xx cos2x

Ι Ι+cos ω x Ι

Ι Ιx+cos ω Ι ϕϕ2   

(E.6) 

The last of the two equations in (E.6) gives cos ϕ1 2ϕ0 0ϕ2ϕϕ2ϕd

This is d i 2si .2nϕ ϕand s1 1 1d i 2ϕd sinand sin 2and sin The fi rst of the two equations in (E.6) gives

λ λ1 2 2 2

2 2

5
14

0

x2
5
7

0

Ι Ιλ Ι

Ι ΙΙ

+2 2xλ2
Ιλ xλ Ι =

+2xΙx Ι =
(E.7)
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 Direct Numerical Integration Methods 449

Solving Eq. (E.7) gives

Therefore, 

x
5

154
2 11 11

x
5

154
2 11 11

x
25

154

2

2

1

Ι

ΙΙ

Ι

= 2 11⎡
⎣

⎤
⎦
⎤⎤

= − ⎡
⎣
⎡⎡ ⎤

⎦
⎤⎤

= (2(( 11 11)

(1 11)

x
25

154
(2 11 11)

(1
1

−
− −(1

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

= − +
− +(1

ΙΙ

11)11

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

Therefore, the response of the system is given by

X
5

14
25

154
(2 11 11)

( 11 1)
cos t

25
154

(2
1 114 154 ( )

cos= + −⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠
− 1111 11)

( 11
cos t

X
5

14
5

154
(2 11 11) co

2

2

+
+

⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠

= + −

1)
ω

s tss
5

154
(2 11 11) s t1 2154
( )ω t 11) cos1t ( 11) cos+(2 11(2 11(2 11

(E.8)

The solution obtained for 10 time steps using Eq. (E.8) are summarized in Table E.16.

TABLE E.16

t x1 x2

0.308

0.616

0.924

1.232

1.54

1.848

2.156

2.464

2.772

3.08

0.114418

0.410331

0.764079

1.023732

1.068416

0.856177

0.441968

−0.04126

−0.4313

−0.59686

0.114879

0.417369

0.796983

1.116667

1.264493

1.195575

0.94829

0.628667

0.369003

0.276542

To use R-K method, use the following set of equations:

Here,  �Y f x x x whew re Y

x

x

x

x

=f x x x whew re Y

⎧

⎨

⎪
⎧⎧

⎪
⎨⎨

⎪⎪

⎩

⎪
⎨⎨

⎪
⎩⎩

⎪⎪

⎫

⎬

⎪
⎫⎫

⎪
⎬⎬

⎪⎪

⎭

( ,xx ,x , )tt ,1 2xx, 3 4xx,

1

2

3

4

⎪⎪
⎬⎬⎬⎬

⎪
⎭⎭

⎪⎪⎪⎪
=

⎧

⎨

⎪
⎧⎧

⎪
⎨⎨

⎪⎪

⎩

⎪
⎨⎨

⎪
⎩⎩

⎪⎪

⎫

⎬

⎪
⎫⎫

⎪
⎬⎬

⎪⎪

⎭

⎪
⎬⎬

⎪
⎭⎭

⎪⎪
and f x x x

x

x

x

x

( ,x ,x , )t1 2x, 3 4x,

3

4

3

4

�

�

Where 
�

�
x

x

x

x
3

4

1 1

2

1
⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

= −
⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

− −1
⎨⎨⎨ ⎬⎬⎬[ ]M [ ]K[ ]KK [ ]MM [CCC

x

x
M t] [ ] (F )3

4

1
⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭
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450 Road Vehicle Dynamics

In total, it can be written as 

�

�

�

�

x

x

x

x

1

2

3

4

1

⎧

⎨

⎪
⎧⎧

⎪
⎨⎨

⎪⎪

⎩

⎪
⎨⎨

⎪
⎩⎩

⎪⎪

⎫

⎬

⎪
⎫⎫

⎪
⎬⎬

⎪⎪

⎭

⎪
⎬⎬

⎪
⎭⎭

⎪⎪
=

−− −

[ ]0 [ ]I

[ ]M[ ]MM [ ]K]K[ ]KKK [ ]M[ ]MM 11

1

2

3

4

1[ ]

[ ]0

[ ] (

n

n

n

n

F1] t

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

⎧

⎨

⎪
⎧⎧

⎪
⎨⎨

⎪⎪

⎩

⎪
⎨⎨

⎪
⎩⎩

⎪⎪

⎫

⎬

⎪
⎫⎫

⎪
⎬⎬

⎪⎪

⎭

⎪
⎬⎬

⎪
⎭⎭

⎪⎪
+

))

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

or     �Y Y F+Y[ ]EE

PROBLEM E.17

Find the response of the two degrees of freedom system, when F1(t) = sin 2t and F2(t) =
sin 2t, using the fourth-order Runge Kutta method. The differential equations of this 
system are given as

2 0
0 1

3 0 5
0 5 0 5

1

2

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

+ 0
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

��

��
x

x
.

. .5 0

��

�
x

x

x

x
1

2

1

2

3 1
1 1

1

1

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

+
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬ =

⎡⎡

⎣
⎢
⎡⎡⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
sin 2t

with the initial conditions   x m/s.0 =
⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬ =

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

0

0 1

1

0
0, �x

Solution:

The given equations can be written as

2��x1 + 3�x1 − 0.5�x2 + 3x1 − x2 = sin 2t

 ��x2 − 0.5 �x1 + 0.5�x2 − x1 + x2 = sin 2t

Substituting

 ẋ1 = y1 = f1(x1, x2, y1, y2, t) and ẋ2 = y2 = f2(x1, x2, y1, y2, t) (1)

we get
 2ẏ1 + 3y1 − 0.5y2 + 3x1 − x2 = sin 2t (2)

or  ẏ1 = φ1(x1, x2, y1, y2, t)

and
 ẏ2 − 0.5y1 + 0.5y2 − x1 + x2 = sin 2t (3)

or  ẏ2 = φ2(x1, x2, y1, y2, t)

Solving these fi rst-order equations using Runge-Kutta’s method with the given initial 
conditions gives

x01 = 0, x02 = 0.1 
and

�x01 = 1 and �x02 = 0 

We obtain the results for time t = 0 to 10 s as shown in the following Table E.17.
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 Direct Numerical Integration Methods 451

TABLE E.17

t x1 x2 �xxxx1111 �xxxx222

0

1

2

3

4

5

6

7

8

9

10

  0

  0.4550

  0.5470

  0.3490

  0.0705

  0.0888

−0.0183

−0.2330

−0.0785

  0.0408

−0.0839

  0.1

  0.2500

  0.9850

  0.9050

  0.0604

−0.0464

−0.0985

−0.5300

−0.1860

  0.2270

−0.1090

  1

  0.0790

−0.0118

−0.2770

−0.1710

  0.03210

−0.1950

−0.0880

  0.2250

−0.00143

−0.0781

0

  0.4250

  0.6490

  0.6510

−0.7250

  0.1990

−0.2790

−0.2770

  0.6550

  0.0825

−0.4010

PROBLEM E.18

Calculate the response of the system considered in Problem E.16 using the Houbolt 
method.

Solution:

Taking the time step Δt = 0.308, we then have the following 

a 21.08

a
11
6 t

5.952

a
5

( t)tt
52.707

0

1

2 2

= =

= =

= =

2
2( t)tttt

Δtt

( t( t

 

a
3
t

9.74

a 2a 42.166

a a /2 4.87

a
a
2

3

4 02a

5 3a

6
0

=
Δtt

=

222 = −

= −

= = 10.541511

a a /9 1.0827 3a =a /93a

We need X andaa XtΔ Δanda Xtt andaa X  to start the integration. We use the values calculated with the 
central difference method in Problem E.4, i.e.,

{ }XΔtΔΔ =
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

{ }X ΔtΔΔ =
⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

0 1187

0 1187

0 424

0 429

.

.

.

.

⎤⎤

⎦
⎥
⎤⎤⎤⎤

⎥⎦⎦
⎥⎥
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452 Road Vehicle Dynamics

Next, we compute K⎡⎣⎡⎡ ⎤⎦⎤⎤ and obtain

K⎡⎣⎡⎡ ⎤⎦⎤⎤ = ⎡⎣⎡⎡ ⎤⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦ ⎡⎣⎡⎡ ⎤⎦⎤⎤

=

K a⎤⎦⎤⎤ + M a⎤⎦⎤⎤ + C

4 5
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⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
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−
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For each time step, we need
 { }Ft tFF tt  

that is given by 

2 4 6 t 2 tM a2 a4 a X6{ }Ft tFF Δtt = { }t tFt tttt ⎡⎣⎡⎡ ⎤⎦⎤⎤ { }tX + { }t tX − Δtt + { Δtt }}( )
+ ⎡⎣⎡⎡ ⎤⎦⎤⎤ { } { }C a⎤⎦⎤⎤ a} + a} +3 { 5 { 7} a} +

5

5

2 0

0 2

{ }Xt 2−2 t22Δtt( )
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⎢⎣⎣⎣⎣
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⎥⎦⎦
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+
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⎤

⎦
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⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤⎤

⎦
⎥
⎤⎤⎤⎤

⎥⎦⎦
⎥⎥

⎛

⎝
⎜
⎛⎛

⎜⎝⎝
⎜⎜

⎞

⎠
⎟
⎞⎞

⎟⎠⎠
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⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

39.686

40.212

We solve { }Xt tΔtt  for each time step from the following equation 

K⎡⎣⎡⎡ ⎤⎦⎤⎤{ } { }} = {

or             
1−{ }Xt tΔtt = ⎡⎣⎡⎡ ⎤⎦⎤⎤ { }t tΔttK⎤⎦⎤⎤ { t

The solution obtained for 10 time steps is summarized in Table E.18

TABLE E.18

Time Δt 2Δt 3Δt 4Δt 5Δt

X1 0.1186 0.4406 0.8670 1.300 1.664

X2 0.1186 0.4125 0.7089 0.8500 0.7308

Time 6Δt 7Δt 8Δt 9Δt 10Δt

X1 1.913 2.045 2.087 2.084 2.082

X2 0.3266 −0.3011 −1.024 −1.683 −2.135

SIBK002_AppE_427-492.indd   452SIBK002_AppE_427-492.indd   452 3/8/10   4:53:29 PM3/8/10   4:53:29 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Direct Numerical Integration Methods 453

The method identifi es the solution for the following 

M

t

⎡⎣⎡⎡ ⎤⎦⎤⎤{ }un + { }f
n { }f

{ }un =
Δttt

}
t

{f{fnff} + {f} + {ff

1
6

11

fffff

2

18 9 2

1
2

{ }u +unu 111 − { } + { }1{ }1 { }2⎡⎣⎡⎡ ⎤⎦⎤⎤

{ }1 =
Δ

}1 {9} +

tΔΔ 2
2}1 ΔtΔ

{ }unu +++ − { } { } − { }−⎡⎣⎡⎡ ⎤⎦⎤⎤} −5 4{ } +{ {{4} +} +

PROBLEM E.19

Calculate the displacement response of the system considered in problem E.12 using 
the Newmark method. Use α β =β 0.5.

Solution:

Following the steps of calculations given in Table E.4, we have

0 andaa
2.5

2.5
{ }X0 { }X0X = { }X0 =

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
} {

The integration constants are with time step ΔtΔΔ = 0 308. .308

a
1

( t)tt

1

0.25(0.308)
42.17

a
t

0.5
0.25(0

0 2 20 25(0 308)

1

=
( t( t

= =

=
Δtt

=

α

β
αΔΔ .308)..

6.49

a
1

t
1

0.25(0.308)
12.99

a
1

2
1

2

3

=

=
Δtt

= =

= −
⎛
⎝

αΔΔ

α⎜⎜
⎛⎛⎛⎛
⎝⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= −

= −

= Δ −

1
2(0.25)

1 1=

a 1= − 0.5
0.25

1 1=

a
tΔΔ

2
2

4

5

β
α

β
α

⎛⎛
⎝⎜
⎛⎛⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠
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⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎠

Δ − =

0.308
2

0.5
0.25

2 0
⎞
⎠⎟
⎞⎞
⎠⎠

=

a t= ΔΔ (1 ) 0.3086 β (1 0.5) 0.154

a t 0.5 (0.308) 0.1547

− =0 5)

Δtt = =0 5 (0 308)ββΔ

The effective stiffness matrix is

K K a M a C

4 5

2

0 1M a⎡
⎣
⎡⎡ ⎤

⎦ ⎡⎣⎡⎡ ⎤⎦⎤⎤ + ⎡⎣ ⎤⎦⎤⎤ + ⎡⎣⎡⎡ ⎤⎦⎤⎤

=
66

42.17
2 0

0 2
6.49
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⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
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⎥⎦⎦
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⎤

⎦
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454 Road Vehicle Dynamics

For each time step, we need to evaluate 

0 2 3M a0 a2 a3{ }Ft tFF Δtt = { }t tFt tttt ⎡⎣⎡⎡ ⎤⎦⎤⎤ { }tX + { }tX + { }tX( )} {
C a a a1 4 5+ ⎡⎣⎡⎡ ⎤⎦⎤⎤ { }XtX { }XtX { }XtX} {(( )
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⎥⎦⎦⎦⎦
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⎤
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⎥⎦⎦
⎥⎥
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10

Then, solve for displacements at each time step.

K⎡⎣⎡⎡ ⎤⎦⎤⎤{ } { }FFF

and compute

a a a0 2 3{ }��Xt ttt { }XtX t+ Δtt { }XtX( ) − { }�XtX − { }��XtX

42.17 12 99 112.99= { }Xt t { }Xt( ) − { }XtXtt } { }Xt
��{{

{ } { } + { } + { }} {} = { 0 154 0 154t} + { } + {0.154 0.154

The solution obtained is given in Table E.19 for 10 time steps.

TABLE E.19

Time Δt 2Δt 3Δt 4Δt 5Δt

X1 0.113 0.423 0.849 1.290 1.651

X2 0.109 0.382 0.677 0.822 0.681

Time 6Δt 7Δt 8Δt 9Δt 10Δt

X1 1.882    0.212    1.992    1.986    2.022

X2 0.212 −0.509 −1.310 −1.979 −2.336

MATLAB Program:

K=[4 5;2 6];
M=[2 0;0 2];
C=[0.0 0.0;0.0 0.0];
dt=0.05;T=10;
X0=[0;0];X0d=[0;0];F=[5;5];
X0dd=inv(M)*(F-C*X0d-K*X0);
beta=0.5; gama=0.25; %0.25*(0.5+beta);
a0=1/(beta*dt^2); a1=gama/ (beta*dt); a2=1/(beta*dt);
a3= (1/2*beta)-1; a4= (gama/beta-1); a5=0.5*(gama/beta-2)*dt;
a6=dt*(1-beta);a7=beta*dt;
Kb=K+a0*M+a1*C;
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 Direct Numerical Integration Methods 455

i=1;
X(:,1)=X0;Xd(:,1)=X0d;Xdd(:,1)=X0dd;t=0;
fprintf(‘time(s)\t\tX1\t\tX2\n’);
fprintf(‘%f\t%f\t%f\n’,t,X(1,1),X(2,1));
for t=dt:dt:T
   i=i+1;
   F=[5;5];
   Fb=F+M*(a0*X(:,i-1)+a2*Xd(:,i-1)+a3*Xdd(:,i-1))+C*(a1*X(:,
   i-1)+a4*Xd(:,i-1)+a5*Xdd(:,i-1));
   X(:,i)=inv(Kb)*Fb;
   Xdd(:,i)=a0*(X(:,i)-X(:,i-1))-a2*Xd(:,i-1)-a3*Xdd(:,i-1);
   Xd(:,i)=a1*(X(:,i)-X(:,i-1))-a4*Xd(:,i-1)-a5*Xdd(:,i-1);
   fprintf(‘%f\t%f\t%f\n’,t,X(1,i),X(2,i));
end
t=[0:dt:T];
plot(t,X(1,:),’-p’,t,X(2,:),’-*’)
xlabel(‘time(s)’);
ylabel(‘displacement(m)’);
legend(‘DOF-1’,’DOF-2’);
grid on;

PROBLEM E.20

Solve the following two degrees of freedom problem using Newmark Beta method.

1 0
0 1

2 2
2 5

0

0
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��X X2 2+ ⎡

⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

=

Assume initial conditions as: X =0
1

0

0

0
0

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
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⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬, �X

Solution:

Assuming Δt = 0.25 s, computing the acceleration vector: 

��X0
2

2
=

−22

−22

⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬

Choose α = 0.25, ∂ = 0.5 the constants are

a 64 a 8, a 16 a =1 264, a 3 416, a=
⋅

= 64 a64 a
∂ =8 a3 −= 16 a =16 a

1 1
64 8

∂ 1
2

1
2α α α⋅ αΔ Δ

, 3
tΔΔ tαΔ ΔΔ

, 3 ⋅α

a 1aa 1 a , t(1 )5 61 1, a 7
∂ =11

∂⎛
⎝⎝⎝

⎞
⎠⎠⎠

Δ ( )∂)
α α⎝⎝⎝

ΔtΔΔ
2

50.120, a t(17 =0 a7 Δt(t 1 =) 5,55 a t 0.1258 = ∂ Δtt =

∴ + =
⎡

⎣
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⎦⎦
+
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⎣
⎢
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⎦
⎥
⎤⎤

⎦⎦
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⎡
[ [= K] a [M]1
ˆ 2 2

2 5
64 1 0

0 1
66 2
2 69⎣⎣

⎢
⎡⎡

⎣⎣⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

+ + +[M](64X 16 16t
ˆ )F X= +[M](64X 16 X=X ) Xt t+FF + t t+ t t+ 6tt

� �� � �64 ��Xt
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456 Road Vehicle Dynamics

Because [M] is identify matrix.

Solve X [t tΔtt [ ˆ ] F̂− ⋅K] t t+FF1
Δtt

�� � ��

� �

X X X

X X

t t t tX

t t t

Δt −X

= +Xt

tt

tt

64( ) 16t ΔΔt tΔ

0 125. ���� ��X Xt tX t+0 12 Δtt

The values of {X} computed for various values of t are shown in Table E.20.

TABLE E.20

Time = i . Δt

X

x1 x2

0

0.25

0.5

0.75

1.0

1.25

1.5

1.75

2.00

2.25

  1

  0.939

  0.7699

  0.529

  0.264

  0.0217

  0.136

−0.243

−0.373

−0.499

  0

−0.056

−0.202

−0.375

−0.497

−0.504

−0.363

−0.107

  0.242

  0.271

It is important to note that unless ∂ is taken as 1/2, there is a spurious damping intro-
duced proportional to (∂ − 1/2). If ∂ is taken as zero, a negative damping results; this 
involves a self-excited vibration arising due to numerical procedure. Similarly, if ∂ is 
greater then 1/2, a positive damping is introduced. This reduces the magnitude of 
response even without real damping in the problem. The method is unconditionally 

stable for α > ⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

∂ +
1

2

1

2

2

 and ∂ ≥ 1/2.

PROBLEM E.21

The equations of motion of a two degrees of freedom system are given by

2��x1 + 6x1 − 2x2 = 5

��x2 − 2x1 + 4x2 = 20sin 5t

Assuming the initial conditions are �x1(0) = x1(0) = �x2(0) = x2(0) = 0, fi nd the response 
of the system using the central difference method with Δt = 0.25s.

Solution: 

The system is represented with mass and stiffness matrices given below:
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⎧⎧⎧⎧
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⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬
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 Direct Numerical Integration Methods 457

The undamped natural frequencies and the mode shapes of the system can be found by 
solving the eigenvalue problem:

6 2
2 4

2 0
0 1

2 1

2

22
−22

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

⎧
⎨
⎪⎧⎧
⎨⎨
⎩

ω
U

U⎪⎪
⎨⎨⎨⎨
⎩⎩⎩⎩

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

=
⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬

0
0

The solution of above equation is given by

ω1 = 1.414 and ω2 = 2.236

Hence, the actual (natural) periods of the system are

τ π
ω

τ π
ω1 2τ4 44 and= = = =2 2π

4 44 d 2 809
1 2ω

.

It requires to select time step (Δt) as < = τ2/10 = 0.2809, 

The initial value of acceleration is

��X0 = [M] {− F [− K]X }1
0

For every time-step, the value of X−1 as follows:

and  

X = X t

F(t)((

t 0X−Δtt Δtt +

= −F(t)( −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞

� ��X
t

X

f t K
t

M

0

2

0

2

2
2

Δtt

Δtt
ˆ( )t

⎠⎠⎟
⎞⎞
⎠⎠⎠⎠

⎛
⎝⎝⎝

⎞
⎠⎠⎠

= +

− Δ

Δ

X −−
⎛

X⎜
⎛⎛ ⎞

⎟
⎞⎞

X

t⎝t ⎝⎝ ⎠⎠⎠
X

⎝⎜⎝⎝ ⎠⎟⎠⎠ tΔΔ

t t+ ΔΔ

M

t

C
t

t t

Δtt Δtt

Δtt Δtt

2

2

2

1 1
2

[ ]MM [ ]C
⎡⎡

⎣
⎢
⎡⎡⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

−1

ˆ( )f (

Now these equations can be applied recursively to obtain X1, X2, . . . The results obtained 
are shown in Table E.21 and Fig. E.21.

TABLE E.21

Time ti = i . Δt

X

x1 x2

0.000000

0.250000

0.500000

0.750000

0.00000

0.07812

0.29785

0.69273

0.00000

0.00000

1.19599

2.87831

MATLAB Program:

M=[2 0;0 1];
K=[6 -2;-2 4];
C=[0.0 0.0;0.0 0.0];
dt=0.25;
 x0=[0;0];x0d=[0;0];
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458 Road Vehicle Dynamics

 F0=[5;0];
 T=4;
 x0dd=inv(M)*(F0-C*x0d-K*x0);
 xprev=x0-(dt*x0d)+((dt^2)*(x0dd/2));
 a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
 mbar=(a0*M)+(a1*C);
t=0;
v(:,1)=x0d;a(:,1)=x0dd;
i=1;
fprintf(‘time\t\tX(1)\t\tX(2)\n’);
for t=0:dt:T+dt
X(:,i)=x0;
F=[5;20*sin(5*t)];
Fbar=F+(a2*M-K)*x0+(a1*C-a0*M)*xprev;
x=inv(mbar)*Fbar;
xprev=x0;
x0=x;
fprintf(‘%f\t%f\t%f\n’,t,X(1,i),X(2,i));
i=i+1;
p=i;
end

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
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−1

0

1

2

3

4

time (s)

di
sp
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m
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PROBLEM E.22

Find the response of a system shown in Fig. E.22, when the forcing functions are given 
by F1(t) = 0 and F2(t) = 10. Assume the zero initial conditions.

1
4 2 

2
6

F1(t) F2(t)

Use Newmark method with α = 1/6 and β = 1/2.

Figure E.21

Figure E.22
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 Direct Numerical Integration Methods 459

Solution: 

The system is represented with mass and stiffness matrices given below:

M =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

1 0
0 2

6 2−
2 8−

0
10

and K , with F(t)((
⎫⎫
⎬
⎫⎫⎫⎫
⎬⎬
⎫⎫⎫⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬

The following steps are followed:

1 1 1
2 1 2α α2 αΔ

⎡⎣⎡⎡ ⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦⎤⎤
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+1 ⎡⎣⎡⎡ ⎤⎦⎤⎤ Δ
+

t
M K⎤⎦⎤⎤ + ⎡⎡⎡ U R1 =+1 M

t
Un n+1+1 n ΔΔ

⎛
⎝⎝⎝

⎞
⎠⎠⎠

⎛

⎝⎜
⎛⎛

⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠t

U U+ −
⎛⎛⎛ ⎞

⎠⎟
⎞⎞
⎠⎠n n⎝⎝⎝ ⎠⎠⎠

U+
⎝⎝⎝ ⎠⎠⎠

�⎞� ⎛ �11
2

1
α

The initial conditions are: U U U M R K U

Un

0 0 0U U
1

0 0K U

1

UU0 0UU

1

=U0UUUUU ⎡⎣⎡⎡ ⎤⎦⎤⎤ − ⎡⎣⎡⎡ ⎤⎦( )
=

Δ

−

+

00UUU� ��

��
α tt

U U
t

U U

U t

nUn n nU

n

2

1

1 1
U

2
1

+

⎡⎣⎡⎡ ⎤⎦⎤⎤ −
Δ

⎛
⎝⎝⎝

⎞⎞
⎠⎠⎠

Δ

α2α tΔ ⎝⎝⎝

ββ

�1 ⎞ �

� ����� �� �U UntUtn nn(( )ΔtUtttUt1 β

MATLAB Program:

K=[6 -2;-2 8];
M=[1 0;0 2];
C=[0.0 0.0;0.0 0.0];
dt=0.05;T=0.2;
X0=[0;0];X0d=[0;0];F=[0;10];
X0dd=inv(M)*(F-C*X0d-K*X0);
beta=0.5;gama=1/6;%0.25* (0.5+beta);
a0=1/(beta*dt^2); a1=gama/ (beta*dt); a2=1/(beta*dt);
a3= (1/2*beta)-1; a4= (gama/beta-1); a5=0.5*(gama/beta-2)*dt;
a6=dt*(1-beta);a7=beta*dt;
Kb=K+a0*M+a1*C;
i=1;
X(:,1)=X0;Xd(:,1)=X0d;Xdd(:,1)=X0dd;t=0;
fprintf(‘time(s)\t\tX1\t\tX2\n’);
fprintf(‘%f\t%f\t%f\n’,t,X(1,1),X(2,1));
for t=dt:dt:T
   i=i+1;
   F=[0;10];
   Fb=F+M*(a0*X(:,i-1)+a2*Xd(:,i-1)+a3*Xdd(:,i-1))+C*(a1*X
      (:,i-1)+a4*Xd(:,i-1)+a5*Xdd(:,i-1));
   X(:,i)=inv(Kb)*Fb;
   Xdd(:,i)=a0*(X(:,i)-X(:,i-1))-a2*Xd(:,i-1)-a3*Xdd(:,i-1);
   Xd(:,i)=a1*(X(:,i)-X(:,i-1))-a4*Xd(:,i-1)-a5*Xdd(:,i-1);
   fprintf(‘%f\t%f\t%f\n’,t,X(1,i),X(2,i));
end

TABLE E.22

Time ti = i . Δt

X

x1 x2

0.000000

0.050000

0.100000

0.150000

0.00000

0.00000

0.00003

0.00012

0.00000

0.00155

0.01398

0.03725
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460 Road Vehicle Dynamics

The results obtained are shown in Fig. E.22(a).
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PROBLEM E.23

Obtain the response of the system given in Problem E.22 using the Wilson-theta method 
with θ = 1.4.

Solution:

First, solve

6
2( )

θθ⎡⎣⎡⎡ ⎤⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦⎤⎤
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ ( ) + ⎡⎣⎡⎡ ⎤θ+ (M K⎤⎦⎤⎤ + ⎡⎡⎡ U Rθ =+θ R R1 −+ Mn+θ+θ n n1+ R1+ ⎦⎦⎤⎤⎤⎤ +
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� �� �� �U
t

U U Un n nU+ = Δtt ⎡⎣⎡⎡ ⎤⎦⎤⎤ +1 1U +UnU= ⎡⎡⎡
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The last step is to get

U
t

U U tU Un n ntU n+UnU+ = Δtt ⎡⎣⎡⎡ ⎤⎦⎤⎤ + Δttt +1

2

16
2�� �� �

The initial conditions are:

U U U M R K U0 0 0U U
1

0 0K U0 0UUUU =U U0U UUUUU ⎡⎣⎡⎡ ⎤⎦⎤⎤ − ⎡⎣⎡⎡ ⎤⎦( )−
00UUU .� ��

Figure E.22 (a)
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 Direct Numerical Integration Methods 461

K=[6 -2;-2 8];
M=[1 0;0 2];
C=[0 0;0 0];
dt=0.05;T=10;
X0=[0;0];X0d=[0;0];F0=[0;10];
X0dd=inv(M)*(F0-C*X0d-K*X0);
theta=1.4;
a0=6/(theta*dt)^2;a1=3/(theta*dt);a2=2*a1;
a3=2;a4=(1/2*theta*dt);a5=-a2/theta;
a6=1-3/theta;
a7=dt/2;a8=dt^2/6;
Kb=K+a0*M+a1*C;
i=1;
X(:,1)=X0;Xd(:,1)=X0d;Xdd(:,1)=X0dd;t=0;
fprintf(‘time(s)\t\tX1\t\tX2\n’);
fprintf(‘%f\t%f\t%f\n’,t,X(1,1),X(2,1));
for t=dt:dt:T
   i=i+1;
   F=[0;10];
   Ftb=F0+M*(a0*X(:,i-1)+a2*Xd(:,i-1)+a3*Xdd(:,i-1))+C*(a1*X(:,i-1)
      +a3*Xd(:,i-1)+a4*Xdd(:,i-1))+theta*(F-F0);
   Xt(:,i)=inv(Kb)*Ftb;
   Xdd(:,i)=(a0/theta)*(Xt(:,i)-X(:,i-1))+a5*Xd(:,i-1)+a6*Xdd(:,i-1);
   Xd(:,i)=Xd(:,i-1)+a7*(Xdd(:,i)+Xdd(:,i-1));
   X(:,i)=X(:,i-1)+dt*Xd(:,i-1)+a8*(Xdd(:,i)+2*Xdd(:,i-1));
   F0=F;
   fprintf(‘%f\t%f\t%f\n’,t,X(1,i),X(2,i));
end
t=[0:dt:T];
plot(t,X(1,:),’-p’,t,X(2,:),’-*’)
xlabel(‘time(s)’);
ylabel(‘displacement(m)’);
legend(‘DOF-1’,’DOF-2’);
grid on;

The results obtained are shown in Fig. E.23. 
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Figure E.23
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462 Road Vehicle Dynamics

TABLE E.23

Time ti = i . Δt

X

x1 x2

0.000000

0.050000

0.100000

0.150000

0.00000

0.00000

0.00006

0.00027

0.00000

0.00623

0.02486

0.05569

PROBLEM E.24

Find the free vibration response of two degrees of freedom system shown in Fig. E.24 
using Houbolt method. Assume X(0) = {0.2, 0}T, �X( )0  = {0, 0}T.

1 1
20

10

2

Solution: 

Writing equations of motion, the following matrices are obtained:

M C
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
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⎣
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⎤

⎦
⎥
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⎦⎦
= −

−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

1 0
0 1

2 0
0 0

30 20−
20− 20

and K , withii F(t)(( =
⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
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⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬

0
0

X(0) =
⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
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⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
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⎨
⎧⎧
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⎧⎧⎧⎧

⎩
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⎫
⎬
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⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬

0 2
0

0
0

( )0and X�

MATLAB Program:

K=[30 -20;-20 20];
M=[1 0;0 1];
C=[2 0;0 0];
dt=0.05;T=2;
X0=[0.2;0];X0d=[0;0];F=[0;0];
t=[0:dt:T];
X(:,2)=X0;
X0dd=inv(M)*(F-C*X0d-K*X0);
% USING CENTRAL DIFFERENCE METHOD TO OBTAIN PREVIOUS 3 VALUES
Xprev=X0-(dt*X0d)+((dt^2)*(X0dd/2));
a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
mbar=(a0*M)+(a1*C);
kbar=(K-a2*M);
cbar=(a0*M-a1*C);
X(:,1)=X0;
Fbar=F-kbar*X0-cbar*Xprev;
X(:,2)=inv(mbar)*Fbar;
Fbar=F-kbar*X(:,2)-cbar*X0;
X(:,3)=inv(mbar)*Fbar;
% HOUBOLT METHOD BEGINS
a0=2/(dt^2);a1=11/(6*dt);a2=5/(dt^2);a3=3/dt;a4=-2*a0;

Figure E.24
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 Direct Numerical Integration Methods 463

a5=-a3/2;a6=a0/2;a7=a3/9;
Kb=K+a0*M+a1*C;
p=3;
for i=3:length(t)
   F=[0;0];% F(t+2dt)
   Fb=F+M*(a2*X(:,i)+a4*X(:,i-1)+a6*X(:,i-2))+ C*(a3*X(:,i)+
      a5*X(:,i-1)+a7*X(:,i-2));
   X(:,i+1)=inv(Kb)*Fb;
   Xdd(:,i+1)=a0*X(:,i+1)-a2*X(:,i)-a4*X(:,i-1)-a6*X(:,i-2);
   Xd(:,i+1)=a1*X(:,i+1)-a3*X(:,i)-a5*X(:,i-1)-a7*X(:,i-2);
   p=p+1;
end
fprintf(‘\ntime\t\tX1\t\tX2\n’);
for i=1:p
   time(i)=(i-1)*dt;
   fprintf(‘%f\t%f\t%f\n’,time(i),X(1,i),X(2,i))
end
plot(time,X(1,:),’-p’,time,X(2,:),’-*’);
grid on;
xlabel(‘time(s)’);
ylabel(‘displacement (m)’);
legend(‘DOF-1’,’DOF-2’);

The results obtained are shown in Fig. E.24(a).
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TABLE E.24

Time ti = i . Δt

X

x1 x2

0.000000

0.050000

0.100000

0.150000

0.20000

0.19250

0.17220

0.14281

0.00000

0.00500

0.01937

0.04098

Figure E.24 (a)
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464 Road Vehicle Dynamics

ADDITIONAL PROBLEMS AND SOLUTIONS:

PROBLEM AE.1

Find the response of a viscously damped single degree of freedom system subjected to 
a force

F(t)(( F 1 sin0FF −1= FFF
⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

πt
t2 0

with the following data: F0 = 2N, t0 = π s, m = 2 kg, c = 0.3 Ns/M, and k = 1 N/m. The 
values of the displacement and velocity of the mass at t = 0 are zero. Use the central  
difference method. Choose Δt = 1, 0.1 and 0.5 s and compares the results.

Solution:

This is a single degree of freedom system problem with all initial conditions zero. 

% MATLAB Program:

% INITIAL VALUES
m=2;k=1;c=0.3;dt=0.1;
x0=0;x0d=0;
F0=2;
T=5;
x0dd=inv(m)*(F0-c*x0d-k*x0);
xprev=x0-(dt*x0d)+((dt^2)*x0dd/2);
a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
mbar=a0*m+a1*c;
   t=0;
   v(1)=x0d;a(1)=x0dd;
   i=1;
   for t=0:dt:T+dt
   X(i)=x0;   
   f=F0*(1-sin(0.5*t));
   fbar=f+(a2*m-k)*x0+(a1*c-a0*m)*xprev;
   x=inv(mbar)*fbar;
   xprev=x0;
   x0=x;
   i=i+1;
   p=i;
   end
   for i=2:p-1
      if i<p-1
      v(i)=(X(i+1)-X(i-1))/(2*dt);
      a(i)=(X(i+1)-2*X(i)+X(i-1))/dt^2;
      end
   end
   fprintf(‘\ntime\t\tdisplacement\tvelocity\tacceleration\n’);  
   i=1;
   for t=0:dt:T
      fprintf(‘%f\t%f\t%f\t%f\n’,t,X(i),v(i),a(i));
      i=i+1;
   end
   t=[0:dt:T+dt];
   plot(t,X,’-p’);
 xlabel(‘Time(s)’);
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PROBLEM AE.2

Find the solution of the equation 5�� �X 2.5X+  + 4000X = F(t), where F(t) is as shown in 
Fig. AE.2 for the duration 0 ≤ t 1≤ . Assume that X0  = �X 0 a d t 0.050 = 0 and tt = . Use the 
central difference method.

F(t)

200

0
0.2 0.6

t

Solution:

% MATLAB Program:

% INITIAL VALUES 
 m=5;k=4000;c=2.5;dt=0.05;
 x0=0;x0d=0;
 F0=200;
 T=1;
 x0dd=inv(m)*(F0-c*x0d-k*x0);
 xprev=x0-(dt*x0d)+((dt^2)*x0dd/2);
 a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
 mbar=a0*m+a1*c;
 t=0;
 v(1)=x0d;a(1)=x0dd;
 i=1;
 for t=0:dt:T+dt

Figure AE.1 Displacement 
response plot for Δt = 0.1 s.

Figure AE.2
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466 Road Vehicle Dynamics

   X(i)=x0;   
   if t<=0.2 f=F0;
   else if (t>0.2 & t<=0.6) f=-(F0/0.4)*(t-0.6);
      else if t>0.6 f=0;
         end
      end
   end
   fbar=f+(a2*m-k)*x0+(a1*c-a0*m)*xprev;
   x=inv(mbar)*fbar;
   xprev=x0;
   x0=x;
   i=i+1;
   p=i;
   end
   for i=2:p-1
      if i<p-1
      v(i)=(X(i+1)-X(i-1))/(2*dt);
      a(i)=(X(i+1)-2*X(i)+X(i-1))/dt^2;
      end
   end
   fprintf(‘\ntime\t\tdisplacement\tvelocity\tacceleration\n’);  
   i=1;
   for t=0:dt:T
      fprintf(‘%f\t%f\t%f\t%f\n’,t,X(i),v(i),a(i));
      i=i+1;
   end
   t=[0:dt:T+dt];
   plot(t,X,’-p’);
   xlabel(‘Time(s)’);
   ylabel(‘displacement(m)’);
   grid on;

Fig. AE.2(a) shows the response history.
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Figure AE.2 (a) MATLAB 
output for Δt = 0.05 s.
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PROBLEM AE.3

Solve numerically the differential equation 4��X 2000X F(t)((+ =2000X  with the initial condi-
tions X0 = �X0 = 0 and forcing function F(t) as shown in Fig. AE.3. Use central differ-
ence method, with Δt = 0.02 s.

00

150

F(t)

0.10 0.20
t

Solution:

% MATLAB Program:

% INITIAL VALUES 
   m=4;k=2000;c=0;dt=0.02;
   x0=0;x0d=0;
   F0=150;
   T=1;
   x0dd=inv(m)*(F0-c*x0d-k*x0);
   xprev=x0-(dt*x0d)+((dt^2)*x0dd/2);
   a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
   mbar=a0*m+a1*c;
   t=0;
   v(1)=x0d;a(1)=x0dd;
   i=1;
   for t=0:dt:T+dt
   X(i)=x0;   
   if t<=0.1 f=F0;
   else if (t>0.1 & t<=0.2) f=-(F0/0.1)*(t-0.2);
      else if t>0.2 f=0;
         end
      end
   end
   fbar=f+(a2*m-k)*x0+(a1*c-a0*m)*xprev;
   x=inv(mbar)*fbar;
   xprev=x0;
   x0=x;
   i=i+1;
   p=i;
   end
   for i=2:p-1
      if i<p-1
      v(i)=(X(i+1)-X(i-1))/(2*dt);
      a(i)=(X(i+1)-2*X(i)+X(i-1))/dt^2;
      end
   end

Figure AE.3
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468 Road Vehicle Dynamics

   fprintf(‘\ntime\t\tdisplacement\tvelocity\tacceleration\n’);  
   i=1;
   for t=0:dt:T
      fprintf(‘%f\t%f\t%f\t%f\n’,t,X(i),v(i),a(i));
      i=i+1;
   end
   t=[0:dt:T+dt];
   plot(t,X,’-p’);
   xlabel(‘Time(s)’);
   ylabel(‘displacement(m)’);
   grid on;

Fig. AE.3 (a) shows the response history.
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PROBLEM AE.4

Solve numerically the solution to the problem of a spring mass system excited by a trian-
gular impulse. The differential equation of motion and the initial conditions are given as

0. (5 )�� 2 t

with  X X1 1X =X1X� 0

The triangular force is defi ned in Fig. AE.4. Use central difference method, with 
Δt = 0.05 s.
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t

F(t)

Figure AE.3 (a) Response 
history

Figure AE.4
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 Direct Numerical Integration Methods 469

Solution: 

% MATLAB Program:

% INITIAL VALUES
   m=0.5;k=8*pi^2;c=0;dt=0.05;
   x0=0;x0d=0;
   F0=0;F=150;
   T=1;
   x0dd=inv(m)*(F0-c*x0d-k*x0);
   xprev=x0-(dt*x0d)+((dt^2)*x0dd/2);
   a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
   mbar=a0*m+a1*c;
   t=0;
   v(1)=x0d;a(1)=x0dd;
   i=1;
   for t=0:dt:T+dt
   X(i)=x0;   
   if t<=0.2 f=(F*t/0.2);
   else if (t>0.2 & t<=0.4) f=-(F/0.2).*(t-0.4);
   else if t>0.4 f=0;
         end
      end
   end
   fbar=f+(a2*m-k)*x0+(a1*c-a0*m)*xprev;
   x=inv(mbar)*fbar;
   xprev=x0;
   x0=x;
   i=i+1;
   p=i;
   end
   for i=2:p-1
      if i<p-1
      v(i)=(X(i+1)-X(i-1))/(2*dt);
      a(i)=(X(i+1)-2*X(i)+X(i-1))/dt^2;
      end
   end
   fprintf(‘\ntime\t\tdisplacement\tvelocity\tacceleration\n’);  
   i=1;
   for t=0:dt:T
      fprintf(‘%f\t%f\t%f\t%f\n’,t,X(i),v(i),a(i));
      i=i+1;
   end
   t=[0:dt:T+dt];
   plot(t,X,’-p’);
   xlabel(‘Time(s)’);
   ylabel(‘displacement(m)’);
   grid on;

Fig. AE.4 shows the plot of the response versus time.
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470 Road Vehicle Dynamics
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PROBLEM AE.5

Solve the following nonlinear vibration problem using the central difference method.

MX CX KX K X Fcos3�� �+ +CX + =K X3∗ ω t

with M = 1.0, C = 0.5, K = 1.0, K∗
 = 0.5, Δt = 0.05, tmax = 5.0, and the initial conditions 

X X0 0X�  = 0. Plot the variation of X with t. Take ω = 1 and F = 10.

Solution:

Here, the in Xi+1 an additional term with −K*Xi
3 will come and other things will remain 

same. Assuming F = 10N.

% MATLAB Program:

% INITIAL VALUES 
   m=1;k=1;c=0.5;ks=0.5;dt=0.05;
   x0=0;x0d=0;omega=1;
   F0=10;
   T=5;

Figure AE.4 (a) MATLAB 
output for Δt = 0.05 s.

Figure AE.4 (b) MATLAB 
output for Δt = 0.005 s.

SIBK002_AppE_427-492.indd   470SIBK002_AppE_427-492.indd   470 3/8/10   4:54:00 PM3/8/10   4:54:00 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Direct Numerical Integration Methods 471

   x0dd=inv(m)*(F0-c*x0d-k*x0);
   xprev=x0-(dt*x0d)+((dt^2)*x0dd/2);
   a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
   mbar=a0*m+a1*c;
   t=0;
   v(1)=x0d;a(1)=x0dd;
   i=1;
   for t=0:dt:T+dt
   X(i)=x0;   
   f=F0*cos (omega*t);
   % NON-LINEAR TERM
   fbar=f+(a2*m-k)*x0+(a1*c-a0*m)*xprev-ks*(x0^3);
   x=inv(mbar)*fbar;
   xprev=x0;
   x0=x;
   i=i+1;
   p=i;
   end
   for i=2:p-1
      if i<p-1
      v(i)=(X(i+1)-X(i-1))/(2*dt);
      a(i)=(X(i+1)-2*X(i)+X(i-1))/dt^2;
      end
   end
   fprintf(‘\ntime\t\tdisplacement\tvelocity\tacceleration\n’);  
   i=1;
   for t=0:dt:T
      fprintf(‘%f\t%f\t%f\t%f\n’,t,X(i),v(i),a(i));
      i=i+1;
   end
   t=[0:dt:T+dt];
   plot(t,X,’-p’);
 xlabel(‘Time(s)’);

Fig. AE.5 shows the MATLAB response.
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Figure AE.5 MATLAB 
output for Δt = 0.05 s.
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472 Road Vehicle Dynamics

PROBLEM AE.6

Solve Problem AE.1 using the fourthorder Runge-Kutta method. 

Solution: 

Here, �Y f(x x ,t)t1 2,x=  is a vector of functions

For single degree of freedom system, it contains 

� �
��

Y f (x x ,t)t
x

1 2,x
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⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬ =f (x x t)t1 2x

− −(
x
x

m
F kx cx

1
1 2cx( )t ))

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

⎫

⎬
⎪
⎫⎫

⎬⎬

⎭
⎪
⎬⎬

⎭⎭

Final solution takes the form

Y Y +
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%MATLAB Program:

dt=0.5;T=10;
h=dt;
x1=0;
x2=0;
i=1;
for t=0:h:T
f1=h*f(t,x1,x2); g1=h*g(t,x1,x2);
f2=h*f((t+h/2),(x1+f1/2),(x2+g1/2));g2=h*g((t+h/2),(x1+f1/2),
   (x2+g1/2));
f3=h*f((t+h/2),(x1+f2/2),(x2+g2/2));g3=h*g((t+h/2),(x1+f2/2),
   (x2+g2/2));
f4=h*f((t+h),(x1+f3),(x2+g3)); g4=h*g((t+h),(x1+f3),(x2+g3));
   x1=x1+((f1+f4)+2*(f2+f3))/6.0;
x2=x2+((g1+g4)+2*(g2+g3))/6.0;
X(i)=x1;
Y(i)=x2;
i=i+1;
end
t=[0:h:T];
plot(t,X,’-p’,t,Y,’-*’);
grid on;
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 Direct Numerical Integration Methods 473

xlabel(‘time(s)’);
legend(‘displacement(m)’,’velocity(m/s)’,2)

This program is executed with two other separate programs f . m and g . m given below:

% fi le f.m  
function v1=f(t,x1,x2)
v1=x2;
% fi le g.m
function v2=g(t,x1,x2)
k=1; m=1; c=0;
F=100*(1-cos(t));
v2=(F-k*x1-c*x2)/m;

The output of the program is shown in Fig. AE.6.
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PROBLEM AE.7

Solve Problem AE.2 using the fourth-order Runge-Kutta method.

Solution:

% MATLAB Program: 

dt=0.05;T=1;
h=dt;
x1=0;  % displacement 
x2=0;  % velocity
i=1;
fprintf(‘time\t\tdisplacement\tvelocity\n’);
for t=0:h:T
fprintf(‘%f\t%f\t%f\n’,t,x1,x2);
X(i)=x1;
Y(i)=x2;
f1=h*f(t,x1,x2); g1=h*g(t,x1,x2);
f2=h*f((t+h/2),(x1+f1/2),(x2+g1/2));g2=h*g((t+h/2),(x1+f1/2),
   (x2+g1/2));
f3=h*f((t+h/2),(x1+f2/2),(x2+g2/2));g3=h*g((t+h/2),(x1+f2/2),
   (x2+g2/2));

Figure AE.6 MATLAB 
output
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474 Road Vehicle Dynamics

f4=h*f((t+h),(x1+f3),(x2+g3)); g4=h*g((t+h),(x1+f3),(x2+g3));
x1=x1+((f1+f4)+2*(f2+f3))/6.0;
x2=x2+((g1+g4)+2*(g2+g3))/6.0;
i=i+1;
end
time=[0:h:T];
plot(time,X,’-p’);
grid on;
xlabel(‘time(s)’);
ylabel(‘displacement(m)’)

function g . m is given below:

function v2=g(t,x1,x2)
  k=4000; m=5; c=2.5;
 if t<=0.2 F=200;
 else if (t>0.2 & t<=0.6) F=-(200/0.4)*(t-0.6);
 else if t>0.6 F=0;
 end
 end
 end
 v2=(F-k*x1-c*x2)/m;

The displacement response is shown in Fig. AE.7 
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PROBLEM AE.8

Solve Problem AE.3 using the Runge-Kutta method.

Solution:

% MATLAB Program:

dt=0.02;T=1;
h=dt;
x1=0;  % displacement
x2=0;  % velocity

Figure AE.7 MATLAB 
output
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 Direct Numerical Integration Methods 475

i=1;
fprintf(‘time\t\tdisplacement\tvelocity\n’);
for t=0:h:T
fprintf(‘%f\t%f\t%f\n’,t,x1,x2);
X(i)=x1;
Y(i)=x2;
f1=h*f(t,x1,x2); g1=h*g(t,x1,x2);
f2=h*f((t+h/2),(x1+f1/2),(x2+g1/2));g2=h*g((t+h/2),(x1+f1/2),
 (x2+g1/2));
f3=h*f((t+h/2),(x1+f2/2),(x2+g2/2));g3=h*g((t+h/2),(x1+f2/2),
 (x2+g2/2));
f4=h*f((t+h),(x1+f3),(x2+g3)); g4=h*g((t+h),(x1+f3),(x2+g3));
x1=x1+((f1+f4)+2*(f2+f3))/6.0;
x2=x2+((g1+g4)+2*(g2+g3))/6.0;
i=i+1;
end
time=[0:h:T];
plot(time,X,’-p’);
grid on;
xlabel(‘time(s)’);
ylabel(‘displacement(m)’)

The function g . m defi ning the force signal is given below:

function v2=g(t,x1,x2)
 k=2000; m=4; c=0;
 if t<=0.1 F=150;
 else if (t>0.1 & t<=0.2) F=-(150/0.1)*(t-0.2);
 else if t>0.2 F=0;
 end
 end
 end
v2=(F-k*x1-c*x2)/m;
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476 Road Vehicle Dynamics

PROBLEM AE.9

Solve Problem AE.4 using the Runga-Kutta method.

Solution: 

% MATLAB Program:

function v2=g(t,x1,x2)
 k=8*pi^2;m=0.5; c=0;
 if t<=0.2 F=(150*t/0.2);
 else if (t>0.2 & t<=0.4) F=-(150/0.2)*(t-0.4);
 else if t>0.4 F=0;
 end
 end
 end
 v2=(F-k*x1-c*x2)/m;
Here dt=0.05s and T=1 s. 
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PROBLEM AE.10

Solve Problem AE.5 using the Runga-Kutta method.

Solution:

% MATLAB Program:

Here, the function defi ning the system g.m is given below:
% g.m
 function v2=g(t,x1,x2)
 k=1;m=1; c=0.5;omega=1;
 ks=0.5 % CUBIC STIFFNESS
 F=10*cos (omega*t);
 v2= (F-k*x1-c*x2-ks*x1^3)/m;

Figure AE.9 MATLAB 
output
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PROBLEM AE.11

Find the response of the two degrees of freedom system when F1(t) = 0 and F2(t) = 10 
using the central difference method. The mass, stiffness, and damping matrices for this 
system are given as

M⎡⎣⎡⎡ ⎤⎦⎤⎤ =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
⎡⎣ ⎤⎦⎤⎤ =

1 0

0 10
, K⎡⎣⎡⎡

21 –1

–1 1
, C

–0.1

–0.1 0.1

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
⎡⎣ ⎤⎦⎤⎤ =

0 5⎡⎡

⎣
⎢
⎡⎡⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

All  the initial conditions are given as zero. Use Δ =tΔΔ 0.05

Solution:

% MATLAB Program:

% INITIAL VALUES 
  M=[1 0;0 10];
  K=[21 -1;-1 1];
  C=[0.5 -0.1;-0.1 0.1];
  dt=0.05;
  x0=[0;0];x0d=[0;0];
  F0=[0;10];
  T=2;
  x0dd=inv(M)*(F0-C*x0d-K*x0);
  xprev=x0-(dt.*x0d)+((dt^2).*(x0dd/2));
  a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
  mbar=(a0.*M)+(a1.*C);
  t=0;
  v(:,1)=x0d;a(:,1)=x0dd;
  i=1;
  fprintf(‘time\t\tX(1)\t\tX(2)\n’);
  for t=0:dt:T+dt
  X(:,i)=x0;   

Figure AE.10 MATLAB 
output
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478 Road Vehicle Dynamics

   F=F0;
   Fbar=F+(a2.*M-K)*x0+(a1.*C-a0.*M)*xprev;
   x=inv(mbar)*Fbar;
   xprev=x0;
   x0=x;
   fprintf(‘%f\t%f\t%f\n’,t,X(1,i),X(2,i));
   i=i+1;
   p=i;
   end
   for i=2:p-1
   if i<p-1
   v(:,i)=(X(:,i+1)-X(:,i-1)).*(1/(2*dt));
   a(:,i)=(X(:,i+1)-2*X(:,i)+X(:,i-1)).*(1/dt^2);
   end
   end
   t=[0:dt:T+dt];
   plot(t,X(1,:),’-p’,t,X(2,:),’-*’);
   xlabel(‘time(s)’);
   ylabel(‘displacement(m)’);
   legend(‘DOF-1’,’DOF-2’,2);
   grid on;
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PROBLEM AE.12

Solve Problem AE.11 using the two-cycle iteration with trapezoidal rule.

Solution:

For an undamped system, the following equations are applicable.

We now have:

4 4 4
2 1 2Δ

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎡⎣⎡⎡ ⎦⎤⎤ ⎡⎣⎡⎡ ⎤⎦⎤⎤ +1 ⎡⎣⎡⎡ ⎤⎦⎤⎤ Δ
+

ΔtΔΔ
M K⎤⎦⎤⎤ + ⎡⎡⎡ U R1 =+1 M

tΔΔ
U

tΔΔn n+1+1 n
�U UUUn nU

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

��

Figure AE.11 MATLAB 
output response

SIBK002_AppE_427-492.indd   478SIBK002_AppE_427-492.indd   478 3/8/10   4:54:10 PM3/8/10   4:54:10 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Direct Numerical Integration Methods 479

The initial conditions are:
 
U U U M R K U0 0 0U U

1

0 0K U0 0UUUU =U U0U UUUUU ⎡⎣⎡⎡ ⎤⎦⎤⎤ − ⎡⎣⎡⎡ ⎤⎦( )−
00UUU .� ��

�� � ��U
t

U U
t

U Un n nt
U n+ +Un

t
U=

Δttt
⎡⎣⎡⎡ ⎤⎦⎤⎤ −

Δttt1 2 1
4 4

U U⎡ ⎤ ,

� �� �� � �U
t

U U U
t

U U Un nUn nUn n+ = Δtt ⎡⎣⎡⎡ ⎤⎦⎤⎤ + =UnU
Δtt

⎡⎣⎡⎡ ⎤⎦⎤⎤ −1 1U +UnU= ⎡⎡⎡
2

2

% MATLAB Program:

% INITIAL VALUES 
  M=[1 0;0 10];
  K=[21 -1;-1 1];
  C=[0.5 -0.1;-0.1 0.1];
  dt=0.05;
  T=2;dt=0.05;
  t=[0:dt:T];
  i=1;
  x(:,i)=[0;0];xd(:,i)=[0;0];
  f(:,i)=[0;10];
  xdd(:,i)=inv(M)*(f(:,i)-C*xd(:,i)-K*x(:,i));
  % FIRST time step
  dxd(:,2)=dt*xdd(:,1);
  for i=2:length(t)
  f(:,i)=[0;10];
  df(:,i)=f(:,i)-f(:,i-1);
  xd(:,i)=xd(:,i-1)+dxd(:,i);
  dx(:,i)=(dt/2)*(xd(:,i-1)+xd(:,i));
  dxdd(:,i)=inv(M)*(df(:,i)-K*dx(:,i)-C*dxd(:,i));
  xdd(:,i)=xdd(:,i-1)+dxdd(:,i);
  % UPDATING VALUES OF VELOCITY AND DISPLACMENT IN CURRENT CYCLE
    dxd(:,i)=(dt/2)*(xdd(:,i-1)+xdd(:,i));
    xd(:,i)=xd(:,i-1)+dxd(:,i);
    dx(:,i)=(1/2)*(xd(:,i-1)+xd(:,i));
    % REVISED DISPLACMENT IN CURRENT CYCLE
    x(:,i)=x(:,i-1)+dx(:,i);
    % DELTA x DOT FOR NEXT CYCLE
    dxd(:,i+1)=2*dt*xdd(:,i)-dxd(:,i);
  end
  fprintf(‘time\t\tX(1)\t\tX(2)\n’);
  p=1
  for time=0:dt:T
    fprintf(‘%f\t%f\t%f\n’,time,x(1,p),x(2,p));
    p=p+1;
  end
   plot(t,x(1,:),’-p’,t,x(2,:),’-*’);
 xlabel(‘time(s)’);
   ylabel(‘displacement(m)’);
   legend(‘DOF-1’,’DOF-2’,2);
 grid on;
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480 Road Vehicle Dynamics
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PROBLEM AE.13

Solve Problem AE.11 using the fourth-order Runge-Kutta method

Solution:

Here �Y f(x x ,x x , t),t)t where Yrr1 2,x 3 4,x= =f(x x x x t)t where Yrr1 2x 3 4x
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Or  �Y Y F+Y[ ]EE

% MATLAB Program:

dt=0.05;T=1;
h=dt;
x1=0; x2=0; % displacements
x3=0; x4=0; % velocity
M=[1 0;0 10];K=[21 -1;-1 1];C=[0.5 -0.1;-0.1 0.1];f=[0;10];
E=[zeros(size(M)) eye(size(M));-inv(M)*K -inv(M)*C]; 
F=[0;0;inv(M)*f];
i=1;

Figure AE.12 MATLAB 
output
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 Direct Numerical Integration Methods 481

Y=[x1;x2;x3;x4];
fprintf(‘time\t\tX(1)\t\tX(2)\n’);
for t=0:h:T
   X(:,i)=Y;
   fprintf(‘%f\t%f\t%f\n’,t,Y(1),Y(2));
   K1=h*(E*Y+F);
   K2=h*(Y+ (0.5*K1))+F);
   K3=h*(Y+ (0.5*K2))+F)
   K4=h*(Y+K3+F)
   Y=Y+(K1+2*K2+2*K3+K4)/6;
   i=i+1;
end
time=[0:h:T];
plot(time,X(1,:),’-p’,time,X(2,:),’-*’);
grid on;
xlabel(‘time(s)’);
ylabel(‘displacement(m)’)
legend(‘DOF-1’,’DOF-2’);
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PROBLEM AE.14

Solve Problem AE.11 using the Houbolt method.

Solution:

% MATLAB Program:

K=[21 -1;-1 1];
M=[1 0;0 10];
C=[0.5 -0.1;-0.1 0.1];
dt=0.05;T=2;
X0=[0;0];X0d=[0;0];F=[0;10];
t=[0:dt:T];
X(:,2)=X0;
X0dd=inv(M)*(F-C*X0d-K*X0);
% USING CENTRAL DIFFERENCE METHOD TO OBTAIN PREVIOUS 3 VALUES

Figure AE.13 MATLAB 
output
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482 Road Vehicle Dynamics

Xprev=X0-(dt*X0d)+((dt^2)*(X0dd/2));
a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
mbar=(a0*M)+(a1*C);
kbar=(K-a2*M);
cbar=(a0*M-a1*C);
X(:,1)=X0;
Fbar=F-kbar*X0-cbar*Xprev;
X(:,2)=inv(mbar)*Fbar;
Fbar=F-kbar*X(:,2)-cbar*X0;
X(:,3)=inv(mbar)*Fbar;

% HOUBOLT METHOD BEGINS
a0=2/(dt^2);a1=11/(6*dt);a2=5/(dt^2);a3=3/dt;a4=-2*a0;
a5=-a3/2;a6=a0/2;a7=a3/9;
Kb=K+a0*M+a1*C;
p=3;
for i=3:length(t)
   F=[0;10];% F(t+2dt)
   Fb=F+M*(a2*X(:,i)+a4*X(:,i-1)+a6*X(:,i-2))+ C*(a3*X(:,i)
      +a5*X(:,i-1)+a7*X(:,i-2));
   X(:,i+1)=inv(Kb)*Fb;
   Xdd(:,i+1)=a0*X(:,i+1)-a2*X(:,i)-a4*X(:,i-1)-a6*X(:,i-2);
   Xd(:,i+1)=a1*X(:,i+1)-a3*X(:,i)-a5*X(:,i-1)-a7*X(:,i-2);
   p=p+1;
end
fprintf(‘\ntime\t\tX1\t\tX2\n’);
for i=1:p
   time(i)=(i-1)*dt;
   fprintf(‘%f\t%f\t%f\n’,time(i),X(1,i),X(2,i))
end
plot(time,X(1,:),’-p’,time,X(2,:),’-*’);
grid on;
xlabel(‘Time(s)’);
ylabel(‘displacement (m)’);
legend(‘DOF-1’,’DOF-2’);

Fig. AE.14 shows the plot of histories of two degrees of freedom.
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Figure AE.14 MATLAB 
output (Houbolt’s method)
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PROBLEM AE.15

Solve Problem AE.11 using the Wilson Theta method.

Solution:

% MATLAB Program:

K=[21 -1;-1 1];
M=[1 0;0 10];
C=[0.5 -0.1;-0.1 0.1];
dt=0.05;T=2;
X0=[0;0];X0d=[0;0];F0=[0;10];
X0dd=inv(M)*(F0-C*X0d-K*X0);
theta=1.4;
a0=6/(theta*dt)^2;a1=3/(theta*dt);a2=2*a1;
a3=2;a4=(1/2*theta*dt);a5=-a2/theta;
a6=1-3/theta;
a7=dt/2;a8=dt^2/6;
Kb=K+a0*M+a1*C;
i=1;
X(:,1)=X0;Xd(:,1)=X0d;Xdd(:,1)=X0dd;t=0;
fprintf(‘time(s)\t\tX1\t\tX2\n’);
fprintf(‘%f\t%f\t%f\n’,t,X(1,1),X(2,1));
for t=dt:dt:T
   i=i+1;
   F=[0;10];
   Ftb=F0+M*(a0*X(:,i-1)+a2*Xd(:,i-1)+a3*Xdd(:,i-1))+C*
      (a1*X(:,i-1)+a3*Xd(:,i-1)+a4*Xdd(:,i-1))+theta*(F-F0);
   Xt(:,i)=inv(Kb)*Ftb;
   Xdd(:,i)=(a0/theta)*(Xt(:,i)-X(:,i-1))+a5*Xd(:,i-1)+a6*Xdd
      (:,i-1);
   Xd(:,i)=Xd(:,i-1)+a7*(Xdd(:,i)+Xdd(:,i-1));
   X(:,i)=X(:,i-1)+dt*Xd(:,i-1)+a8*(Xdd(:,i)+2*Xdd(:,i-1));
   F0=F;
   fprintf(‘%f\t%f\t%f\n’,t,X(1,i),X(2,i));
end
t=[0:dt:T];
plot(t,X(1,:),’-p’,t,X(2,:),’-*’)
xlabel(‘Time(s)’);
ylabel(‘displacement(m)’);
legend(‘DOF-1’,’DOF-2’);
grid on;
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484 Road Vehicle Dynamics
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PROBLEM AE.16

Solve Problem AE.11 using the Newmark Beta method.

Solution: 

TABLE 1

THE NEWMARK SCHEME

•

•

•

un + 1 = un + hvn + h2(1/2 − β)an + h2βan + 1

vn + 1 = vn + h (1 − γ)an + hγan + 1

Man + 1 + Cvn + 1 + Kun + 1 = Fn + 1

Here, for β = 0.5 and γ = 1/6, the following values are obtained. 

% MATLAB Program:

K= [21 -1;-1 1];
M= [1 0; 0 10];
C= [0.5 -0.1;-0.1 0.1];
dt=0.05;T=2;
X0=[0;0];X0d=[0;0];F=[0;10];
X0dd=inv(M)*(F-C*X0d-K*X0);
beta=0.5;gama=1/6;%0.25* (0.5+beta);
a0=1/(beta*dt^2);a1=gama/(beta*dt);a2=1/(beta*dt);
a3=(1/2*beta)-1;a4=(gama/beta-1);a5=0.5*(gama/beta-2)*dt;
a6=dt*(1-beta);a7=beta*dt;
Kb=K+a0*M+a1*C;
i=1;
X(:,1)=X0;Xd(:,1)=X0d;Xdd(:,1)=X0dd;t=0;
fprintf(‘time(s)\t\tX1\t\tX2\n’);
fprintf(‘%f\t%f\t%f\n’,t,X(1,1),X(2,1));
for t=dt:dt:T
   i=i+1;
   F=[0;10];
   Fb=F+M*(a0*X(:,i-1)+a2*Xd(:,i-1)+a3*Xdd(:,i-1))+C*(a1*X(:,
      i-1)+a4*Xd(:,i-1)+a5*Xdd(:,i-1));
   X(:,i)=inv(Kb)*Fb;

Figure AE.11 MATLAB 
response (Wilson-theta)
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 Direct Numerical Integration Methods 485

   Xdd(:,i)=a0*(X(:,i)-X(:,i-1))-a2*Xd(:,i-1)-a3*Xdd(:,i-1);
   Xd(:,i)=a1*(X(:,i)-X(:,i-1))-a4*Xd(:,i-1)-a5*Xdd(:,i-1);
   fprintf(‘%f\t%f\t%f\n’,t,X(1,i),X(2,i));
end
t=[0:dt:T];
plot(t,X(1,:),’-p’,t,X(2,:),’-*’)
xlabel(‘Time(s)’);
ylabel(‘displacement(m)’);
legend(‘DOF-1’,’DOF-2’);
grid on;

Fig. AE.16 shows the plot of histories of the two degrees of freedom.
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PROBLEM AE.17

Solve Problem AE.11 using the Park Stiffl y stable method.

Solution:

% MATLAB Program:

K=[21 -1;-1 1];
M=[1 0;0 10];
C=[0.5 -0.1;-0.1 0.1];
dt=0.05;T=2;
X0=[0;0];X0d=[0;0];F=[0;10];
t=[0:dt:T];
X(:,2)=X0;
X0dd=inv(M)*(F-C*X0d-K*X0);
% USING CENTRAL DIFFERENCE METHOD TO OBTAIN PREVIOUS 3 VALUES of 
X AND Xd
Xprev=X0-(dt*X0d)+((dt^2)*(X0dd/2));
a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
mbar=(a0*M)+(a1*C);
kbar=(K-a2*M);
cbar=(a0*M-a1*C);
X(:,1)=X0;Xd(:,1)=X0d;

Figure AE.16 MATLAB 
output-Newmark Method

SIBK002_AppE_427-492.indd   485SIBK002_AppE_427-492.indd   485 3/8/10   4:54:19 PM3/8/10   4:54:19 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



486 Road Vehicle Dynamics

Fbar=F-kbar*X0-cbar*Xprev;
X(:,2)=inv(mbar)*Fbar;
Fbar=F-kbar*X(:,2)-cbar*X0;
X(:,3)=inv(mbar)*Fbar;
Fbar=F-kbar*X(:,3)-cbar*X0;
X(:,4)=inv(mbar)*Fbar;
Xd(:,2)=a1*(X(:,3)-X(:,1));
Xd(:,3)=a1*(X(:,4)-X(:,2));

% PARK METHOD BEGINS
a0=10/(6*dt);a1=-15/(6*dt);a2=1/dt;a3=-1/(6*dt);
Kb=K+(a0^2)*M-a0*C;
p=3;
for i=3:length(t)
 F=[0;10];% F(t+3dt)
 mass=M*(-a1*Xd(:,i)-a2*Xd(:,i-1)-a3*Xd(:,i-2)-(a0*a1)*X(:,i)-
  (a0*a2)*X(:,i-1)+(a3^2)*X(:,i-2));
 damp=C*(a1*X(:,i)+a2*X(:,i-1)+a3*X(:,i-2));
 Fb=F+mass-damp;
 X(:,i+1)=inv(Kb)*Fb;
 Xd(:,i+1)=a0*X(:,i+1)+a1*X(:,i)+a2*X(:,i-1)+a3*X(:,i-2);
 Xdd(:,i+1)=a0*Xd(:,i+1)+a1*Xd(:,i)+a2*Xd(:,i-1)+a3*Xd(:,i-2);
 p=p+1;
end
fprintf(‘\ntime\t\tX1\t\tX2\n’);
for i=1:p
 time(i)=(i-1)*dt;
   fprintf(‘%f\t%f\t%f\n’,time(i),X(1,i),X(2,i))
end
plot(time,X(1,:),’-p’,time,X(2,:),’-*’);
grid on;
xlabel(‘Time(s)’);
ylabel(‘displacement (m)’);
legend(‘DOF-1’,’DOF-2’);

Fig. AE.17 shows the MATLAB plot.
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Figure AE.17 MATLAB 
output
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 Direct Numerical Integration Methods 487

PROBLEM AE.18

The numerical values of the mass, damping, and stiffness are chosen as M1 = 1, M2 = 10, 
C1 = 0, C2 = 0.15, K1 = 19 and K2 = 1. The initial conditions are selected as zero and the 
forcing vector is
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In matrix motion, these equations may be written as
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Take ΔtΔΔ  = 0.05 s. Use the central difference method and compute the response of the 
system.

Solution:

Substituting the given values, the following matrices is obtained:

M 1 0
0 10

, C , K=
⎡
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⎧⎧⎧⎧
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1 1
0
5

, F

% MATLAB Program:

% INITIAL VALUES

  M=[1 0;0 10];
  K=[20 -1;-1 1];
  C=[0.15 -0.15;-0.15 0.15];
  dt=0.05;
  x0=[0;0];x0d=[0;0];
  F0=[0;5];
  T=2;
  x0dd=inv(M)*(F0-C*x0d-K*x0);
  xprev=x0-(dt*x0d)+((dt^2)*(x0dd/2));
  a0=1/dt^2;a1=1/(2*dt);a2=2*a0;
  mbar=(a0*M)+(a1*C);
   t=0;
   v(:,1)=x0d;a(:,1)=x0dd;
   i=1;
   fprintf(‘time\t\tX(1)\t\tX(2)\n’);
   for t=0:dt:T+dt
   X(:,i)=x0;   
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488 Road Vehicle Dynamics

   % NONLINEAR SPRING
   Fr=[-0.5*1*(X(2,i)-X(1,i))^3;0.5*1*(X(2,i)-X(1,i))^3];
   F=F0+Fr;
   Fbar=F+(a2*M-K)*x0+(a1*C-a0*M)*xprev;
   x=inv(mbar)*Fbar;
   xprev=x0;
   x0=x;
   fprintf(‘%f\t%f\t%f\n’,t,X(1,i),X(2,i));
   i=i+1;
   p=i;
   end
   for i=2:p-1
   if i<p-1
   v(:,i)=(X(:,i+1)-X(:,i-1))*(1/(2*dt));
   a(:,i)=(X(:,i+1)-2*X(:,i)+X(:,i-1))*(1/dt^2);
   end
   end
   t=[0:dt:T+dt];
   plot(t,X(1,:),’-p’,t,X(2,:),’-*’);
   xlabel(‘time(s)’);
   ylabel(‘displacement(m)’);
   legend(‘DOF-1’,’DOF-2’,2);
   grid on;
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PROBLEM AE.19

Consider a simple system for which the governing equilibrium equations are

M
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Figure AE.18 MATLAB 
output
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 Direct Numerical Integration Methods 489

(a) calculate the transformation matrix for this system and thus establish the decoupled 
equations of equilibrium on the basis of mode shape vectors.

(b) compute the exact response by integrating each of the two decoupled equilibrium 
equations.

Solution:

(a)   Transformation matrix of the system is obtained from eigenvalue problem. 

 Solving the undamped eigenvalue equation, we obtain eigenvector as 

X
–0.8069 0.3437

–0.5907 –0.9391
correspond=

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥ inii g to eigenvalues 1.634

3.366
λ =

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

 Find modal masses m1 = sqrt(X1’MX1) = 1.2850

 m2 = sqrt(X2’MX2) = 1.0574

 Now the transformation matrix is 

φ = –0.8069/1.2850 0.3437/1.0574
–0.5907/1.2850 –0.9391/.. 1.0574

–0.628 0.325
–0.4597 –0.

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

888188

F 0.628 0.325
0.4597 0.8881

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

= −
− −0 45970

⎡
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⎡⎡

⎣⎣⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

′ ⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
= −

−

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

.
.

0
10

4−− 597
8 8808

 Thus, the decoupled equations are

[φ’Mφ] ��U + [φ’K φ] U = φ’F 

 That is modal equations are:

��u1 + 1.634 u1 = −4.597

��u2 + 3.366 u2 = −8.8808

(b) Each of these equations is solved independently by integration as follows:

 Solution is u = C.F + P.I., 

 where C.F. = complementary function = e nt−ξωξξ (A cos ωdt + B sin ωdt) and 

P.I. = Particular integral = f/ωn
2

 The constants A and B are obtained with initial condition u(0) and u(� )0

u(t) = e nt−ξωξξ (A cos ωdt + B sin ωdt) + f/ωn
2

�u = e nt−ξωξξ ((Bωd − ξωnA) cos ωdt − (Aωd + ξωnB)sin ωdt)

 Hence,      u(0) = A+f/ωn
2 or A = u(0) − f/ωn

2

 and         u(� )0  = (Bωd − ξωnA) or B = [u(� )0  + ξωnA]/ωd
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490 Road Vehicle Dynamics

 If there is no damping ξ = 0, thus B = u(� )0 /ωn

 Also with zero initial conditions, we can write the solutions as follows:

u1 = f1/ωn1
2 (1 − cos ωn1t) and u2 = f2/ωn2

2 (1 − cos ωn2t) 

 or u1 = [−4.597/1.634] (1 − cos 1.2783t) and u2 = [−8.8808/3.366] (1 − cos 1.8347t) 

 = −2.8133 (1 − cos 1.2783t) = −2.6384 (1 − cos 1.8347t) 

Finally, the response in original coordinates is obtained as follows:

X U 0.628 0.325
0.4597 0.8881

=U −
− −0 45970

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

− −
φ

2− 1. (8133 coosoo . )

. ( cos . )

.

1

2 1 1cos 8347

0 9091

t(−22 1

⎡
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⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤
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⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

t

% MATLAB Program:

M=[2 0; 0 1];
K=[4 -1;-1 3];
F=[0;10];
[u,W]=eig(K,M);
for i=1:2
 wn(i)=sqrt(W(i,i));
end
[w,I]=sort(wn);
for j=1:2
U(:,j)=u(:,I(j)); % ARRANGE MODAL VECTORS IN ASCENDING ORDER
end
% MODAL MASSES
m1=sqrt(U(:,1)’*M*U(:,1));
m2=sqrt(U(:,2)’*M*U(:,2));
phi=[U(:,1)/m1;U(:,2)/m2]; % transformation matrix

% PLOT RESPONSES
t=[0:0.1:5];
u1=-2.8133*(1-cos(1.2783*t)); u2=-2.6384* (1-cos (1.8347*t));
x1=0.9091*(1- cos(1.2783*t)); x2=3.6364* (1-cos (1.8347*t));
subplot(2,1,1);    %SUB-PLOT-1
plot(t,u1,’-p’,t,u2,’-*’);
title(‘\bfPlot of Modal amplitudes’);
xlabel(‘\bfTime(s)’);
legend(‘At frequency-1=1.2783 rad/s’,’At frequency-2=1.8347 rad/s’);
grid on;
subplot(2,1,2);    % SUB-PLOT-2
plot(t,x1,’-p’,t,x2,’-*’);
title(‘\bfPlot of Original amplitudes’);
xlabel(‘\bfTime(s)’);
legend(‘At DOF-1’, ‘At DOF-2’);
grid on;
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 Direct Numerical Integration Methods 491

The output of the program is shown in Fig. AE.19.
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SUMMARY

We have briefl y reviewed the direct numerical integration methods for the solution of a 
single or system of differential equations. Many numerical methods are available for 
the solutions of the response of dynamic systems. We have discussed several widely 
used step-by-step numerical integration methods for linear dynamic response analysis. 
A brief description of these integration methods is presented and their application is 
illustrated. The integration schemes considered are three explicit and four implicit 
methods. They are the explicit schemes (the central difference method, two-cycle inter-
action with trapezoidal rule, and fourth-order Runge-Kutta method) and the implicit 
schemes (Houbolt method, Wilson Theta method, Newmark Beta method, and the Park 
Stiffl y stable method). Application of these direct numerical integration methods is 
illustrated with numerical examples for  a linear dynamic system. The use of a particu-
lar integration method is mainly dependent on the nature of the problem and is often 
dictated by the desired solution accuracy.

Figure AE.19 Output of 
the MATLAB program
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PROBLEM F.1

Express torque, T, (SI) in US/English units.

Express spring constant, k, (SI) and mass (M) in US/English units

[Torque in SI units] = [Torque in English units] × [multiplying factors]
 [N. m] = [lb. in.] [N/lb] [m/in.]
 = [lb. in.] [4.448] [0.0254]
 = [lb. in.] [0.1129]

PROBLEM F.2

Express mass moment of inertia, I, (SI) in US/English units.

Mass moment of inertia = Mass moment of inertia × multiplication factor

(kg.  m2) = (N.   m.  s2) = [N per 1 lbf] [m per 1 in.] [lbf − in. − s.2]
 = [4.448222] [0.0254] [lbf − in. − s.2]
 = [0.1129848] [lbf − in. − s.2]

PROBLEM F.3

Express modulus of elasticity, E, (SI) in US/English units.

Modulus of elasticity, E: 
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E of steel N/m2 = (29 × 106 lb/in.2) (6894.7) = 200 × 109 N/m2

Appendix F

Units and 

Conversions
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494 Road Vehicle Dynamics

PROBLEM F.4

Express mass moment of inertia, I, (SI) in US/English units.

Spring stiffness, k:

[N/m2] = [lb/in.] × (175.13)

Mass, m:

[kg] = [lb.  s2/in.] × (175.13)
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PROBLEM G.1

a) A dump truck backs over and kills a laborer. The truck moved 87 ft [26.5 m] at 
an average speed of 5 mph [8 kph] while it was backing. How much time elapsed 
between the beginning of the backup and the accident?

b) A vehicle is traveling at a constant speed of 82 mph [132 km�h]. How far will it 
travel in 2 s?

Solution:

a) To calculate the distance covered, we must fi rst convert speed in miles per hour to 
velocity in feet per second. The variables:

 S = Speed = 5 mph

 V = Velocity in feet�second

 d = distance = 87 ft

 t = time

 The conversion factor is 1.467 ft�s = 1 mph. Multiplying that into 5 mph yields velocity:

V = S*1.467 = 5*1.467 = 7.33 ft�s.

 Total distance

t = d�V = 87*7.33 = 11.9 s.

Appendix G

Accident 

Reconstruction 

Formulae
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496 Road Vehicle Dynamics

b) To calculate the distance covered, we must fi rst convert speed in miles per hour to 
velocity in feet per second. The variables:

 S = Speed = 82 mph

 V = Velocity in feet�second

 t = time = 2 s

 d = distance

 The conversion factor is 1.467 ft�s = 1 mph. Multiplying that into 40 mph yields 
velocity:

V = S*1.467 = 82*1.467 = 120.3 ft�s

 Total distance

d = V*t = 120.3*2 = 241 ft [73.3 m]

PROBLEM G.2

a) A car moves 15 ft [4.6 m] after colliding with another vehicle. The average stop-
ping drag factor is 0.50. What is the post crash speed of the car?

b) A vehicle is traveling at a constant speed of 40 mph [64 km�h]. How far will it 
travel in 5 s?

c) A car is traveling 75 mph [121 km�h] in a work zone on an interstate highway. A 
dump truck starts to pull into the car’s lane. How much distance will be required 
for the driver of the car to react and bring his vehicle to a stop? Use 0.75 for the 
stopping drag factor and 1.1 s for reaction time.

d) Southbound 3600-lb [1633 kg] V-1 collides head-on with northbound 4350-lb 
[1973 kg] V-2. Both vehicles move north after impact. The delta V of V-2 was 23 mph 
[37 km�h]. Assuming no restitution, calculate the delta V experienced by V-1.

e) A motorcycle (V-1) collides at an intersection with an automobile (V-2). The motor-
cycle riders are ejected onto�over the hood�windshield of the auto and both are killed. 
The motorcycle slides on its side to a stop after impact. The auto spins out 55 ft [16.8 m], 
strikes a concrete curb and then travels another 10 ft [3.1 m] before coming to rest. 
Given the following data, calculate the impact speed of both vehicles. To simplify 
calculations, assume both riders have the same speed�direction as the motorcycle, post 
crash. You may also ignore the car’s speed loss from the curb impact.

Male rider
at rest

FeF male
passenger

Car at impact

Motorcycle at
impact

N
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 Accident Reconstruction Formulae 497

 V-1 V-2

Curb weight: 750 lb [340 kg] 3418 lb [1550 kg]
Driver weight: 205 lb [93 kg] 165 lb [75 kg]
Passenger weight: 140 lb [29 kg] --------
Cargo weight: ------- 50 lb [23 kg]
Direction at impact: North West
Direction after impact: W 20� N W 25� N
Distance after impact: 80 ft [24 m] 65 ft [20 m]
Drag factor after impact: 0.50 0.58

f) Recalculate Problem (e) using the following data:

Male Motorcycle Rider:

Direction after impact W 50� N
Post crash slide�tumble dist.: 36 ft [11 m]
Post crash drag factor: 1.00

Female Motorcycle Rider:

Direction after impact W 60� N
Post crash slide�tumble dist.: 38 ft [11.5 m]
Post crash drag factor: 1.00
Equiv. Barrier speed loss of V-2’s curb strike: 10 mph [16 km�h]

g) What if the motorcycle had a 5 degree evasive steer to the left at impact? How 
would that affect your estimate of the speed of the car?

Solution:

a) We will use the basic skid formula to solve this problem. The variables:

 s = Speed of vehicle after impact

 d = Post impact travel distance = 15 ft

 f = Post impact drag factor = 0.50

 Substituting and solving:

  s d t =d t 30 15 0 50*dd * *15

s mphmm h225 15 [ /kmm24 ]

b) To calculate the distance covered, we must fi rst convert speed in miles per hour to 
velocity in feet per second The variable:

 S = Speed = 40 mph

 V = Velocity in feet�second

 t = time = 5 s

 d = distance
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498 Road Vehicle Dynamics

 The conversion factor is 1.467 ft�s = 1 mph. Multiplying that into 40 mph yields 
velocity:

V = S*1.467 = 40*1.467 = 58.7 ft�s

 Total distance:

d = V*t = 58.7*5 = 293 ft [89 m]

c) To calculate the distance covered during the reaction phase, we must fi rst convert 
speed in miles per hour to velocity in feet per second, then multiply velocity by 
reaction time. We then add that distance to required brake-to-stop distance. The 
variables:

 S = Speed = 75 mph

 V = Velocity in feet�sec

 f = braking drag factor = 0.75

 t = reaction time = 1.1 s

 d = total distance

 dR = distance covered during reaction phase

 dB = distance required to brake to stop

 The conversion factor is 1.467 ft�s = 1 mph. Multiplying that into 75 mph yields 
velocity:

V = S*1.467 = 75*1.467 = 110 ft�s

 Reaction distance:

dR = V*t = 110*1.1 = 121 ft

 We use a form of the basic skid to determine the brake-to-stop distance:

dB = S2� (30*f) = 752� (30*0.75) = 250 ft

 The total is the sum of the reaction distance and the brake-to-stop distance:

d = dR + dB = 121 + 250 = 371 ft [113 m]

d) This problem is simpler than it fi rst appears. Delta V’s are in inverse proportion to 
the vehicle weights. The variables:

 ΔV1 = Speed change of V-1 from impact

 ΔV2 = Speed change of V-1 from impact = 23 mph

 W1 = Weight of V-1 = 4350 lb

 W2 = Weight of V-2 = 3600 lb
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 Accident Reconstruction Formulae 499

 The equation:

ΔV1�ΔV2 = W2�W1

ΔV1�23 = 4350�3600 = 1.208

 ΔV1 = 1.208*23 = 28.8 mph [46 km�h]

e) We have a conservation of momentum problem on our hands. The variables:

 S = Speed of V-2 at start of precrash braking

 S1 = Speed of V-1 at impact

 s1 = Speed of V-1 after impact

 S2 = Speed of V-2 at impact

 s2 = Speed of V-2 after impact

 W1 = Weight of V-1 = 750 + 205 + 140 = 1095 lb

 W2 = Weight of V-2 = 3418 + 165 + 50 = 3633 lb

 d1 = Post impact travel distance of V-1 = 80 ft

 d2 = Post impact travel distance of V-2 = 65 ft

 f1 = Post impact drag factor of V-1 = 0.50

 f2 = Post impact drag factor of V-2 = 0.58

 α1 = Travel angle of vehicle one at impact

 α2 = Travel angle of vehicle two at impact

 β1 = Travel angle of vehicle one after impact

 β2 = Travel angle of vehicle two after impact

 We will start setting by assuming that West is our 0 degree line. All angles mea-
sured clockwise will be considered positive. We will tabulate our angles and the 
determine the trigonometric values:

   Direction θ sin θ cos θ
  α1: North 90� 1 0
  α2: West 0� 0 1
  β1: W 20� N 20� 0.342 0.940
  β2: W 25� N 25� 0.423 0.906

 The weight ratios: If  W1 = 1, W2 = 3633�1095 = 3.32

 Post impact speed of  V-1:

s d f1 1d 1f 30 80 0 50 34 6=d f1d 1ff*dd * *80 . .50 34 mph

 Post impact speed of V-2:

s d f2 2d 2ff 30 65 0 58 33 6=d f2d 2ff*dd * *65 . .58 33 mph
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500 Road Vehicle Dynamics

 The conservation of momentum formula along north�south axis:

S1*W1*sin α1 + S2*W2*sin α2 = s1*W1*sin β1 + s2*W2*sin β2

  S1*1*1 + S2*3.32*0 = 34.61*1*0.342 + 33.6*3.32*0.423

  S1 = 11.8 + 47.2

  S1 = 59.0 or 59 mph [95 km�h]

 The conservation of momentum along the east�west axis:

S1*W1*cos α1 + S2*W2*cos α2 = s1*W1*cos β1 + s2*W2*cos β2

  59.0*1*0 + S2*3.32*1 = 34.6*1*0.940 + 33.6*3.32*0.906

  3.32*S2 = 32.5 + 101.1 = 133.6

  S2 = 40.2 or 40 mph [65 km�h]

f) We have a more complex conservation of momentum problem on our hands. V-1 
essentially breaks into three pieces after impact. Additional variables:

 s1 = Speed of V-1 (bike by itself) after impact

 sIM = Speed of V-1 male rider after impact

 sIF = Speed of V-1 female rider after impact

 W1 = Weight of V-1 (bike by itself) = 750 lb

 WIM = Weight of V-1 male rider = 205 lb

 WIF = Weight of V-1 female rider = 140 lb

 dIM = Post impact travel distance of V-1 male rider = 36 ft

 dIF = Post impact travel distance of V-1 female rider = 38 ft

 fIM = Post impact drag factor of V-1 male rider = 1.00

 fIF = Post impact drag factor of V-1 female rider = 1.00

 βIM = Travel angle of vehicle one male rider after impact

 βIF = Travel angle of vehicle one female rider after impact

 Additional angles and trigonometric values:

Direction θ sin θ cos θ
αIM: W 50� N 50� 0.766 0.643

 αIF: W 60� N 60� 0.866 0.500

 The weight ratios:

 If weight of V-1 (with riders) = 1, W1 = 750�1095 = 0.685

 If weight of V-1 (with riders) = 1,  WIM = 205�1095 = 0.187

 If weight of V-1 (with riders) = 1,  WIF = 140�1095 = 0.128
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 Accident Reconstruction Formulae 501

 Post impact speed of V-2 (accounting for 10 mph [ebs] curb strike):

s2
230 65 0 58 10 32 5 1= 30 65 0 58* *6565 . .58 10 3558 mph

 Post impact speed of V-1 male rider:

s d fIM IMf1 30 36 1 0 35 9=d fIM IMff =*dd * *36 . .0 35 mph

 Post impact speed of V-1 female rider:

s d fIF IFf1 30 38 1 0 33 8=d fIF IFff =*dd * *38 . .0 33 mph

 The conservation of momentum formula along north�south axis:

 S1*(W1 + WIM + WIF)*sin α1 + S2*W2*sin α2 = s1*W1*sin β1 + sIM*WIM*sin βIM 
  + sIF*WIF*sin βIF + s2*W2*sin β2

 S1*1*1 + S2*3.32*0 = 34.6*0.342 + 32.9*0.187*0.766 + 33.8*0.128*0.866 
  + 35.1*3.32*0.423

 S1 = 8.1 + 4.7 + 3.7 + 49.3

 S1 = 65.8 or 66 mph [106 km�h]

 The conservation of momentum along the east�west axis:

 S1*(W1 + WIM + WIF)*cos α1 + S2*W2*cos α2 = s1*W1*cos β1 + sIM*WIM*cos βIM 
   + sIF*WIF*cos βIF + s2*W2*cos β2

 63.7*1*0 + S2*3.32*1 =34.6*0.685*0.940 + 32.9*0.187*0.643 + 33.8*0.128*0.500 
   + 35.1*3.32*0.906

 3.32*S2 = 22.4 + 4.0 + 2.2 + 105.6 = 134.2

 S2 = 40.4 or 40 mph [66 km�h]

 The results of these problems show again that in cases in which a light vehicle 
collides with a much heavier vehicle, the light vehicle’s calculated impact speed 
will be highly sensitive to changes in the variable. Conversely, the heavy vehicle’s 
calculated impact speed will be relatively insensitive to changes in the variables.

g) This will take away from the speed of the car because some of the westerly post 
crash momentum, now attributed totally to the car precrash, must now be attributed 
to the bike precrash. However, because the bike is so much lighter than the car, this 
will reduce the car’s precrash speed by only about 1 mph.

PROBLEM G.3

a) A truck is traveling at 57 mph [92 kph]. A car is traveling in the opposite direction 
at 72 mph [116 kph]. The distance between them is 467 ft [142 m]. If they both 
maintain constant speed, how much time will elapse before they collide?

b) V-1 stops at an intersection. It then accelerates at a moderate rate of 0.25 g’s for 
35 ft [10.7 m], and is then struck broadside by another vehicle. How fast was V-1 
going at impact?
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502 Road Vehicle Dynamics

Solution:

a) First, we must convert the speeds of the vehicles from miles per hour to velocities 
feet per second. The truck was travelling 57 mph and the car was traveling 72 mph.

 Velocity of the truck: VT = 57*1.467 = 83.6 ft�s

 Velocity of the car: VC = 72*1.467 = 105.6 ft�s

 The closing velocity is the sum of the two vehicle velocities: 

V = VT + VC = 83.6 + 105.6 = 189.2 ft�s

 The time required to cover the 467-ft distance is the distance divided by the closing 
velocity:

t = d�V = 467�189.2 = 2.5 s

b) To calculate the average, we ultimately need to utilize the equation that gives the 
relation between acceleration, initial velocity, and distance.

d = dO + VO*t + 0.5*a*t2

 where:  d = Total distance = 35 ft 

 dO = Starting point = 0 ft 

 VO = Initial velocity = 0 ft�s

 a = acceleration rate, ft�s�s

 t = time

 First we convert acceleration from g’s to ft�s�s:

a = 0.25*g = 0.25*32.2 = 8.05 ft�s�s

 Substituting and solving to fi nd elapsed time:

35 = 0 + 0*t + 0.5*8.05*t2 

 35 = 4.025*t2

 8.64 = t2 

 2.95 s = t

 Velocity at the end of the test can be estimated by multiplying the acceleration by 
the time elapsed:

V = a*t = 8.05*2.95 = 23.7 ft�s

 Converting to miles per hour:

S = V�1.467 = 23.7�1.467 = 16.2 or 16 mph [26 kph]

PROBLEM G.4 

a) A truck is traveling at 47 mph [75.6 kph]. A car is traveling in the opposite 
direction at 60 mph [96.6 kph]. The distance between them is 367 ft [112 m]. If 
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 Accident Reconstruction Formulae 503

they both maintain constant speed, how much time will elapse before they col-
lide?

b) V-l stops at an intersection. It then accelerates at a moderate rate of 0.25 g’s for 
42 ft [12.8 m], and is then struck broadside by another vehicle. How fast was V-l 
going at impact?

Solution:

a) First, we must convert the speeds of the vehicles from miles per hour to velocities 
feet per second. The truck was traveling 47 mph and the car was travelling 60 mph.

 Velocity of the truck: VT = 47*1.467 = 68.9 ft�s

 Velocity of the car: VC = 60*1.467 = 88.0 ft�s

 The closing velocity is the sum of the two vehicle velocities:

V = VT + VC = 68.9 + 88.0 = 156.9 fl �s

 The time required to cover the 367-ft distance is the distance divided by the closing 
velocity:

t = d�V = 367�156.9 = 2.3 s

b) To calculate the average, we ultimately need to utilize the equation that gives the 
relation between acceleration, initial velocity and distance.

  d = dO + VO*t + 0.5*a*t2

 where  d = Total distance = 42 ft 

 dO = Starting point = 0 ft 

 VO = Initial velocity = 0 ft�s 

 a = acceleration rate, ft�s�s

 t = time

 First we convert acceleration from g’s to ft�s�s:

a = 0.25*g = 0.25*32.2 = 8.05 ft�s�s

 Substituting and solving to fi nd elapsed time:

 42 = 0 + 0*t + 0.5*8.05*t2 

 42 = 4.025*t2 

 10.43 = t2 

 3.23 s = t

 Velocity at the end of the test can be estimated by multiplying the acceleration by 
the time elapsed:

V = a * t = 8.05 * 3.23 = 26.0 ft�s 
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504 Road Vehicle Dynamics

 Converting to miles per hour:

S = V�1.467 = 26.0�1.467 = 17.7 or 18 mph [28 kph]

PROBLEM G.5

a) A motorcycle skids 55 ft [16.8m] with only the rear wheel skidding (drag factor =
0.35). It then skids 34 ft [10.4 m] with both wheels sliding (drag factor = 0.88). It 
then slides 83 ft [25.3 m] on its side (drag factor = 0.52). Determine the speed of 
the bike at the start of the one-wheel skid.

b) V-l is travelling 32 mph [51.5 kph] when it hits another car. V-l Skidded 41 ft [12.5 m] at 
a drag factor of 0.77 just prior to impact. What was the speed of V-l at the start of skid?

Solution:

We have a combined speed problem on our hands. The variables:

 S = Speed of motorcycle at start of precrash skid

 d1 = One-wheel skid distance = 55 ft

 f1 = One-wheel skid drag factor = 0.35

 d2 = Two-wheel skid distance = 34 ft

 f2 = Two-wheel skid drag factor = 0.88

 ds = Side slide distance = 83 ft

 fs = Side slide drag factor = 0.52

The speed of V-l at the start of precrash braking:

S d f d f d fs sffd f1 1ff 2 2ff*dd *d *d

S = +30 55 0 34 88 30 83 0 52* *55 . *35 3+ 0 * .0 * *83

S = + + =57735 879 6 1294 8 2769 9. .+6 1294 .

 S = 52.63 or 53 mph [85 km�h]

This problem is solved by using the combined speed formula. The variables: 

 S1 = Speed of V-1 at impact = 32 mph 

 d = Pre-impact skid distance = 41 ft 

 f = Drag factor of truck = 0.79

S S d f+S1
2 30 * d

S = +32 30 41 0 792 * *41

S = + =1024 972 1996

 S = 44.67 or 45 mph [72 kph]
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 Accident Reconstruction Formulae 505

PROBLEM G.6 

A northbound train is stopped on a siding with its last car a short distance from a high-
way grade crossing, as shown in Fig. G.6. A southbound train is approaching the cross-
ing but is screened by the other train. Meanwhile, two eastbound autos are stopped for 
the fl ashing crossing light and gate. A third auto stops behind the other two. The third 
car accelerates around the other two cars, attempts to maneuver around the crossing the 
crossing gates, and is struck by the southbound train.

a) The car accelerated from a stop to 25 mph [40.2 km�h], and maintained constant 
speed until struck by the train. If its acceleration rate was 0.30g, how much time 
and how much distance was required for it to reach 25 mph.

b) The car traveled 103 ft [31.4 m] from where it was stopped to where it was struck. 
How much time did it require to travel this distance.

c) The southbound train was traveling at a constant speed of 62 mph [100 km�h]. How 
far from the point of impact was it when the car started accelerating?

d) The car needed to travel an additional 12 ft [3.7 m] to avoid the train. At 6.5 mph, 
how many more seconds would this require?

e) After hitting the car, the train takes 5075 ft [1547 m] to stop. What was me average 
post impact drag factor of the train.

f) What was the kinetic energy of the 3280-lb [1488 kg] car at 25 mph? What was the 
kinetic energy of the entire train at 62 mph if the train has a total weight of 5000 tons?

N

Solution:

a) First, we must fi nd the velocity of the car (after acceleration) in feet per sec:

V = 25*1.467 = 36.7 ft�s 

 We know that one ‘g’ equals 32.2 ft�s�s, an acceleration of 0.3 g equals:

0.3*g = 0.3*32.2 = 9.66 ft�s�s 

Figure G.6
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506 Road Vehicle Dynamics

 The time required to accelerate to 25 mph:

t = V�a = 36.7�9.66 = 3.8 s 

 The distance required to accelerate to 25 mph:

 d = VO*t + 0.5*a*t2 = 0*3.8 + 0.5*9.66*3.82 

 d = 0 + 0.5*9.66*14.4 = 69.7 feet [21.3 m]

b) We know from Problem 1 how much time�distance it took for the car to hit 
25 mph. Now we must determine how much additional time�distance it took 
to reach point of impact. Total distance from start to point of impact (dT) was 
103 ft.

 The distance traveled at a constant 25 mph (dC) was:

  dC = dT − d = 103 − 69.7 = 33.3

 Time required covering the fi nal 33.3 ft:

  t = dC�V = 33.3�36.7 = 0.9 s 

 Total elapsed Time (tT):

tT = 3.8 + 0.9 = 4.7 s

c) We have another time�distance problem on our hands. We know from Problem 
1 that the time from when the car starts accelerating until it reaches the point of 
impact is 4.7 s. We also know the train’s speed (ST) equals 62 mph. If we next 
determine the train’s velocity (VT) in feet per second we can the distance cover in 
that 4.7 s. timeframe:

 VT = ST*1.467 = 62*1.467 = 91.0 ft�s

 dT = V*t = 91.0*4.7 = 428 feet

d) From Problem 1, we learned a constant 25 mph converts to 36.7 ft�s. The time 
required to go 12 ft:

t = d�V = 12�36.7 = 0.33 s

e) We can fi nd the train’s average drag factor by simply using a variant of the basic 
skid formula:

f = S2�(30*d)

 We can fi nd the train’s average drag factor by simply using a variant of the basic 
skid formula:

f = 622�(30*5075) = 3844�152250 = 0.025

f) The same method is used for both the train and the car. To determine a moving 
object’s kinetic energy, we use the classic physics formula:

  KE = 0.5*M*V2 = 0.5*(W�g)*V2
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 Accident Reconstruction Formulae 507

 where KE = Kinetic Energy (ft*lb)

 M = Mass of the object = (lb*s2�ft)

 V = Velocity of the object (ft�sec) (36.7 ft�s for car; 91.0 ft�s for train) 

 W = Weight of the object (5000 tons*2000 lb�ton = 10,000,000 lb for train) 

 g = Acceleration of gravity = 32.2 ft�s2

 Calculating for the car (weight = 3280 lb):

KE = 0.5*(W�g)*V2 = 0.5*3280*36.72 = 2,210,000 ft*lb

 Calculating for the train:

KE = 0.5*(W�g)*V2 = 0.5*10,000,000*98.32 = 48,300,000,000 ft*lb

PROBLEM G.7

V-l is travelling 36 mph [57.9 kph] when it hits another car. V-l skidded 52 ft [15.8 m] 
at a drag factor of 0.77 just prior to impact. What was the speed of V-l at the start of 
skid?

Solution:

This problem is solved by using the combined speed formula. The variables: 

S1 = Speed of V-l at impact = 36 mph

d = Pre-impact skid distance = 52 ft 

f = Drag factor of truck = 0.77

S S d f+S1
2 30 * d

 S = +36 30 52 0 722 * *52

 S = + =1296 1201 2497

 S = 49.97 or 50 mph [80 kph]

PROBLEM G.8 

a) The acceleration of a car was tested. It was found that the car went 175 ft [53.3 m] 
in 4.2 s. What was the average acceleration of the car? Approximately how fast was 
the car going at the end of the test?

b) A motorcycle goes down on its side and slides 186 ft [56.7 m]. The LEVEL friction 
between the bike and the dry asphalt surface is 0.48. The grade over the slide was 
measured and found to have an average of 2% downward. Determine the speed of 
the bike at the start of the slide.
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508 Road Vehicle Dynamics

c) A jeep runs off an embankment and goes airborne. The horizontal distance of the 
jump is 42 ft [12.8 m]. The vertical drop is 7.5 ft [2.3 m]. The takeoff grade is 5% 
downward. Determine the speed of the jeep at takeoff.

42′

7.5′

Solution:

a) To calculate the average, we need to utilize the equation that gives the relation 
between acceleration, initial velocity and distance.

  d = dO + VO*t + 0.5*a*t2

 where  d = Total distance = 175 ft 

 dO = Starting point = 0 ft 

 VO = Initial velocity = 0 ft�s 

 a = acceleration rate 

 t = time = 4.2 s

 Substituting and solving:

  175 = 0 + 0*4.2 + 0.5*a*4.22 

  175 = 0.5*a*17.6 = 8.82*a 

  a = 175�8.82 = 19.8 ft�s�s [6.0 m�s�s] 

 Velocity at the end of the test can be estimated by multiplying the acceleration by 
the time elapsed:

V = a*t = 19.8*4.2 = 83.16 ft�s

 Converting to miles per hour:

S = V�1.467 = 83.16�1.467 = 56.7 or 57 mph [96 kph]

b) To fi nd speed at start of the skid, skid distance, the friction and the basic skid for-
mula. The variables:

 S = Speed of the vehicle 

 d = Skid distance = 186 ft.

 m = Slope of the surface = −2% = −2�100 = −0.02 (downward)

 fL = Level friction coeffi cient = 0.48

 f = Drag factor = fL + m = 0.48 – 0.02 = 0.46

SIBK002_AppG_495-542.indd   508SIBK002_AppG_495-542.indd   508 3/8/10   2:37:22 PM3/8/10   2:37:22 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Accident Reconstruction Formulae 509

 Substituting into the formula:

S d f =d f 30 186 0 46*dd * *186

  S 50.67 or 51 mph [82 kph]= =2567

c) The variables:

 S = Speed of vehicle at takeoff

 d = Horizontal fl ight distance = 42 ft

 H = Height change = −7.5 ft (downward)

 m = Takeoff slope = −5% = −5�100 = −0.05 (downward)

 To fi nd speed at takeoff, we use the free fall formula:

S
d

m d H
=

−
= =

−
2 2d 42

05 5

2 42. *74

( *m

. *74

( .−0 * .42 7− − )

. *74

( 2 122− 7 5. .1 7 )+

S 115.1/ 115.1/2.32//= =115 1/ ( . )4.

 S = 49.53 or 50 mph [80 kph]

PROBLEM G.9

a) A dump truck skids 103 ft [31.4 m] on a dry asphalt surface. The truck�surface 
level coeffi cient of friction is 0.45, but the surface has average upslope of 2%. 
Calculate the speed of the truck at the start of skid.

b) A truck accelerates at 0.14 g’s. How much time will it take to go from a standing 
start to 60 mph [97 kph]? How much distance did it require to go from 0 to 60?

c) A car is traveling at 85 mph [137 kph]. How much distance is required to brake to 
a stop if the drag factor is 0.74? How much time would be required?

Solution:

a) To fi nd speed at start of the skid, skid distance, the friction and the basic skid for-
mula. The variables:

 S = Speed of the vehicle 

 d = Skid distance = 103 ft. 

 f = Drag factor = 0.45

 m = cross slope = +2% (upward) = +2�100 = +0.02 

 Substituting into the formula:

S dd = +30 03 045 0 3= 0 103 0 47*dd ( )f m+f * *103 (. . )02 * *103

 S 38.11 or 38 mph [61 kph]= =1452
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510 Road Vehicle Dynamics

b) The variables:

 d = Total distance

 dO = Starting point = 0 ft

 S = Final speed = 60 mph

 VO = Initial velocity = 0 ft�s

 V = Final velocity (in ft�s)

 g = acceleration of gravity = 32.2 ft�s�s

 a = acceleration rate = 0.14*g = 4.5 ft�s�s

 t = time

 Converting to miles per hour to feet per second:

V = S*1.467 = 60*1.467 = 88.0 ft�s

 Time required can be found by dividing velocity V by acceleration:

t = V�a = 88.0�4.5 = 19.5 s

 To calculate the distance required, we need to utilize the equation that gives the 
relation between acceleration, initial velocity and distance.

 d = dO + VO*t + 0.5*a*t2

 d = 0 + 0*19.5 + 0.5*4.5*19.52

 d = 0.5*4.5*381 = 856 ft [261 m]

c) To fi nd the total distance needed to stop, we use a variant of basic skid formula. 
The variables:

 S = Speed of the car = 85 mph

 d = Distance required to brake to stop

 f = Drag factor = 0.74

 Substituting into the equation:

 d = S2� (30*f) = 852�(30*0.74)

 d = 7225�22.2

 d = 325.4 or 325 feet [99 m]

PROBLEM G.10

A motorcycle goes down on its side and slides 41 ft [12.5 m]. The LEVEL friction 
between the bike and the dry asphalt surface is 0.52. The grade over the slide was mea-
sured and found to have an average of 2% downward. Determine the speed of the bike 
at the start of the slide.
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 Accident Reconstruction Formulae 511

Solution:

To fi nd speed at start of the skid, skid distance, the friction and the basic skid formula. 
The variables:

 S = Speed of the vehicle d = Skid distance = 41 ft

 m = Slope of the surface = −2% = −2 � 100 = −0.02 (downward)

 fL = Level friction coeffi cient = 0.52

 f = Drag factor = fL + m = 0.52 + –0.02 = 0.50

Substituting into the formula:

  S d f =d f 30 41 0 50*dd * *41

  S 24.8 or 25 mph [40 kph]= =615

PROBLEM G.11

A motorcycle skids 75 ft [23.0 m] with only the rear wheel skidding (drag factor = 
0.35). It then skids 28 ft [8.5 m] with both wheels sliding (drag factor = 0.88). It then 
slides 103 ft [31.4 m] on its side [drag factor = 0.52). Detente the speed of the bike at 
the start of the one-wheel skid.

Solution:

We have a combined speed problem on our hands. The variables:

 S = Speed of motorcycle at start of precrash skid

 d1 = One-wheel skid distance = 75 ft

 f1 = One-wheel skid drag factor = 0.35

 d2 = Two-wheel skid distance = 28 ft

 f2 = Two-wheel skid drag factor = 0.88

 ds = Side slide distance = 103 ft

 fs = Side slide drag factor = 0.52

The speed of V-l at the start of precrash braking:

 S d f d f d fs sffd f1 1fff 2 2ff*dd *d *d

  S = +30 75 0 28 88 30 103 0 52* *75 . *35 3+ 0 * .0 * *103

 S = + + =787 5 739 2 1606 8 3133 5. .+5 739 . .8 3133

 S = 55.97 or 56 mph [90 km�h]

SIBK002_AppG_495-542.indd   511SIBK002_AppG_495-542.indd   511 3/8/10   2:37:25 PM3/8/10   2:37:25 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



512 Road Vehicle Dynamics

PROBLEM G.12

4600-lb [2087 kg] V-2 is stopped at a traffi c signal when it is struck in the rear by 
3800-lb [1724 kg] eastbound, V-1. After impact, V-l traveled east 21 ft [6.4 m] at an 
average drag factor of 0.40. After impact V-2 traveled east 28 ft [8.5 m] at an average 
drag factor of 0.35. Calculate the impact speed of V-l.

Solution:

This is a simple application of the in-line (one dimensional) conservation of momen-
tum formula. The variables:

 S1 = Speed of V-l at impact

 S2 = Speed of V-2 at impact = 0 mph

 s1 = Speed of V-l after impact

 s2 = Speed of V-2 after impact

 d1 = V-l post impact skid distance = 21 ft

 d2 = v-2 post impact skid distance = 28 ft

 f1 = Drag factor of V-l = 0.40

 f2 = Drag factor of V-2 = 0.35

 W1 = Weight of V-l = 3800 1b

 W2 = Weight of V-2 = 4600 lb

 The weight ratio: If W1 = 1, W2 = 4600�3800 = 1.211

To fi nd speeds after impact, we use the post impact skid distance and the basic skid 
formula. For Vehicle One:

s d f1 1d 1f 30 21 0 40 15 9=d f1d 1ff*dd * *21 . .40 15 mph

Speed after impact of Vehicle Two:

s d f2 2d 2ff 30 28 0 35 17 1=d f2d 2ff*dd * *28 . .35 17 mph

The conservation of momentum formula:

 S1*W1 + S2*W2 = s1*W1 + s2*W2 

 S1*l + 0*1.211 = 15.9*1 + 17.1*1.211 

 S1 = 15.9 + 20.7 

 S1 = 36.6 or 37 mph [59 kph]

PROBLEM G.13

A jeep runs off an embankment and goes airborne. The horizontal distance of the jump 
is 31 ft [9.4 m]. The vertical drop is 5.5 ft [1.7 m]. The takeoff grade is 3% downward. 
Determine the speed of the jeep at takeoff.

SIBK002_AppG_495-542.indd   512SIBK002_AppG_495-542.indd   512 3/8/10   2:37:26 PM3/8/10   2:37:26 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Accident Reconstruction Formulae 513

31′

5.5′

Solution:

The variables:

  S = Speed of vehicle at takeoff

  d = Horizontal fl ight distance = 31 ft

  H = Height change = −5.5 ft (downward)

  m = Takeoff slope = −3% = −3�100 = −0.03 (downward)

To fi nd speed at takeoff, we use the free fall formula:

S
d

m d H
=

−
=2 2d 31

03 5−
2 7. *74

( *m )

. *74

( .−0 * (31 − . )5 )

4 344 1

93 5

*

( .0 . )59300

 S 84.9/ 84.9/2.14//= =84 9/ ( . )5. 7

 S = 39.71 or 40 mph [64 kph]

PROBLEM G.14

4600-lb [2087 kg] V-2 is stopped at a traffi c signal when it is struck in the rear by 
2800-lb [1270 kg] eastbound V-l. After impact V-l traveled east 28 ft [8.5 m] at an aver-
age drag factor of 0.40. After impact V-2 traveled east 32 ft [9.8 m] at an average drag 
factor of 0.35. Calculate the impact speed of V-l.

Solution:

This is a simple application of the in-line (one dimensional) conservation of momen-
tum formula. The variables:

 S1 = Speed of V-l at impact

 S2 = Speed of V-2 at impact = 0 mph

 s1 = Speed of V-l after impact

 s2 = Speed of V-2 after impact

 d1 = V-l post impact skid distance = 28 ft

 d2 = V-2 post impact skid distance = 32 ft

 f1 = Drag factor of V-l = 0.40

 f2 = Drag factor of V-2 = 0.35

 W1 = Weight of V-l = 2800 lb

 W2 = Weight of V-2 = 4600 lb
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514 Road Vehicle Dynamics

The weight ratio: If W1 = 1, W2 = 4600�2800 = 1.643

To fi nd speeds after impact, we use the post impact skid distance and the basic skid 
formula. For Vehicle One:

s d f1 1d 1f 30 28 0 40 18 3=d f1d 1ff*dd * *28 . .40 18 mph

Speed after impact of Vehicle Two:

s d f2 2d 2ff 30 32 0 35 18 3=d f2d 2ff*dd * *32 . .35 18 mph

The conservation of momentum formula:

  S1*W1 + S2*W2 = s1*W1 + s2*W2 

  S1 *1 + 0*1.643 = 18.3*1 + 18.3*1.643 

  S1 = 18.3 + 30.1 

  S = 48.4 or 48 mph [78 km�h]

PROBLEM G.15

For the collision in Problem 3, recalculate V-1’s impact speed using dissipation of 
energy. V-1 has an average of 7 in. [18 cm] of crush on its front. V-2 has an average of 
16 in. [41 cm] of crush on the rear. Use the following Campbell equations:

 S in mph, CAVG in inches: V-1 front:  ebs = 1.46*CMAX + 7
  V-2 rear:  ebs = 1.15*CMAX + 5

 S in kph, CAVG in cm: V-1 front:  ebs = 0.93*CMAX + 11
  V-2 rear:  ebs = 0.73*CMAX + 8

Solution:

Solution of this problem can be done in two steps. We will fi rst calculate equivalent 
barrier speed for the damage on each vehicle. We will then use the dissipation of energy 
equation to solve for V-l’s impact speed. Besides the data from the previous, we will use 
the following variables:

 CAVG1 = Average crush depth to V-l front = 7 in.

 CAVG2 = Average crush depth to V-2 rear = 16 in.

 ebs1 = Equivalent barrier speed of V-l

 ebs2 = Equivalent barrier speed of V-2

Equivalent barrier speed of V-l:

  ebs1 = 1.46*CAVG1 + 7 = 1.46*7 + 7 = 17.2
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 Accident Reconstruction Formulae 515

Equivalent barrier speed of V-2:

  ebs2 = 1.15*CAVG2 + 5 = 1.15*16 + 5 = 23.4 

Substituting and solving the dissipation of energy equation:

S1
2*W1 + S2

2*W2 = s1
2*W1 + s2

2*W2 + ebs1
2*W1 + ebs2

2*W2 

S1
2*l + 02*1.643 = 18.32*1 + 18.32*1.643 + 17.22*1 + 23.42*1.643 

S1
2 = 335 + 550 + 296 + 900 = 2081 

S 45.6 or 46 mph [73 km/hkk ]1 = =2081

PROBLEM G.16

4600-pound [2087 kg] V-2 is stopped at a traffi c signal when it is struck in the rear by 
3800-pound [1724 kg] eastbound V-l. After impact V-l traveled east 51 feet [15.5 m] at 
an average drag factor of 0.40. After impact V-2 traveled east 60 feet [18.3 m] at an 
average drag factor of 0.35. Calculate the impact speed of V-l.

Solution:

This is a simple application of the in-line (one dimensional) conservation of momen-
tum formula. The variables:

 S1 = Speed of V-l at impact

 S2 = Speed of V-2 at impact = 0 mph

 s1 = Speed of V-l after impact

 s2 = Speed of V-2 after impact

 d1 = V-l post impact skid distance = 51 ft

 d2 = V-2 post impact skid distance = 60 ft

 f1 = Drag factor of V-l = 0.40

 f 2 = Drag factor of V-2 = 0.35

 W1 = Weight of V-l = 3800 1b

 W2 = Weight of V-2 = 4600 lb

The weight ratio: If W1 = 1, W2 = 4600�3800 = 1.211

To fi nd speeds after impact, we use the post impact skid distance and the basic skid 
formula. For Vehicle One:

s d f1 1d 1f 30 51 0 40 24 7=d f1d 1ff*dd * *51 . .40 24 mph

Speed after impact of Vehicle Two:

s d f2 2d 2ff 30 60 0 35 25 1=d f2d 2ff*dd * *60 . .35 25 mph
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516 Road Vehicle Dynamics

The conservation of momentum formula:

  S1*W1 + S2*W2 = s1*W1 + s2*W2 

  S1*l + 0*1.211 = 24.7*1 + 25.1*1.211 

  S1 = 24.7 + 30.4 

  S1 = 55.1 or 55 mph [88 kph]

PROBLEM G.17

A pickup truck skids 51 ft [15.5 m] on a dirt surface (drag factor of 0.63), skids another 
59 ft [18 m] on a grass surface (drag factor of 0.38) and hits a one foot [0.3 m] diam-
eter tree head-on. The impact leaves a 28-in. [71 cm] deep dent in the front of the 
pickup. Using one of the equations below,

 S in mph, CMAX in inches:  S = 0.84*CMAX + 4.0

 S in kph, CMAX in cm:  S = 0.53*CMAX + 6.4

Calculate the speed of the pickup at impact. Also calculate the speed of the pickup at 
start of skid on the dirt.

Solution:

Because there is no signifi cant post impact movement to consider fi nding impact speed 
(S1) is easy. Simply substitute the 28 in. for CMAX in the equation and crunch the num-
bers:

 S = 0.84*CMAX + 4.0

 S = 0.84*28 + 4.0 = 23.52 + 4.0

 S1 = 27.52 or 28 mph [44 kph]

The speed at the start of skid can be solved is by using the combined speed formula. 
The variables:

 S1 = Speed of V-l at impact = 27.5 mph 

 dA = Skid distance on dirt = 51 ft 

 fA = Drag factor on dirt = 0.63 

 dG = Skid distance on grass = 59 ft 

 fG = Drag factor on grass = 0.38

 S S d f d fD Dff G Gff+S d+1
2 30 30* *d f + 30

 S = +27 51 63 30 59 0 382. *5 3+ 02 * .0 * *59

 S = + + =756 964 673 239

 S = 48.91 or 49 mph [79 kph]

SIBK002_AppG_495-542.indd   516SIBK002_AppG_495-542.indd   516 3/8/10   2:37:30 PM3/8/10   2:37:30 PM

https://autolibrary.ir/

https://autolibrary.ir/

AutoLibrary

AutoLibrary



 Accident Reconstruction Formulae 517

PROBLEM G.18

An automobile begins to yaw on a banked curve. The critical speed scuff mark laid 
down by the outside front tire was measured with a 60-ft [18.3 m] chord and found 
to have a middle ordinate of 20.5 in. [52 cm]. The LEVEL coeffi cient of friction is 
0.79. Along the scuff mark the surface is banked 1%. Determine the speed of the 
vehicle.

Solution:

Solution of this problem has two main steps. We will ultimately utilize the critical 
speed to sideslip equation (banked surface). First, we must determine the radius of 
curvature of the tire mark used to estimate the radius of curvature of the center of mass. 
The equation:

R
C m

O

O= +
2

8 2mO*

where R = Radius of curvature, feet 

 C = Chord length = 60 ft

 mO = Middle ordinate length, feet = 20.5"�12 = 1.71 ft

Substituting and solving:

R = + =60
8 71

1 71
2

264
2

* .1
ft

We now plug the radius of curvature, lateral friction coeffi cient and cross slope into the 
critical speed to sideslip formula. The equation:

S
R f

f m
=

15 * R ( )f m+
( *f−1 )

where S = Speed in miles per hour

 f = Lateral friction coeffi cient = .79

 R = Radius of curvature = 264 ft

 m = cross slope = 1% = 1�100 = 0.01

Substituting and solving:

S = =
15 264 79 0+

79 01

3168

992

* *264 ( .0 . )01

( .1 0− * .0 ) .0

   S = 56.28�0.996 = 56.51 or 57 mph [91 km�h]
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518 Road Vehicle Dynamics

PROBLEM G.19

A Camaro is drag racing another vehicle when it goes out of control, hits a curb, and 
goes airborne. As it leaves the ground it scrapes the top off a small dirt mound. The 
scrape is measured and found to have a take off slope of 8%. The horizontal distance of 
the jump is 109 ft [33.2 m]. There is no change in elevation from take-off to landing. 
Determine the take-off speed of the Camaro.

Solution:

The variables:

 S = Speed of vehicle at takeoff

 d = Horizontal fl ight distance = 109 ft

 H = Height change = 0 ft

 m = Takeoff slope = +8% = +8�100 = +0.08 (upward) 

To fi nd speed at takeoff, we use the free fall formula:

S
d

m d H
=

−
= =2 2d 109

08

2 109

8

. *74

( *m )

. *74

( .0 * )−109 0

. *74

( .. )7 0

 S 298.7/ 298.7/2.95//= =298 7/ ( . )7.  
 S = 101.15 or 101 mph [163 kph]

PROBLEM G.20

For the collision in Problem 3, recalculate V-l’s impact speed using dissipation of 
energy. V-l has an average of 4 in. [10 cm] of crush on its front. V-2 has an average of 
12 in. [30 cm] of crush on the rear. Use the following Campbell equations:

 S in mph, CAVG in inches:  V-l front:  ebs = 1.46*CMAX + 7
  V-2 rear:  ebs = 1.15*CMAX + 5

 S in kph, CAVG in cm: V-l front:  ebs = 0.93*CMAX +11
  V-2 rear:  ebs = 0.73*CMAX + 8

Solution:

Solution of this problem can be done in two steps. We will fi rst calculate equivalent 
barrier speed for the damage on each vehicle. We will then use the dissipation of energy 
equation to solve for V-l’s impact speed. Besides the data from the previous, we will use 
the following variables:

 CAVG1 = Average crush depth to V-l front = 4 in.

 CAVG2 = Average crush depth to V-2 rear = 12 in.

 ebs1 = Equivalent barrier speed of V-l

 ebs2 = Equivalent barrier speed of V-2
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 Accident Reconstruction Formulae 519

Equivalent barrier speed of V-1:

ebs1 = 1.46*CAVG1 + 7 = 1.46*4 + 7 = 12.8

Equivalent barrier speed of V-2:

ebs2 = 1.15 * CAVG2 + 5 = 1.15*12 + 5 = 18.8

Substituting and solving the dissipation of energy equation:

S1
2*W1 + S2

2*W2 = s1
2*W1 + s2

2*W2 + ebs1
2*W1 + ebs2

2*W2

S1
2*l + 02*1.211 = 15.92*1 + 17.12*1.211 + 12.82*1 + 18.82*1.211

S1
2 = 253 + 354 + 164 + 428 = 1199

S 34.6 or 35 mph [56 kph]1 = =1199

PROBLEM G.21

For the collision in Problem 3, recalculate V-l’s impact speed using dissipation of 
energy. V-1 has an average of 10 in. [25 cm] of crush on its front. V-2 has an aver-
age of 27 in. [69 cm] of crush on the rear. Use the following Campbell equa-
tions:

 S in mph, CAVG in inches:  V-l front: ebs = 1.46*CMAX + 7
  V-2 rear: ebs = 1.15*CMAX + 5

 S in kph, CAVG in cm: V-l front: ebs = 0.93*CMAX +11
  V-2 rear: ebs = 0.73*CMAX + 8

Solution:

Solution of this problem can be done in two steps. We will fi rst calculate equivalent 
barrier speed for the damage on each vehicle. We will then use the dissipation of energy 
equation to solve for V-l’s impact speed. Besides the data from the previous, we will use 
the following variables:

 CAVG1 = Average crush depth to V-l front = 10 in.

 CAVG2 = Average crush depth to V-2 rear = 27 in.

 ebs1 = Equivalent barrier speed of V-l

 ebs2 = Equivalent barrier speed of V-2

Equivalent barrier speed of V-1:

  ebs1 = 1.46*CAVG1 + 7 = 1.46*10 + 7 = 21.6

Equivalent barrier speed of V-2:

  ebs2 = 1.15 * CAVG2 + 5 = 1.15*24 + 5 = 36.0
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520 Road Vehicle Dynamics

Substituting and solving the dissipation of energy equation:

S1
2*W1 + S2

2*W2 = s1
2*W1 + s2

2*W2 + ebs1
2*W1 + ebs2

2*W2

S1
2*l + 02*1.211 = 24.72*1 + 25.12*1.211 + 21.62*1 + 36.02*1.211

S1
2 = 610 + 739 + 467 + 1569 = 3385

S 28.2 or 58 mph [94 kph]1 = =3385

PROBLEM G.22

A pickup truck skids 50 ft [15.2 m] on a dirt surface (drag factor of 0 63), skids another 
62 ft [18.9 m] on a grass surface (drag factor of 0.42) and hits a 1-ft [0.3 m] diameter 
tree head-on. The impact leaves a 27-in. [68.5 cm] deep dent in the front of the pickup. 
Using one of the equations below,

 S in mph, CMAX in inches: S = 0.84*CMAX + 4.0

 S in kph, CMAX in cm: S = 0.53*CMAX + 6.4

calculate the speed of the pickup at impact. Also calculate the speed of the pickup at 
start of skid on the dirt.

Solution:

Because there is no signifi cant post impact movement to consider, fi nding impact speed (S1) 
is easy. Simply substitute the 27 in. for CMAX in the equation and crunch the numbers:

S = 0.84*CMAX + 4.0 

S = 0.84*27 + 4.0 = 22.7 + 4.0 

S = 26.7 or 27 mph [43 kph] 

The speed at the start of skid can be solved is by using the combined speed formula. 
The variables: 

 S = Speed of V-l at impact = 26.7 mph 

 dA = Skid distance on dirt = 50 ft 

 fA = Drag factor on dirt = 0.63 

 dG = Skid distance on grass = 62 ft 

 fG = Drag factor on grass = 0.42

S S d f d fD Dff G Gff+S +1
2 30 30* d * d

 S = +26 50 63 30 62 0 422. *7 3+ 02 * .0 * *62

 S = + + =713 945 781 2439

 S = 49.45 or 49 mph [79 kph]

PROBLEM G.23

A 53,800-lb [24,400 kg] tractor-trailer is traveling 47 mph [75 kph] when it is struck in 
the rear by a 3450-lb [1565 kg] auto. The car’s EDR shows the vehicle was traveling at 
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 Accident Reconstruction Formulae 521

a constant 82 mph [132 kph] before impact. If the vehicles remain together immedi-
ately after impact, what are the Delta V’s from impact for both vehicles?

Solution:

This is an unusual application of the in-line (one dimensional) conservation of momen-
tum formula. We are solving for POST impact speed. We then use that to calculate 
delta Vs. The variables:

S = Speed of V-l at impact = 82 mph 

S2 = Speed of V-2 at impact = 47 mph 

s = Speed of V-l and V-2 after impact 

W1 = Weight of V-l = 3450 1b 

W2 = Weight of V-2 = 53,800 1b

The weight ratio: If W1 = 1, W2 = 53800�3450 = 15.59

The conservation of momentum formula:

S1*W1 + S2*W2 = s*W1 + s*W2 

82*1 + 47*15.59 = s*l + s*15.59 

82 + 732 = s*16.59 

s = 49.1 mph

Delta V of Auto:  s – S1 = 49.1 – 82 = –32.9 mph [–53 kph]

Delta V of Truck:  s − S2 = 49.1 − 47 = 2.1 mph [3 kph]

PROBLEM G.24

According to the NHTSA NCAP crash test, a 2005 Chevrolet Uplander struck a full-
length rigid barrier at 34.9 mph [56.2 km�h] and ended up with 22.8 in. [58 cm] of 
crush (average) across the front. Using a threshold of measureable damage of 7 mph 
[11 km�h], determine the Campbell equation for the front of this vehicle. Calculate the 
‘A,’ ‘B,’ and ‘G’ stiffness coeffi cients that would be used in the CRASH computer pro-
gram for the truck’s front. Use a damage width of 70 in. [178 cm] and a curb weight of 
4392 lb [1992 kg].

Solution:

The Campbell model, in equation form:

ebs = b1*CAVG + b0

where ebs = Equivalent barrier speed, mph = 34.9 mph 

  b1 = Stiffness constant, mph�in 

  CAVG = Average crush depth, in = 27.8

  b0 = Damage threshold constant, given 7 mph in this problem
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522 Road Vehicle Dynamics

The equation can also be generated for metric units. The b1 and b0 would have to be 
different than the imperial unit equation.

 Assume b0 = 7 mph  ebs = b1*CAVG + b0

  34.9 = b1*22.8 + 7

  27.9 = b1*22.8

  1.22 = b1

Therefore, the equation: 

ebs = 1.22*CAVG + 7

The CRASH3 stiffness coeffi cients can also be derived for the vehicle. We will use 
curb weight (W = 4392 lb), the average crush, a 7 mph damage threshold, and the dam-
age width (L = 70 in.).

3. Because we are using 7 mph as the damage threshold constant, the b1 and b0 con-
stants will be the same, except that mph must be converted Co inches per second:

b 7 mph*mm *
12 in.

ft
123.2 in./s

b

0 =7 mph*m *
1. /467 s

mph

11 = * * 21.5/s
1 2 1

*
2 12

.
. /467 s .

*
12h

in mph
i

ft
=

The CRASH3 constants:

4. A
W b b

g L
= = =*b

*
* . * .

. *
0 1b 4392 2 * 1 5.

382 4 7* 0
435

 B
W b b

g L
= = =*b

*
* . * .

*
1 1b 4392 5 2* 1 5.

382 70
76

 G = A2�2*B = 4352�2*76 = 1247

Note that ‘g,’ the acceleration of gravity, is given as (32.2*12) inches per second 
per second in order to make the units consistent.

PROBLEM G.25

2700-lb [1225 kg] V-2 is stopped at a traffi c signal when it is struck in the rear by 
3800-lb [1724 kg] eastbound V-l. After impact, V-l traveled east 18 ft [5.5 m] at an aver-
age drag factor of 0.40. After impact V-2 traveled east 22 ft [6.7 m] at an average drag 
factor of 0.35. Calculate the impact speed of V-l.

Solution:

This is a simple application of the in-line (one dimensional) conservation of momen-
tum formula. The variables:

S1 = Speed of V-l at impact

S2 = Speed of V-2 at impact = 0 mph

s1 = Speed of V-l after impact
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 Accident Reconstruction Formulae 523

 s2 = Speed of V-2 after impact

 d1 = V-l post impact skid distance = 18 ft

 d2 = V-2 post impact skid distance = 22 ft

 f1 = Drag factor of V-l = 0.40

 f2 = Drag factor of V-2 = 0.35

 W1 = Weight of V-l = 3800 1b

 W2 = Weight of V-2 = 2700 lb

The weight ratio: If W1 = 1, W2 = 2700�3800 = 0.710

To fi nd speeds after impact, we use the post impact skid distance and the basic skid 
formula. For Vehicle One:

s 14.7 mph1 = = =30 30 18 0 401 1* * * *18d f1 1*

Speed after impact of Vehicle Two:

s 15.2 mph2 = = =30 30 22 0 352 2* * * *22d f2 2*

The conservation of momentum formula:

  S1*W1 + S2*W2 = s1*W1 + s2*W2

  S1*l + 0*0.710 = 14.7*1 + 15.2*0.710

  S1 = 14.7 + 10.8

  S1 = 25.5 or 25 mph [41 kph]

PROBLEM G.26

An automobile begins to yaw on a banked curve. The critical speed scuff mark laid 
down by the outside front tire was measured with a 60 ft [18.3 m] chord and found to 
have a middle ordinate of 17.5 in. [44 cm]. The LEVEL coeffi cient of friction is 0.81. 
Along the scuff mark the surface is banked 4%. Determine the speed of the vehicle.

Solution:

Solution of this problem has two main steps. We will ultimately utilize the critical speed to 
sideslip equation (banked surface). First we must determine the radius of curvature of the 
tire mark used to estimate the radius of curvature of the center of mass. The equation:

R
C m

O

O= +
2

8 2mO*

where R = Radius of curvature, feet 

 C = Chord length = 60 ft

 mO = Middle ordinate length, feet = 17.5"�12 = 1.46 ft 
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524 Road Vehicle Dynamics

Substituting and solving:

R 310 ft= = =60
8 46

1 46
2

2

* .1
.

We now plug the radius of curvature, lateral friction coeffi cient and cross slope into the 
critical speed to sideslip formula. The equation:

S
R f

f m
=

15 * R ( )f m+
( *f−1 )

where S = Speed in miles per hour

 f = Lateral friction coeffi cient = .81

 R = Radius of curvature = 310 ft

 m = cross slope = 4% = 4�100 = 0.04

Substituting and solving:

S = =
15 310 81 0+

81 04

3952

968

* *310 ( .0 . )04

( .1 0− * .0 ) .0

  S = 62.87�0.984 = 63.91 or 64 mph [103 kph]

PROBLEM G.27

4000-lb [1814 kg] V-2 is stopped at a traffi c signal when it is struck in the rear by 
3800-lb [1724 kg] eastbound V-l. After impact, V-l traveled east 31 ft [9.4 m] at an aver-
age drag factor of 0.40. After impact V-2 traveled east 42 ft [12.8 m] at an average drag 
factor of 0.3 5. Calculate the impact speed of V-l.

Solution:

This is a simple application of the in-line (one dimensional) conservation of momen-
tum formula. The variables:

 S1 = Speed of V-l at impact

 S2 = Speed of V-2 at impact = 0 mph

 s1 = Speed of V-l after impact

 s2 = Speed of V-2 after impact

 d1 = V-l post impact skid distance = 31 ft

 d2 = V-2 post impact skid distance = 42 ft

 f1 = Drag factor of V-l = 0.40

 f2 = Drag factor of V-2 = 0.35

 W1 = Weight of V-l = 3800 1b

 W2 = Weight of V-2 = 4000 lb

The weight ratio: If W1 = 1, W2 = 4000�3800 = 1.053
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 Accident Reconstruction Formulae 525

To fi nd speeds after impact, we use the post impact skid distance and the basic skid 
formula. For Vehicle One:

s d f1 1d 1f 30 21 0 40 19 3=d f1d 1ff*dd * *21 . .40 19 mph

Speed after impact of Vehicle Two:

s d f2 2d 2ff 30 42 0 35 21 0=d f2d 2ff*dd * *42 . .35 21 mph

The conservation of momentum formula:

  S1*W1 + S2*W1 = s1*W1 + s2*W2 

  S1*1 + 0*1.053 = 19.3*1 + 21.0*1.053 

  S1 = 19.3 + 22.1 

  S1 = 41.4 or 41 mph [67 kph]

PROBLEM G.28

An automobile begins to yaw on a banked curve. The critical speed scuff mark laid 
down by the outside front tire was measured with a 60 foot [18.3 m] chord and found 
to have a middle ordinate of 18.5 in. [47 cm]. The LEVEL coeffi cient of friction is 
0.76. Along the scuff mark the surface is banked 2%. Determine the speed of the 
vehicle.

Solution:

Solution of this problem has two main steps. We will ultimately utilize the critical 
speed to sideslip equation (banked surface). First, we must determine the radius of 
curvature of the tire mark used to estimate the radius of curvature of the center of mass. 
The equation:

R
C m

O

O= +
2

8 2mO*

where  R = Radius of curvature, feet 

 C = Chord length = 60 ft

 mO = Middle ordinate length, feet = 18.5"�12 = 1.54 ft 

Substituting and solving:

R = + =60
8 54

1 54
2

293
2

* .1
ft

We now plug the radius of curvature, lateral friction coeffi cient and cross slope into the 
critical speed to sideslip formula. The equation:

S
R f

f m
=

15 * R ( )f m+
( *f−1 )
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526 Road Vehicle Dynamics

where: S = Speed in miles per hour

 f = Lateral friction coeffi cient = .76

 R = Radius of curvature = 293 ft

 m = cross slope = 2% = 2�100 = 0.02

Substituting and solving:

S = =15 293 76 0+
76 2

3428

985

* *293 ( .0 . )2

( .1 0− * .0 ) .0

 S = 58.55�0.985 = 58.96 or 59 mph [95 kph]

PROBLEM G.29

a)  A 46,800-lb [21,200 kg] tractor-trailer is traveling 55 mph [88 kph] when it is struck 
in the rear by a 3450-lb [1565 kg] auto. The car’s EDR shows the vehicle was travel-
ing at a constant 93 mph [150 kph] before impact. If the vehicles remain together 
immediately after impact, what were the Delta V’s from impact for both vehicles?

b) In Problem (a), if the driver of the car began hard braking (f = 0.75) 2 s before 
impact, would the collision had been avoided?

Solution:

a) This is an unusual application of the in-line (one dimensional) conservation of 
momentum formula. We are solving for POST impact speed. We then use that to 
calculate delta V’s. The variables:

 S1 = Speed of V-l at impact = 93 mph 

 S2 = Speed of V-2 at impact = 55 mph 

 s = Speed of V-1 and V-2 after impact 

 W1 = Weight of V-l = 3450 lb 

 W2 = Weight of V-2 = 46,800 lb

 The weight ratio: If W1 = 1, W2 = 46800�3450 = 13.56

 The conservation of momentum formula:

 S1*W1 + S2*W2 = s*W1 + s*W2 

 93*1 + 55*13.56 = s*l + s*13.56 

 93 + 746 = s*14.56 

 s = 51.2 mph

 Delta V of Auto: S1 − s = 93 − 51.2 = 41.8 mph [6.1 kph]

 Delta V of Truck: S2 − s = 55 − 51.2 = 3.8 mph [6.1 kph]
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 Accident Reconstruction Formulae 527

b) If we can fi gure out how much speed would be lost in two seconds of hard braking, 
we could subtract that speed from the car’s initial and see if it reduces speed below 
the truck’s speed. The deceleration, a, from braking at f = 0.75:

a = f*g = 0.75*32.2 = 24.15 ft�s�s

 Velocity loss in 2 s:
V = a*t = 24.15*2 = 48.3 ft�sc

 Converting to speed S:

S = V�1.467 = 48.3�1.467 = 32.9 mph

 The car’s speed would be reduced to:

93 − 32.9 = 60.1 mph

 The collision would still have occurred, but the impact would have been minor.

PROBLEM G.30

An automobile begins to yaw on a banked curve. The critical speed scuff mark laid 
down by the outside front tire was measured with a 60-ft [18.3 m] chord and found to 
have a middle ordinate of 15.5 in. [39.4 cm]. The LEVEL coeffi cient of friction is 0.73. 
Along the scuff mark, the surface is banked 2%. Determine the speed of the vehicle.

Solution:

Solution of this problem has two main steps. We will ultimately utilize the critical speed to 
sideslip equation (banked surface). First, we must determine the radius of curvature of the 
tire mark used to estimate the radius of curvature of the center of mass. The equation:

R
C m

O

O= +
2

8 2mO*

where  R = Radius of curvature, ft 

 C = Chord length = 60 ft

 MO = Middle ordinate length, feet = 15.5"�12 = 1.29 ft

Substituting and solving:

R = + =60
8 1− 29

1 29
2

348
2

.
.

ft

We now plug the radius of curvature, lateral friction coeffi cient and cross slope into the 
critical speed to sideslip formula. The equation:

S
R f

f m
=

15 * R ( )f m+
( *f−1 )

where S = Speed in miles per hour

 f = Lateral friction coeffi cient = 0.73

 R = Radius of curvature = 348 ft

 m = cross slope = 2% = 2�100 = 0.02
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528 Road Vehicle Dynamics

Substituting and solving:

S = =
15 348 73 0+

73 02

3919

985

* *348 ( .0 . )02

( .1 0− * .0 ) .0

 S = 62.60�0.993 = 63.04 or 63 mph [101 kph]

PROBLEM G.31

An automobile begins to yaw on a banked curve. The critical speed scuff mark laid 
down by the outside front tire was measured with a 60-ft [18.3 m] chord and found to 
have a middle ordinate of 16.5 in. [42 cm]. The LEVEL coeffi cient of friction is 0.78. 
Along the scuff mark the surface is banked 2%. Determine the speed of the vehicle.

Solution:

Solution of this problem has two main steps. We will ultimately utilize the critical speed to 
sideslip equation (banked surface). First, we must determine the radius of curvature of the 
tire mark used to estimate the radius of curvature of the center of mass. The equation:

R
C m

O

O= +
2

8 2mO*

where R = Radius of curvature, feet 

 C = Chord length = 60 ft

 mO = Middle ordinate length, ft = 16.5"�12 = 1.375 ft 

Substituting and solving:

R
s

= + =60
375

1 375
2

328
2

* .1
.

ft

We now plug the radius of curvature, lateral friction coeffi cient and cross slope into the 
critical speed to sideslip formula. The equation:

S
R f

f m
=

15 * R ( )f m+
( *f−1 )

where S = Speed in miles per hour

 f = Lateral friction coeffi cient = 0.78

 R = Radius of curvature = 328 ft

 m = cross slope = 2% = 2�100 = 0.02

Substituting and solving:

S = =
15 328 78 0+

78 02

3936

0 984

* *328 ( .0 . )2

( .1 0− * .0 .

 S = 62.74�0.991 = 63.24 or 63 mph [102 kph]
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 Accident Reconstruction Formulae 529

PROBLEM G.32

According to the NHTSA NCAP crash test, a 2004 Kia Spectra struck a full length rigid 
barrier at 34.9 mph [56.2 km�h] and ended up with 18.1 in. [46 cm] of crush (average) 
across the front. Using a threshold of measureable damage of 7 mph [11 km�h], deter-
mine the Campbell equation for the front of this vehicle. Calculate the ‘A,’ ‘B,’ and ‘G’ 
stiffness coeffi cients that would be used in the CRASH computer program for the truck’s 
front. Use a damage width of 64.1 in. [163 cm] and a curb weight of 2728 lb [1237 kg].

Solution:

The equation can also be generated for metric units. The b1 and b0 would have to be 
different than the imperial unit equation.

Assume b0 = 7 mph  ebs = b1*CAVG + b0

 34.9 = b1*18.1 + 7

 27.9 = b1*18.1

 1.54 = b1

Therefore, the equation: 

ebs = 1.54*CAVG + 7

The CRASH3 stiffness coeffi cients can also be derived for the Kia. We will use curb 
weight (W = 2728 lb), the average crush, a 7-mph damage threshold and the damage 
width (L = 64.1 in.).

Because we are using 7 mph as the damage threshold constant, the b1 and b0 constants 
will be the same, except that mph must be converted to inches per second:

b 7 mph*mm 123.2 in./s0 =7 mph*mm =1 12. /467 s
mph

in
ft

b 27.1/s1 = =1 54 1 12
*

. /467 s
*

ph
in mph

in
ft

The CRASH3 constants:

A 372= = =W b b
g L

*b
*

* . * .
. * .

0 1b 2728 2 * 7 1.
382 4 6* 4 1.

B 82
−W b b

g L*
* . * .
. *

1 1b 2728 1 * 1.
382 4 6* 6 4.

G = A2�2*B = 3722�2*82 = 847

Note that ‘g,’ the acceleration of gravity, is given as (32.2*12) inches per second per 
second in order to make the units consistent.

PROBLEM G.33

According to the NHTSA NCAP crash test, a 2003 Nissan 350Z struck a full length rigid 
barrier at 34.6 mph [55.7 km�h] and ended up with 16.7 in. [42.5 cm] of crush (average) 
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530 Road Vehicle Dynamics

across the front. Using a threshold of measureable damage of 7 mph [11 km�h], deter-
mine the Campbell equation for the front of this vehicle. Calculate the ‘A,’ ‘B,’ and ‘G’ 
stiffness coeffi cients that would be used in the CRASH computer program for the track’s 
front. Use a damage width of 66.4 in. [167 cm] and a curb weight of 3329 lb [1510 kg].

Solution:

The Campbell mode!, in equation form:

ebs = b1*CAVE + b0 

where ebs = Equivalent barrier speed, mph = 34.6 mph

 b1 = Stiffness constant, mph�in.

 CAVG = Average crush depth, in. = 16.7"

 b0 = Damage threshold constant, given 7 mph in this problem

The equation can also be generated for metric units. The b1 and b0 would have to be 
different than the imperial unit equation.

Assume b0 = 7 mph ebs = b1*CAVG + b0

 34.6 = b1*16.7 + 7

 27.6 = b1*16.7

 1.65 = b1

Therefore, the equation:

ebs = 1.65*CAVG + 7

The CRASH3 stiffness coeffi cients can also be derived for the Nissan. We will use curb 
weight (W = 3329 lb), the average crush, a 7 mph damage threshold, and the damage 
width (L = 66.4 in.).

Because we are using 7 mph as the damage threshold constant, the b1 and b0 constants 
will be the same, except that mph must be converted to inches per second:

 
b 7 ph 123.2 in./s.0 +7 mph =1 12. /467 s

*
mph

in
ft

b 29.0 s.1 = =1 65 1 12
*

. /467 s
*

ph
in mph

in
ft

The CRASH3 constants:

 
A

W b b
g L

= = =*b
*

* . * .
. *

0 1b 3329 2 * 9 0.
382 4 6* 6 4.

468

B
W b b

g L
= = =*b

*
* . * .

. *
1 1b 3329 0 2* 9 0.

382 4 6* 6 4.
110

 G = A2�2*B = 4682�2*110 = 993
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 Accident Reconstruction Formulae 531

Note that ‘g,’ the acceleration of gravity, is given as (32.2*12) inches per second per 
second in order to make the units constant.

PROBLEM G.34

A Nissan (weight: 3426 lb [1554 kg]) crosses the centerline and crashes head-on into a 
late model Ford (weight: 4075 lb [1848 kg]). Neither vehicle moves signifi cantly after 
impact. Data from the Ford’s EDR was down loaded and the Ford was found to have a 
longitudinal delta V of 33.7 mph [54.2 kph]. Assuming the delta V reading is accurate, 
determine the impact speed of the Nissan.

Solution:

Because the Ford was hit head-on and stopped dead in its tracks, its impact speed 
equals its delta V. Now the problem is a simple straight line momentum problem We 
will consider the Ford’s speed negative because it is in the opposite direction of the 
Nissan.

The variables:

 S1 = Speed of V-l at impact

 S2 = Speed of V-2 at impact = 33.7 mph

 s = Speed of vehicles after impact = 0 mph

 W1 = Weight of V-l = 3426 lb

 W2 = Weight of V-2 = 4075 lb

The weight ratios: If W1 = 1, then W2 = 4075�3426 = 1.189

The conservation of momentum formula (S, is negative because V-2 is moving in the 
opposite direction as V-l):

 S1*W1 + S2*W2 = s1*W + s*W2

 S1*l + −33.7*1.189 = 0*1 + 0*1.189 = 0

 S1 = 33.7*1.189 = 40.08 or 40 mph [64 kph]

PROBLEM G.35

A 2005 Ford Mustang, driven by an intoxicated driver, is approaching a ‘T’ intersection. 
The driver fails to notice the stop sign in time. The truck brakes hard for 53 ft [16.2 m] 
on the asphalt road surface, 8 ft [2.4 m] grassy dirt surface, and collides head-on with a 
concrete retaining wall. The front of the truck is later measured and found to have an 
average crush of 22.5 in. [57 cm]. The drag factors were 0.80 for the asphalt surface and 
0.48 for the dirt�grass surface. Estimate both the truck’s impact speed and its speed at the 
start of precrash skid. The Mustang was tested at 35.1 and suffered 16.8 in. of crush.

Solution:

We will derive the Campbell equation and then use it to estimate the impact speed 
into the brick wall. We will then use the combined speed formula to estimate speed 
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532 Road Vehicle Dynamics

at the start of skid. The Mustang was crash tested at 35.1 and suffered 16.8 in. of 
crush.

The Campbell model, in equation form:

ebs = b1*CAVG + b0

where  ebs = Equivalent barrier speed = 35.1 mph 

 b1 = Stiffness constant, mph�in 

 CAVG = Average crush depth = 16.8 in. 

 b0 = Damage threshold constant, given 7 mph in this problem

The equation can also be generated for metric units. The b1 and b0 would have to be 
different than the imperial unit equation.

Assume b0 = 7 mph ebs = b1*CAVG + b0

 35.1 = b1*16.8 + 7 

 28.1 = b1*16.8 

 1.67 = b.

Therefore, the equation: 

ebs = 1.67*CAVG + 7

Because the car hit a fi xed object and stopped dead, ebs equals impact speed:

S1 = 1.67*CAVG + 7 = 1.67*22.5 + 7 = 44.6 mph

The speed at the start of skid can be solved is by using the combined speed formula. 
The variables:

S1 = Speed of V-l at impact = 44.6 mph 

dA = Skid distance on asphalt = 53 ft 

fA = Drag factor on asphalt = 0.80 

dG = Skid distance on grass�dirt = 8 ft 

fG = Drag factor on grass�dirt = 0.48

 

S S d f d f

S

A Af G Gff+S +

= +

1
2

2

30 30

44 53 80 30 8

* d * d

. *26 3+2 0 * .0 * *8 0 400 8

1989 1272 115 3376

58 1.

S = +1989 + =115

or 58 mph [94 km/hmm ]

PROBLEM G.36

A 2004 Ford F150 Supercab, driven by an intoxicated driver, is approaching a T 
intersection. The driver fails to notice the stop sign in time. The truck brakes hard for 
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 Accident Reconstruction Formulae 533

43 ft [13.1 m] on the asphalt road surface, 8 ft [2.4 m] grassy dirt surface, and col-
lides head-on with a concrete retaining wall. The front of the truck is later measured 
and found to have an average crush of 22.5 in. [57 cm]. The drag factors were 0.80 
for the asphalt surface and 0.48 for the dirt�grass surface. Estimate both the truck’s 
impact speed and its speed at the start of precrash skid. (Hint: See test data on this 
vehicle.)

Solution:

We will derive the Campbell equation and then use it to estimate the impact speed into 
the brick wall. We will then use the combined speed formula to estimate speed at the 
start of skid. From previous data, we learn that the F150 Supercab was crash tested at 
35.1 and suffered 21.7 in. of crush.

The Campbell model, in equation form:

ebs = b1 + CAVG + b0

where  ebs = Equivalent barrier speed = 35.1 mph 

 bl = Stiffness constant, mph�in 

 CAVG = Average crush depth = 21.7 in.

 b0 = Damage threshold constant, given 7 mph in this problem

The equation can also be generated for metric units. The b1 and b0 would have to be 
different than the imperial unit equation.

Assume b0 = 7 mph  ebs = b1*CAVG + b0

 35.1 = b1*21.7 + 7

 28.1 = b1 * 21.7

 1.29 = b.

Therefore, the equation: 

ebs = 1.29*CAVG + 7

Because the car hit a fi xed object and stopped dead, ebs equals impact speed:

S1 = 1.29*CAVG + 7 = 1.29*22.5 + 7 = 36.0 mph

The speed at the start of skid can be solved is by using the combined speed formula. 
The variables:

S1 = Speed of V-l at impact = 36.0 mph 

dA = Skid distance on asphalt = 43 ft 

fA = Drag factor on asphalt = 0.80 

dG = Skid distance on grass�dirt = 8 ft 

fG = Drag factor on grass�dirt = 0.48
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534 Road Vehicle Dynamics

S S d f d f

S

A Af G Gff+S +

=

1
2

2

30 30

36 43 80 3+ 0 8

* d * d

. *20 3+2 0 * *80 3+ 0 * .0 4844

1296 1032 115 2443

49 80

S

ph kph

= +1296 + =115

. [4 49or ph ]

PROBLEM G.37

An automobile begins to yaw on a banked curve. The critical speed scuff mark laid 
down by the outside front tire was measured with a 60-ft [18.3 m] chord and found to 
have a middle ordinate of 21.5 in. [54.6 cm]. The LEVEL coeffi cient of friction is 0.72. 
Along the scuff mark the surface is banked 2%. Determine the speed of the vehicle.

Solution:

Solution of this problem has two main steps. We will ultimately utilize the critical speed to 
sideslip equation (banked surface). First we must determine the radius of curvature of the 
tire mark used to estimate the radius of curvature of the center of mass. The equation:

R
C m

O

O= =
2

8 2mO*

where  R = Radius of curvature, feet 

 C = Chord length = 60 ft

 mO = Middle ordinate length, ft = 21.5"�12 = 1.79 ft

Substituting and solving:

R = + =60
8 79

1 79
2

252
2

* .1
ft

We now plug the radius of curvature, lateral friction coeffi cient, and cross slope into 
the critical speed to sideslip formula. The equation:

S
R f

f m
=

15 * R ( )f m+
( *f−1 )

where S = Speed in miles per hour

 f = Lateral friction coeffi cient = .72

 R = Radius of curvature = 252 ft

 m = cross slope = 2% = 2�100 = 0.02

Substituting and solving:

S = =
15 252 72 0+

72 02

2797

986

* *252 ( .0 . )02

( .1 0− * .0 ) .0

S 5= 52.89/55 0.993 53.26 or 53 mph [86 kph]=
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 Accident Reconstruction Formulae 535

PROBLEM G.38

According to the NHTSA NCAP crash test, a 2003 Toyota Avalon struck a full length rigid 
barrier at 35.2 mph [56.6 km�h] and ended up with 19.1 in. [48.5 cm] of crush (average) 
across the front. Using a threshold of measureable damage of 7 mph [ 11 km�h], determine 
the Campbell equation for the front of this vehicle. Calculate the ‘A,’ ‘B,’ and ‘G’ stiffness 
coeffi cients that would be used in the CRASH computer program for the truck’s front. Use 
a damage width of 68 in. [173 cm] and a curb weight of 3387 lbs [1536 kg].

Solution:

The Campbell model, in equation form:
ebs = b1 * CAVE + b0

where  ebs = Equivalent barrier speed, mph = 35.2 mph 

 b1 = Stiffness constant, mph�in. 

 CAVG = Average crush depth, in = 19.1 in.

 b0 = Damage threshold constant, given 7 mph in this problem 

The equation can also be generated for metric units. The b, and b0 would have to be 
different than the imperial unit equation.

Assume b0 = 7 mph  ebs = b1*CAVG + b0

 35.2 = b1*19.1 + 7 

 28.2 = b1*19.1 

 1.48 = b.

Therefore, the equation: 
ebs = 1.48*CAVG + 7

The CRASH3 stiffness coeffi cients can also be derived for the Toyota. We will use curb 
weight (W = 3387 lb), the average crush, a 7 mph damage threshold, and the damage 
width (L = 68 in.).

Because we are using 7 mph as the damage threshold constant, the b1 and b0 constants 
will be the same, except that mph must be converted to inches per second:

b mphmm
mph

in
ft

b

0

1

1 12 =mphmm

=

*
. /ft467 s

*
.

123.2 in./s

1 411 8 1 12.
*

. /467 s
*

.ph
in mph

in
ft

= 26.0/s

The CRASH3 constants:

A
W b b

g L

B
W

= = =

=

*b
*

* . * .
. *

0 1b 3387 2 * 6 0.
382 4 6* 8

417

* ***
*

* . * .
. *

b b*
g L*

1 1b 3387 0 2* 6 0.
382 4 6* 8

88= =

G A= /2 2*B/22//// 417 /2*88// = 9872=
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536 Road Vehicle Dynamics

Note that ‘g,’ the acceleration of gravity, is given as (32.2*12) inches per second per 
second in order to make the units consistent.

PROBLEM G.39

A passenger train is traveling at a constant rate of 74 mph [119 km�h]. When it is 2400 ft 
away from a grade crossing it activates the crossing warning lights. A car is approaching the 
crossing at a constant speed of 55 mph [88 km�h]. It tries to beat the train but is struck broad-
side by the train. How far was the car from the crossing when the signal lights activated.

Solution:

We have another time�distance problem on our hands. First we convert speeds in mph 
to velocities in feet per second.

The train’s velocity:

VT = ST*1.467 = 74*1.467 = 108.5 ft�s

The car’s velocity:

VC = SC*1.467 = 55*1.467 = 80.7 ft�s

Next, we determine how much time it took the train to go from the signal trip point to 
point of impact (2400 ft):

t = d�VT = 2400�108.5 = 22.1 s

When the train stated the warning signal, the car was

DC = VC*t = 80.7*22.1 = 1783 ft

back from the point of impact. This distance in this case is measured from the point of 
impact on the cars structure.

PROBLEM G.40

A train consists of 3 locomotives (weight: 140 tons 1127,000 kg] each), 42 loaded hop-
per cars (weight: 85 tons [77,000 kg] each), and 24 loaded fl atcars (weight: 73 tons 
[66,000 kg] each). When the brake lines are fully pressurized, each locomotive generates 
10,800 lb [48,000 kN] of stopping force, each hopper car generates 5900 lb [26,000 kN] of 
stopping force, and each fl atcar generates 5200 lb [23,000 kN] of stopping force. Deter-
mine the deceleration of each locomotive and car type as if it were sliding indepen-
dently. Determine the deceleration of the entire train.

Solution:

To solve this problem we use the basic physics equation drag factor (f) equals friction 
force (F) (sometimes called slopping force) divided by weight (W). For the equation to 
work, all units of measure must be consistent. Therefore, we will convert stopping 
force into tons. One ton equals 2000 lb.

 Locomotive stopping force: 10,800 lb�2000 lb per ton = 5.4 tons 

 Hopper car stopping force: 5900 lb�2000 lb per ton = 2.95 long

 Flat car stopping force: 5200 lb�2000 lb per ton = 2.6 tons
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 Accident Reconstruction Formulae 537

After drag factor for each car is determined, it can be multiplied by the acceleration of grav-
ity (g), which at the earth’s surface is 32.2 ft�s per second, to get each vehicle’s deceleration.

 Locomotive: f = F�W = 5.4�140 = 0.0386
  a = f*g = 0.0386*32.2 = 1.24 ft�s2

 Hopper car: f = F�W = 2.92�85 = 0.0343
  a = f*g = 0.0347*32.2 = 1.11 ft�s2

 Flat car: f = F�W = 2.6�73 = 0.0356
  a = f*g = 0.0356*32.2 = 1.15 ft�s2

We do the same thing to get the deceleration of the entire train. But fi rst, we must add 
up the total weights of each locomotive and car, and the total stopping force on each 
locomotive and car (3 locomotives, 42 hopper cars, 24 fl at cars).

 Train weight: W = 3*140 + 42*85 + 24*33 = 5742 tons

 Train stopping force: F = 3*5.4 + 42*2.95 + 24*2.6 = 202.5 tons

 Train drag factor: f = F�W = 202.5�5742 = 0.0352

 Train deceleration: a = f*g = 0.0352* 32.2 = 1.14 ft�s2

Alternatively, we could have converted locomotive and car weights to pounds, divided 
that into stopping forces (in pounds) and gotten the same results.

PROBLEM G.41

A 2003 Chevrolet Trailblazer, driven by an intoxicated driver, is approaching a T inter-
section. The driver fails to notice the stop sign in time. The truck brakes hard for 59 ft 
[18.0 m] on the asphalt road surface, 10 ft [3.0 m] grassy dirt surface, and collides 
head-on with a concrete retaining wall. The front of the truck is later measured and 
found to have an average crush of 21.7 in. [55 cm]. The drag factors were 0.80 for the 
asphalt surface and 0.48 for the dirt�grass surface. Estimate both the truck’s impact 
speed and its speed at the start of precrash skid. The Trailblazer was crash tested at 29.7 
and only suffered 9.0 in. of crush.

Solution:

We will derive the Campbell equation and then use it to estimate the impact speed into 
the brick wall. We will then use the combined speed formula to estimate speed at the 
start of skid. The Trailblazer was crash tested at 29.7 and only suffered 9.0 in. of crush.

The Campbell model, in equation form:
ebs = b1*CAVG + b0

where  ebs = Equivalent barrier speed = 29.7 mph 

 b1 = Stiffness constant, mph�in. 

 CAVG = Average crush depth = 9.0 in. 

 b0 = Damage threshold constant, given 7 mph in this problem
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538 Road Vehicle Dynamics

The equation also can be generated for metric units. The b, and b0 would have to be 
different than the imperial unit equation.

Assume b0 = 7 mph  ebs = b1*CAVG + b0

 29.7 = b1*9.0 + 7

 22.7 = b1*9.0

 2.52 = b1

Therefore, the equation: 
ebs = 2.52*CAVG + 7

Because the car hit a fi xed object and stopped dead, ebs equals impact speed:

S1 = 2.52*CAVG + 7 = 2.52*16.7 + 7 = 49.1 mph

The speed at the start of skid can be solved is by using the combined speed formula. 
The variables:

S1 = Speed of V-l at impact = 49.1 mph 

dA = Skid distance on asphalt = 59 ft 

fA = Drag factor on asphalt = 0.80 

dG = Skid distance on grass�dirt = 10 ft 

fG = Drag factor on grass�dirt = 0.48

S S d f d f

S

A Af G Gff+S +

= +

1
2

2

30 30

49 59 80 30 10

* d * d

. *21 3+2 0 * .0 * * .** 0 4. 8

2411 1416 144 3971S = +2411 + =144

63.0 or 63 mph [101 kpph]kpkp

PROBLEM G.42

a) 2900-lb [1315 kg] V-2 is stopped at a traffi c signal when it is struck in the rear by 
3330-lb [1510 kg] eastbound V-l. After impact V-l traveled east 53 ft [16.1 m] at 
an average drag factor of 0.38. After impact, V-2 traveled east 28 ft [8.5 m] at an 
average drag factor of 0.72. Calculate the impact speed of V-l.

b) For the collision in Problem 7, recalculate V-l’s impact speed using dissipation of 
energy. V-l has an average of 7 in. [18 cm] of crush on its front. V-2 has an average 
of 24 in. [61 cm] of crush on the rear. Use the following Campbell equations:

 S in mph, CAVG in inches: V-l front: ebs = 1.40*CMAX + 7
  V-2 rear: ebs = 1.18*CMAX + 5

 S in kph, CAVG in cm: V-l front: ebs = 0.89*CMAX + 11
  V-2 rear: ebs = 0.75*CMAX + 8
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 Accident Reconstruction Formulae 539

Solution:

a) This is a simple application of the in-line (one dimensional) conservation of momentum 
formula. The variables:

 S1 = Speed of V-l at impact

 S2 = Speed of V-2 at impact = 0 mph

 s1 = Speed of V-l after impact

 s2 = Speed of V-2 after impact

 d1 = V-l post impact skid distance = 53 ft

 d2 = V-2 post impact skid distance = 28 ft

 f1 = Drag factor of V-l = 0.38

 f2 = Drag factor of V-2 = 0.72

 W1 = Weight of V-l = 3330 lb

 W2 = Weight of V-2 = 2900 lb

 The weight ratio: If W1 = 1, W2 = 2900�3330 = 0.879

 To fi nd speeds after impact, we use the post impact skid distance and the basic skid 
formula. For Vehicle One:

s d f1 1d 1f 30 53 0 38 24 6=d f1d 1ff*dd * *53 . .38 24 mph

 Speed after impact of Vehicle Two:

s d f2 2d 2ff 30 34 0 72 24 6=d f2d 2ff*dd * *34 . .72 24 mph

 The conservation of momentum formula:

 S1*W1 + S2*W2 = s1*W1 + s2*W2

 S1*l + 0*0.879 = 24.6*1 + 24.6*0.879

 S1 = 24.6 + 21.6

 S1 = 46.2 or 46 mph [74 kph]

b) Solution of this problem can be done in two steps. We will fi rst calculate equivalent 
barrier speed for the damage on each vehicle. We will then use the dissipation of 
energy equation to solve for V-l’s impact speed. Besides the data from the previous, 
we will use the following variables:

 CAVG1 = Average crush depth to V-l front = 7 in.

 CAVG2 = Average crush depth to V-2 rear = 24 in.

 ebs1 = Equivalent barrier speed of V-l

 ebs2 = Equivalent barrier speed of V-2
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540 Road Vehicle Dynamics

 Equivalent barrier speed of V-l:

ebs1 = 1.4*CAVG1 + 7 = 1.4*7 + 7 = 16.8

 Equivalent barrier speed of V-2:

ebs2 = 1.15*CAVG2 + 5 = 1.15*24 + 5 = 32.6

 Substituting and solving the dissipation of energy equation:

 S1
2*W1 + S2

2*W2 = s1
2*W1 + s2

2*W2 + ebs1
2*W1 + ebs2

2*W2

 S1
2*l + 02*0.879 = 24.62*1 + 24.62*0.879 + 16.82*1 + 32.62*0.879

 S1
2 = 605 + 532 + 282 + 934 = 2352

 S 48.51 or 49 mph [78 kph]1 = =2352

PROBLEM G.43

For the corresponding vehicles in Problem 6, a Federal NCAP crash (Head-on into full 
length rigid barrier) for the Nissan showed that at 35.0 mph the vehicle suffered an 
average 18.3 in. of crush [46.5 cm @ 56.3 kph]. The NCAP test of the Ford shows it 
suffered 20.6 in. of crush at 34.8 mph [52.3 cm at 56.0 kph]. In the collision the vehi-
cles suffered the following damage:

  Nissan Ford
 Damage Width Entire front Entire front

 Crush Pt. C1 18 in. [46 cm] 25 in. [63 cm]
 Crush Pt. C2 17.5 in. [44 cm] 23 in.  [58 cm]
 Crush Pt. C3 17 in.  [43 cm] 21.5 in. [55 cm]
 Crush Pt. C4 16 in. [41 cm] 20.5 in. [52 cm]
 Crush Pt. C, 15.5 in. [39 cm] 20 in. [51 cm]
 Crush Pt. C6 13 in. [33 cm] 17 in. [43 cm]

Does the vehicle crush corroborate or contradict the EDR delta V reading?

Solution:

We were given that in a full length rigid barrier crash test, the Nissan was subjected to 
a 35.0 mph impact and suffered 18.3 in, of crush. We also were advised that the Ford 
was subjected to a 34.8 mph crash test and suffered 20.6 in, of crush. We now derive 
the Campbell equations for both vehicles:

For the Nissan:   ebs = b1*C + b0

Assume b0 = 7 mph  35.0 = b1*18.3 + 7

  28.0 = b1*18.3

   1.53 = b1

Therefore, the equation for the Nissan:

  ebs2 = 1.53*CAVG1 + 7
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For the Ford:   ebs = b1*CAVG2 + b0

Assume b0 = 7 mph  34.8 = b1*20.6 + 7

 27.8 = b1*20.6

 1.35 = b1

Therefore, the equation for the Ford: 

ebs2 = 1.35*CAVG2 + 7

We will ultimately solve this problem using conservation of momentum and dissipa-
tion of energy. The parameters:

 S1 = Speed of the Nissan at impact

 s1 = Speed of the Nissan after impact = 0 mph

 S2 = Speed of the Ford at impact

 s2 = Speed of the Ford after impact = 0 mph

 W2 = Weight of the Nissan = 3426 lb

 W1 = Weight of the Ford = 4075 lb.

 CAVG1 = Average crush depth to Nissan front

 CAVG2 = Average crush depth to Ford front

 ebs1 = Equivalent barrier speed of Nissan

 ebs2 = Equivalent barrier speed of Ford

The weight ratios: If W1 = 1, then W2 = 4075�3426 = 1.189

We must estimate the energies dissipated by crush via determination of their equivalent 
barrier impact speeds. Average crush to the front of vehicle one:

CAVG1 = (C1�2 + C2 + C, + C4 + C, + C6�2)�5

CAVG1 = (18�2 + 17.5 + 17 + 16 + 15.5 + 13�2)�5 = 16.3 in.,

Equivalent barrier speed:

ebs1 = 1.53 * CAVG1 + 7 = 1.53*16.3 + 7 = 31.9 mph

Average crush to the front of Vehicle Two:

CAVG2 = (25�2 + 23 + 21.5 + 20.5 + 20 + 17�2)�5 = 21.2 in.,

Crush energy equivalent speed:

ebs2 = 1.35*CAVG2 + 7 = 1.35*21.2 + 7 = 35.6 mph
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542 Road Vehicle Dynamics

We now substitute into the in-line conservation of momentum formula. Note that term 
for V-2’s impact momentum is negative because it is heading in the opposite direction 
of V-l.

S1*W1 + S2*W2 = s1*W1 + s2*W2

S1*l – S2*1.189 = 0*1 + 0*1.189

S1 − S2*1.189 = 0  S1 = S2*1.189

Substituting and solving the dissipation of energy equation:

S1
2*W1 + S1

2*W2 = s1
2*W, + s2

2*W2 + ebs1
2*W1 + ebs2

2*W2

S1
2*l + S2

2*1.189 = 02*1 + 02*1.189 + 31.92*1 + 35.62*1.189

S1
2 + S2

2*1.189 = 1018 + 1507 = 2525

Substituting S1*1.189 for S1:

(1.189*S2)
2 + S2

2*1.189 = 2525

1.414*S2
2 + S2

2*1.189 = S2
2*2.603 = 2525

S 31.1 or 31 mph [50 kph]2 = =970

Substituting this into the momentum equation:

S1 = S2*1.189 = 31.1*1.189 = 36.98 or 37 mph [60 km�h]

The impact speeds calculated by energy�momentum method are reasonably consistent 
with the Ford’s EDR reading.
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Related Publication 

Notice
Some of the exercises in this book Road Vehicle Dynamics: Problems and Solutions 
refer to specifi c material that is published in the companion volume Road Vehicle 
Dynamics by Rao Dukkipati, Jian Pang, Mohamad Qatu, Gang Sheng, and Shuguang 
Zuo (Product Code R-366, SAE International, Warrendale, PA, 2008, ISBN 978-0-
7680-1643-7). Although this book contains adequate material to stand alone and pro-
vide valuable hands-on experience in solving road vehicle dynamics problems, readers 
are urged to purchase or refer to the companion book, Road Vehicle Dynamics, to obtain 
the fullest benefi t from all of these exercises.
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Road Vehicle Dynamics
Problems and Solutions Rao V. Dukkipati

Jian Pang
Mohamad S. Qatu
Gang Sheng
Zuo Shuguang

This workbook, a companion to the book Road Vehicle Dynamics, will
enable students and professionals from a variety of disciplines to engage in
problem-solving exercises based on the material covered in each chapter of
that book.

Emphasizing application more than theory, the workbook presents
systematic rules of analysis that students can follow in a step-by-step
manner to understand the efficiencies or shortcomings of various techniques.
Readers will gain a greater understanding of the factors influencing ride,
handling, braking, acceleration, and vehicle safety.
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